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Chapter 1

Introduction

In the years 1960-1962, Carl Adam Petri de�ned Petri nets which is a general purpose

mathematical model for describing relations existing between conditions and events. Petri
nets consist of two types of elements, places and transitions. Each place models a process
in terms of types of resources, and can hold arbitrary nonnegative multiplicity. Each

transition represents a state transition rule, i.e., how those resources are consumed or

produced by actions. They are described using the notion of multisets. A multiset over a
set P is a function, m : P ! N [7], [10].

Linear Logic was discovered by J. Y. Girard in 1987 [3], [4], [13], [14]. Linear logic

(intuitionistic, classical and predicate) are obtained by deleting the contraction and the

weakening rules from standard sequent calculus formulations of corresponding logics. In
the Gentzen sequent calculus for intuitionistic logic, a sequent A1; � � � ; An ! A is written
to mean that the formula A is deducible from the assumption formulas A1; � � � ; An (we

shall use capital Greek letters as an abbreviation for a sequence of formulas). The calculus

has the two structural rules for adding a vacant assumption and removing of a duplicate
of assumption.

�! B
�; A! B

(weakening)
;

�; A;A! B

�; A! B
(contraction)

:

In the presence of these rules the following two right introduction rules for conjunction

�! A �! B
�;�! A ^ B

(1)
;

�! A �! B
�! A ^B

(2)

become interderivable in the sense that the �rst rule can be derived from the second by
weakening, and the second from the �rst by contraction. In linear intuitionistic logic these

rules (weakening and contraction) are deleted and the rule of (1) and (2) are no longer

interderivable. Without them, propositions cannot be introduced arbitrarily into a list of
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assumption and a duplication in the list cannot be removed. It is in this sense that linear

logic is a resource conscious logic.

The connection between linear logic and Petri nets has recently been the subject of
great interest [2], [5], [6]. Girard's linear logic has a great deal of interest in how might be

useful in the theory of parallelism. The places are like atomic propositions in linear logic

and transitions like provability relation. Girard's phase semantics for linear logic in [3] uses

quantales [1], [9], [11], [12], [15], and Engberg and Winskel [2] showed a straightforward

way in which a Petri net induces a quantale and so becomes a model for intuitionistic

linear logic. But they did not prove a completeness theorem for models induced by Petri
nets.

In this thesis, we prove completeness for quantales generated by Petri nets. To prove

completeness the quantales used in [2] do not work. Although the following proof shows
that

(A ^B) _ (A ^ C)! A ^ (B _ C)

is derivable in intuitionistic linear logic,

A! A
A ^ C ! A

(^ !)

B ! B
B ! B _ C

(! _)

A ^ B ! B _ C
(^ !)

A ^ B ! A ^ (B _ C)
(! ^)

A! A
A ^ C ! A

(^ !)

C ! C
C ! B _ C

(! _)

A ^ C ! B _ C
(^ !)

A ^ C ! A ^ (B _ C)
(! ^)

(A ^ B) _ (A ^ C)! A ^ (B _ C)
(_ !)

;

we cannot prove the sequent

A ^ (B _ C)! (A ^B) _ (A ^ C):

That is, the distributivity of ^ and _ does not hold in intuitionistic linear logic. In the
quantale given in [2], the distributivity is always valid. Therefore, if we want to prove

completeness using the quantales of [2], then we have to add the distributivity to intu-

itionistic linear logic. However this is not what we intend to do. We construct quantales

in which the distributivity is not always valid, and prove completeness. We can also prove
completeness of intuitionistic linear logic with a modal operator for quantales by using

similar construction.

In Chapter 2, we overview Petri nets and algebraic structures [8]. We introduce alge-

bras including quantales, and closure operations on the algebras which play a crucial role

in the proof of completeness.

In Chapter 3, we discuss intuitionistic linear logic (its syntax and semantics) and then

prove soundness theorem for quantales generated by Petri nets. Next we show why we

cannot prove completeness in the quantales used in [2], and then prove completeness using
the quantale based on our construction.

In Chapter 4, we discuss a modal operator of course !. The absence of the rules for

weakening and contraction is compensated, to some extent, by the addition of the modal
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operator !. We consider a semantics with the modal operator using similar construction,

and then prove completeness of intuitionistic linear logic with the modal operator for

quantales generated by Petri nets.

In Chapter 5, we consider classical quantales for classical linear logic generated by

Petri nets.
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Chapter 2

Petri Nets and Algebraic Structures

In this chapter, we will discuss Petri nets and algebras including quantales, and introduce

closure operations on the algebras.

2.1 Basic Structures

2.1.1 Multisets

De�nition 2.1.1 (multiset) 1. Multiset over a set P is a mapping f : P ! N ,

where f(a) = n means that a occurs with multiplicity n,

2. operation + on multisets is de�ned by (m+m0)(a) = m(a) +m0(a) for all a 2 P ,

3. ; is the empty multiset.

Example 2.1.2 We shall denote the set of all �nite multisets byM. We shall use f� � �g

for a set and � � � for a multiset. Let a and b be elements of P , then

� fag, fbg, fa; bg, � � � are sets and

fag = fa; ag and fag [ fa; bg = fa; bg,

� a, b, a; b, � � � are multisets and

a 6= a; a and a + a; b = a; a; b.

2.1.2 Ordered Structures and Monoids

De�nition 2.1.3 (monoid) A structure M = hX; �; ei is a monoid with the identity e

if � is a binary operation on X and e is an element of X such that for every a; b; c 2 X,

1. a � (b � c) = (a � b) � c,

2. a � e = e � a = a.
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Remark 2.1.4 When the structure satis�es only De�nition 2.1.3 1., it is called a semigroup.

De�nition 2.1.5 (commutative monoid) A structureM= hX; �; ei is a commutative monoid

with the identity e if

1. hX; �; ei is a monoid,

2. a � b = b � a for every a; b 2 X.

Proposition 2.1.6 A structure M = hM;+; ;i is a commutative monoid.

De�nition 2.1.7 (preordered set) A structure X = hX;�i is a preordered set if, � is
a binary relation on X such that for every x; y; z 2 X,

1. x � x,

2. x � y; y � z ! x � z.

De�nition 2.1.8 (preordered commutative monoid) A structureX = hX;�; �; ei is

a preordered commutative monoid if,

1. hX; �; ei is a commutative monoid,

2. hX;�i is a preordered set,

3. x � x0; y � y0 ) x � y � x0 � y0 for every x; x0; y; y0 2 X.

2.1.3 Lattices

De�nition 2.1.9 (in�mum & supremum) Let X be a partially ordered set. Then an
element a of X is said to be a lower bound (upper bound) of a subset E of X if a � x

(x � a) for every x in E (respectively). Let E� (E
�) be the set of all lower bounds (upper

bounds) of E in X (respectively).

1. If it happens that the set E� contains a greatest element a (necessarily unique), then

a is called the infimum of E;denoted by inf E.

2. If it happens that the set E� contains a least element a (necessarily unique), then a
is called the supremum of E;denoted by supE.

> and ? are de�ned as follows:

� > is the grestest element,

� ? is the least element.

De�nition 2.1.10 (lattice) A structure L = hL;[;\i is a lattice if, [;\ are binary
operations on L such that for every a; b; c 2 L,
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1. a [ a = a , a \ a = a,

2. a [ (b [ c) = (a [ b) [ c , a \ (b \ c) = (a \ b) \ c,

3. a [ b = b [ a , a \ b = b \ a,

4. a [ (a \ b) = a , a \ (a [ b) = a.

De�nition 2.1.11 (complete lattice) A structure L = hL;[i is a complete lattice if [
is a mapping of P(X ) into X such that

1. y � [Y for all y 2 Y ,

2. if y � z for all y 2 Y , then [Y � z.

That is, [Y is the supremum of Y .

Remark 2.1.12 We can de�ne a mapping \ the in�mum of P(X ) into X by

\Y := [fzjz � y for all y � Y g:

In a complete lattice hX;[i, the maxumum and the minimum element exist: in fact

> := [X; ? := \X:

a [ b and a \ b denote [fa; bg and \fa; bg, respectively.

Remark 2.1.13 A lattice does not satisfy the distributivity of [ and \ in general, i.e.

� (a \ b) [ (a \ c) � a \ (b [ c),

� (a [ b) \ (a [ c) � a [ (b \ c).

Example 2.1.14 For a given set U , a structure P(U) = hP(U );[;\i forms a complete
lattice, where [ and \ are usual set union and intersection.

2.2 Petri nets

De�nition 2.2.1 (Petri net) A Petri net N is a quadruple hP; T;� (�); (�)�i such that

1. P is a set (of places),

2. T is a set (of transitions),

3. �(�); (�)� are mapping of T intoM, for t 2 T , �(t) and (t)� are called pre multiset

and post multiset of t respectively.

De�nition 2.2.2 (reachability relation) Let N = hP; T;� (�); (�)�i be a Petri net.

Then we de�ne a relation<> onM called the reachability relation of N as follows:
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1. For t 2 T , let [ti be a relation onM de�ned by

m [ti m0 , 9m00 2M: m = m 00 +� t

and t� +m 00 = m 0:

2. Then we de�ne <> by

m <> m0 , 9t1; t2; � � � ; tn 2 T;

m1;m2; � � � ;mn 2M; n � 0:

m [t1i m1 [t2i m2 [t3i � � �

[tni mn = m0:

Proposition 2.2.3 A structureMN = hM;<>;+; ;i is a preordered commutative monoid.

Proof. In fact, we can show that a structure de�ned as above satis�es the conditions of
De�nition 2.1.8,for every m;m0;m00 2 M,

1. m+ (m0 +m00) = (m+m0) +m00,

2. m+ ; = ;+m = m,

3. m+m0 = m0 +m,

4. a structure hM;<>i holds De�nition 2.1.7 since

(a) m <> m,

(b) if m <> m0 and m0 <> m00, then m <> m00,

5. if x <> x0; y <> y0 then x+ y <> x0 + y0.

2.3 IL-algebras and Quantales

2.3.1 IL-algebras

De�nition 2.3.1 (IL-algebra) [8] A structure A = hA;);[;\; �; 1;>;?i is an IL-
algebra if

1. hA;[;\;>;?i is a lattice with the greatest element > and the least element ? for

which > = ? ! ? holds ,

2. hA; �; 1i is a commutative monoid,

3. z � (x [ y) � w = (z � x � w) [ (z � y � w) for every x; y; z; w 2 A,

4. x � y � z , x � y ) z for every x; y; z 2 A.
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De�nition 2.3.2 (complete IL-algebra) A structureA= hA;);[;\; �; 1i is a complete

IL-algebra if

1. hA;[;\i is a complete lattice,

2. hA; �; 1i is a commutative monoid,

3. (
S
xi) � y =

S
(xi � y) for every xi; y 2 A,

4. x � y � z , x � y ) z for every x; y; z 2 A.

Proposition 2.3.3 Let M = hM; �; ei be a commutative monoid with the identity e, and

for each X;Y �M , de�ne sets X � Y and Y ) Z of M by

1. X � Y := fx � yjx 2 X; y 2 Y g,

2. Y ) Z := fx 2M j8y 2 Y (x � y 2 Z)g.

Then the structure

P(M) = hP(M ););[;\; �; fegi

is a complete IL-algebra.

Proof. 1. De�nition 2.3.1 1 and 2 are trivial.

2. We show that (
S
Xi) � Y =

S
(Xi � Y ).

()). Let x 2 (
S
Xi) � Y . Then 9y 2

S
Xi; 9z 2 Y (x = y � z). Therefore

9i y 2 Xi, and so x 2 Xi � Y �
S
(Xi � Y ).

((). Let Xj � [Xi. Then Xj �Y � (
S
Xi) �Y . Therefore

S
j(Xj �Y ) � ([Xi) �Y .

3. We show that X � Y � Z , X � Y ) Z.

()). If x 2 X. Then 8y 2 Y (x�y 2 X �Y ). Therefore x �y 2 Z, and so x 2 Y ) z.

((). For every x 2 X and y 2 Y , X � Y ) Z. Therefore x � y 2 Z, and hence

X � Y � Z.

2.3.2 Quantales

De�nition 2.3.4 (commutative quantale) [11] [12] [15] A structure Q = hQ;[; �; 1i
is a commutative quantale if

1. hQ;[i is a complete lattice,

2. hQ; �; 1i is a commutative monoid,

3. (
S
xi) � y =

S
(xi � y) for every xi; y 2 Q.
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Remark 2.3.5 De�ne a binary operation on Q by

y ) z :=
[
fxjx � y � zg:

Then x � y ) z if and only if x � y � z.

Proposition 2.3.6 Let M = hM; �; ei be a commutative monoid with the identity e, and

for each X;Y �M , de�ne a subset X � Y of M by

X � Y := fx � yjx 2 X; y 2 Y g:

Then the structure

P(M) = hP(M );[; �; fegi

is a commutative quantale.

Proof. 1. De�nition 2.3.4 1. and 2. are trivial.

2. We show that (
S
Xi) � Y =

S
(Xi � Y ).

()). Let x 2 (
S
Xi) � Y . Then 9y 2

S
Xi; 9z 2 Y (x = y � z). Therefore

9i y 2 Xi, and so x 2 Xi � Y �
S
(Xi � Y ).

((). Let Xj �
S
Xi. Then Xj �Y � (

S
Xi)�Y . Therefore

S
j(Xj �Y ) � (

S
Xi)�Y .

Remark 2.3.7

Y ) Z :=
[
fX jX � Y � Zg = fx 2M j8y 2 Y (x � y 2 Z)g:

Remark 2.3.8 It is easy to show that a complete IL-algebra is just a commutative quan-
tale, in which y ) z is de�ned by

y ) z :=
[
fxjx � y � zg:

Proposition 2.3.9 A structure is a complete IL-algebra if and only if it is a commutative

quantale.

Proof. ( ) ). is trivial.

( ( ). De�ne y ) z :=
S
fxjx � y � zg. Then we show that commutative quantale is

always complete IL-algebra.

1. De�nition 2.3.1 1., 2. and 3. are trivial.

2. We show that x � y � z , x � y ) z.

Let y ) z :=
S
fuju � y � zg.

9



()). If x � y � z, then x 2 fuju � y � zg, and hence x � y ) z.

((). If x � y ) z, then

x � y � (y ) z) � y = (
[
fuju � y � zg) � y

=
[
fu � yju � y � zg � z;

and hence x � y � z.

Corollary 2.3.10 A structure P(MN) = hP(M);[; �; f;gi is a commutative quantale,

where X � Y = fm+m0jm 2 X;m0 2 Y g.

2.3.3 Closure Operations on Quantales

De�nition 2.3.11 (closure operation) An operation C on a commutative quantale Q
= hQ;[; �; 1i is a closure operation on Q if

1. x � Cx ,

2. x � y ) Cx � Cy,

3. CCx � Cx,

4. Cx � Cy � C(x � y).

An element x of Q is C-closed if x = Cx holds. C(Q) denotes the set of all C-closed
elements of Q.

Proposition 2.3.12 If C is a closure operation on a commutative quantale Q= hQ;[; �; 1i,
then

C(Q) = hC(Q);[C ; �C ; C1i

is also a commutative quantale, where [C and �C are de�ned by

1. [Cxi := C([xi),

2. x �C y := C(x � y).

Proof. We show that a structure C(Q) = hC(Q);[C ; �C ; C1i de�ned as above holds

De�nition 2.3.4.

1. hC(Q);[Ci is a complete lattice.
First we show that if a; b 2 C(Q), then a \ b 2 C(Q); a [C b 2 C(Q); a ) b 2

C(Q);> 2 C(Q) and C? 2 C(Q).

(a) If a \ b � a, then C(a \ b) � Ca = a. If a \ b � b, then C(a \ b) � Cb = b.

Therefore C(a \ b) � a \ b � C(a \ b), and so a \ b 2 C(Q).
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(b) C(a [C b) = C(C(a [ b)) = C(a [ b) = a [C b. Therefore a [C b 2 C(Q).

(c) C(a ) b) � a = C(a ) b) � Ca � C((a ) b) � a) = b. Therefore C(a ) b) �
a) b � C(a) b), and so a) b 2 C(Q).

(d) > 2 C(Q) since C> � > � C>.

(e) Since 8a 2 Q (? � a), by de�nition C? � Ca = a.

Next we show that a structure hC(Q);[Ci is a lattice and holds De�nition 2.1.11.
It is enough to prove for [C .

(a) For a [C a = a, a [C a = C(a [ a) = Ca = a.

(b) For a[C (b[C c) = (a[C b)[C c; a[C (b[C c) = C(a[C(b[c)) = C(Ca[C(b[c))

� C(C(a [ (b [ c))) = C(a [ (b [ c))

� C(a [ C(b [ c)) = a [C (b [C c): Therefore a [C (b [C c) = C(a [ (b [ c)) =
C((a [ b) [ c) = (a [C b) [C c.

(c) For a [C b = b [C a, a [C b = C(a [ b) = C(b [ a) = b [C a.

(d) For a \ (a [C b) = a, a � a \ (a [C b) = a \ C(a [ b) � a \ (a [ b) = a. For

a [C (a \ b) = a, a [C (a \ b) = C(a [ (a \ b)) = C(a) = a.

2. hC(Q); �C ; C1i is a commutative monoid.
First we show that C(Cx � Cy) = C(x � y).

By de�nition x � y � Cx � Cy, and hence C(x � y) � C(Cx � Cy). Therefore
C(Cx � Cy) � C(C(x � y)) = C(x � y), and so C(Cx � Cy) = C(x � y). We show
that a structure hC(Q); �C ; C1i holds De�nition 2.1.3.
For every a; b; c 2 C(Q),

(a) For a�C (b�C c) = (a�C b)�C c; a�C (b �C c) = C(a�C(b� c)) = C(Ca�C(b� c))
= C(a � (b � c)) = C((a � b) � c) = C(C(a � b) � Cc)

= C(C(a � b) � c) = (a �C b) �C c.

(b) For a �C b = b �C a, a �C b = C(a � b) = C(b � a) = b �C a.

(c) For a �C C1 = C1 �C a = Ca;C1 �C a = C(C1 � a) = C(C1 � Ca)

= C(1 � a) = C(a) = a.

3. (
S
C S) �C b = C(C(

S
S) � b) = C(C(

S
S) � Cb) = C(

S
S � b) = C(

[

a2S

(a � b)) =

C(
[

a2S

C(a � b)) =
[

a2S

C(a �C b). Therefore for every S � C(Q) and a 2 S, (
S
C S) �C

b =
S
C(a �C b).

4. ()). a � b = Ca � Cb � C(a � b) = a �C b � c, and hence a � b) c.

((): If a � b) c, then a� b � c. Therefore a�C b = C(a� b) � C(c) = c, and hence
a �C b � c. Therefore for every a; b; c 2 C(A), a �C b � c if and only if a � b) c.
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Proposition 2.3.13 Let M = hM;�; �; ei be a preordered commutative monoid and de-

�ne an operation # on P(M) by

# X := fy 2M j9x 2 X (y � x)g:

Then # is a closure operation on the commutative quantale P(M) = hP(M );[; �; fegi.

De�nition 2.3.14 LetM = hM;�; �; ei be a preordered commutative monoid and de�ne

an operation C1 on P(M) by

C1X :=# X:

De�nition 2.3.15 Let M = hM;�; �; ei be an preordered commutative monoid and de-

�ne two operations ! and  on P(M ) by

X! := fy 2 M j8x 2 X(x � y)g;

X := fy 2 M j8x 2 X(y � x)g;

and let

C2X := (X!) :

Proposition 2.3.16 C1 is a closure operation on the commutative quantale P(M) =

hP(M );[; �; fegi.

Proof. We show that a function C de�ned as above holds De�nition 2.3.11.

1. If x 2 X, then x � x, and hence 9y 2 X (x � y). Therefore x 2 C1X, and so

X � C1X.

2. If z 2 C1X , then 9x 2 X (z � x), and since X � Y , so 9x 2 Y (z � x). Therefore

z 2 C1Y , and hence C1X � C1Y .

3. If x 2 C1C1X, then 9y 2 C1X (x � y) and 9z 2 X (y � z). Therefore x � z, so

x � C1X, and hence C1C1X � C1X.

4. We show that if x 2 C1X; y 2 C1Y , then x � y 2 C1(X � Y ). Since x 2 C1X,

9x0 2 X (x � x0). Since y 2 C1Y , 9y
0 2 Y (y � y0). By de�nition x � y � x0 � y0,

so x � y 2 X � Y , 9x0 � 9y0 2 X � Y (x � y � x0 � y0). Therefore x � y 2 C1(X � Y ),
and hence C1X � C1Y � C1(X � Y ).

Proposition 2.3.17 C2 is a closure operation on the commutative quantale P(M) =

hP(M );[; �; fegi.

Proof. We show that a function C de�ned as above holds De�nition 2.3.11.

1. If x 2 X , then 8y 2 X! (x � y). Therefore x 2 (X!) = C2X, and hence
X � C2X.
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2. For X � Y ) Y ! � X! � � � (1), if z 2 Y !, then 8y 2 Y (y � z). Therefore

8x 2 X (x � z), and hence z 2 X!.

For X � Y ) Y  � X � � � (2), if z 2 Y  , then 8y 2 Y (z � y). Therefore
8x 2 X (z � x), and hence z 2 X .

By (1) and (2), if X � Y , then Y ! � X!. Therefore (X!) � (Y !) , and hence

C2X � C2Y .

3. By 1. X � (X!) , and by 2. ((X!) )! = (C2X)! � X! � � � (1).

If x 2 X!, then by de�nition 8y 2 (X!) (y � x). Therefore x 2 ((X!) )!, and
hence X! � ((X!) )! = (C2X)! � � � (2).

By (1) and (2) ((X!) )! = (C2X)! = X!. Therefore C2C2X = ((C2X)!) �

(X!) = C2X, and since (C2X)! = X!,then C2C2X = C2X.

4. We show that if x 2 C2X; y 2 C2Y , then x � y 2 C2(X � Y ).

Suppose z 2 (X � Y )!. Then 8u 2 X; 8v 2 Y (u � v � z), and hence u � v !

z (8u 2 X).

Since u 2 X is arbitrary, so v ! z 2 X! (8v 2 Y ). Therefore x � v ! z (8v 2 Y ),

so v � x = x � v � z (8v 2 Y ), and hence v � x! z (8v 2 Y ).
Since v 2 Y is arbitrary, so x! z 2 Y !, and hence y � x! z, so x�y = y �x � z.

Therefore x � y 2 ((X � Y )!) , and hence C2X � C2Y � C2(X � Y ).

Remark 2.3.18 C1 is used in [2]. In the commutative quantales constructed from Petri

nets using C1, since C1 closed sets are downwards closed,

# m �# m0 , m <> m0:

Therefore C1 adequates for the reachability relation of Petri nets. Also C2 closed sets are
downwards closed, hence it adequates for the reachability relation.

Lemma 2.3.19

C2(fxg) = fy j y � xg:

Proof. � ()). If m 2 C2(fAg), and since � is reexive, then A 2 fAg!, and hence

m � A.

� ((). Suppose m � A. If m0 2 A!, then A � m0. Since � is transitive, then

m � m0, and hence m 2 (fAg!) = C2(fAg).

2.3.4 Modal-Operators

De�nition 2.3.20 A structure Q = hQ;[; �; !; 1i is a modal quantale if

� hQ;[; �; 1i is a quantale,

� ! is a unary operation on Q such that

13



1. !a � a,

2. !1 = 1,

3. !a �!!a,

4. !(a \ b) =!a�!b.

Lemma 2.3.21 In every modal quantale, the following holds:

1. !a � 1,

2. !a �!a�!a,

3. !a�!b �!(!a�!b),

4. a � b)!a �!b.

We remark here that, in every quantale, condition 4. in De�nition 2.3.20 is equivalent to

the conjunction of 1., 2., 3. and 4., under the assumptions 1. to 3. of De�nition 2.3.20.

De�nition 2.3.22 A modal classical quantale is a classical quantale with additional

unary operation ? satisfying:

1. !(a! b) �?a!?b,

2. a �?a,

3. ?0 = 0,

4. ??a �?a,

5. 0 �?a.

Lemma 2.3.23 In every modal classical quantale, the following holds:

1. a � b)?a �?b,

2. !a � b �?c)!a�?b �?c.

2.4 CL-algebras and Classical Quantales

2.4.1 CL-algebras

De�nition 2.4.1 (complete CL-algebra) A structure A = hA;);[;\; �; 1; 0i is a
complete CL-algebra if

1. hA;[;\i is a complete lattice,

2. hA; �; 1i is a commutative monoid,
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3. (
S
xi) � y =

S
(xi � y) for every xi; y 2 A,

4. x � y � z , x � y ) z for every x; y; z 2 A,

5. �� x = x(� x := x) 0).

De�nition 2.4.2 Let A = hA;);[;\; �; 1; i be a complete IL-algebra. For an element
0 2 A, we will de�ne K below:

Kx := (x ) 0 )) 0 :

Proposition 2.4.3 A given complete IL-algebra A = hA;);[;\; �; 1i, a mapping K

from A to A is a closure operation on A.

Proof. For a given IL-algebra A = hA;);[;\; �; 1i, a mapping K from A to A is a

closure operation on A if

1. x � Kx ,

2. x � y ) Kx � Ky ,

3. KKx � Kx ,

4. Kx � Ky � K(x � y).

Let f(x) := Kx (= (x ) 0 )) 0 ).

1. We show x � f(x).

Since x) 0 � x) 0 then (x) 0) � x � 0.

Terefore x � (x) 0) � 0 and hence x � (x) 0)) 0.

2. We show x � y ) f(x) � f(y).

Since y ) 0 � y ) 0 then (y ) 0) � y � 0.

Therefore (y ) 0) � x � 0 and hence

y ) 0 � x) 0 � � � (1):

Since (x) 0)) 0 � (x) 0)) 0 then

((x) 0)) 0) � (x) 0) � 0;

and hence ((x) 0)) 0) � (y ) 0) � 0 by (1).

3. We show f(f(x)) = f(x).
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Since f(x)) 0 � f(x)) 0 then

(f(x)) 0) � f (x) � 0:

Therefore (f(x)) 0) � x � 0 and hence

f (x)) 0 � x) 0 � � � (1):

Since x) 0 � f(x) 0) by 1. and

f(x) 0) = ((x) 0)) 0)) 0 = f (x)) 0

then

x) 0 � f(x)) 0 � � � (2):

By (1) and (2), x) 0 = f(x)) 0, and hence

f(f(x)) = (f(x)) 0)) 0 = (x) 0)) 0 = f (x):

4. We show f(x) � f(y) � f(x � y).

Since (a) b) � (b) c) � a � c then a) b � (b) c)) (a) c).

x � y ! x � y

� ((x � y)! 0)! (y ! 0)

� ((y ! 0)! 0)! ((x � y)! 0)! 0

= f (y)! f(x � y):

Thus x � f(y) � f(x � y) then f(x � f(y)) � f(x � y).

Therefore f(x) � f(y) � f(x � f(y)) and hence

f(x) � f(y) � f(x � y):

Proposition 2.4.4 Let A= hA;);[;\; �; 1i be a complete IL-algebra. Then

K(A) = hK(A););[K ;\; �K ;K1 i

is a complete CL-algebra, where [K and �K are de�ned by

1. x [K y := K(x [ y) ([Kxi := K([xi)),

2. x �K y := K(x � y).

Proof. We have that for a given complete IL-algebra A = hA;);[;\; �; 1i, a mapping

K from A to A is a closure operation on A. Therefor K(A) = hK(A););[K ;\; �K ;K1 i

is a complete IL-algebra, and so De�nition 2.4.1 from 1. to 4. are trivial. For 5. �� x =

x (� x := x) 0), we show Kx = x (i :e: (x ) 0 )) 0 = x ), hence K0 = 0 (i :e: (0 )

0 )) 0 = 0 ).
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1. ((). 0 � (0) 0)) 0 is trivial.

2. ()). Since 1 � 1 � 0) 0 then

1 � 1) (0) 0) � ((0) 0)) 0)) (1) 0);

and hence

(0) 0)) 0 � 1) 0 = (1) 0) � 1 � 0:

Therefore (0) 0)) 0 � 0.

2.4.2 Classical Quantales

De�nition 2.4.5 A structure Q = hQ;[; �; 1i is a commutative classical quantale if

1. hQ;[i is a complete lattice,

2. hQ; �; 1i is a commutative monoid,

3. (
S
xi) � y =

S
(xi � y),

4. �� x = x (� x := x) 0).

Remark 2.4.6 De�ne a binary operation on Q by

y ) z :=
[
fxjx � y � zg:

Then x � y ) z if and only if x � y � z.

Remark 2.4.7 It is easy to show that a complete CL-algebra is just a commutative

classical quantale, in which y ) z is de�ned by

y ) z :=
[
fxjx � y � zg:

Proposition 2.4.8 A structure is a complete CL-algebra if and only if it is a commutative

classical quantale.

Proof. ( ) ). is trivial.

( ( ). De�ne y ) z :=
S
fxjx � y � zg. Then we show that commutative quantale is

always complete IL-algebra.

1. De�nition 2.3.1 1., 2. and 3. are trivial.

2. We show that x � y � z , x � y ) z.

Let y ) z :=
S
fuju � y � zg.
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()). If x � y � z, then x 2 fuju � y � zg, and hence x � y ) z.

((). If x � y ) z, then

x � y � (y ) z) � y = (
[
fuju � y � zg) � y

=
[
fu � yju � y � zg � z;

and hence x � y � z.
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Chapter 3

Intuitionistic Linear Logic

In this chapter, we will discuss intuitionistic linear logic (its syntax and semantics) and

then will prove soundness theorem for quantales generated by Petri nets. And then we
will show how to prove completeness using the quantale based on our construction.

3.1 Syntax

3.1.1 Formulas

The language of intuitionistic linear logic (ILL) has an alphabet consisting of

1. propositional variables : a; b; c; :::,

2. propositional constants : 1,>;?,

3. connectives : �;_;^;�,

4. auxiliary symbols : ( , ).

The connectives carry traditional names:

� � : conjunction (times),

� _ : disjunction (or),

� ^ : conjunction (and).

Formulas are inductively de�ned by

1. The propositional variables and constants are formulas,

2. if A and B are formulas, then A � B;A _ B;A ^ B and A � B are formulas.

We shall use A � B as an abbreviation, for (A � B)^ (B � A), and denote the set of all

formulas by �.
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3.1.2 Sequents

A sequent of ILL is an expression of the form

�! �;

where � is a �nite sequence of formulas and � is a formula. Both � and � may be empty. In

the sequel, capital Greek letters will denote �nite (possibly empty) sequences of formulas.

3.1.3 Axioms (initial sequents) and Rules

De�nition 3.1.1 (axioms and rules of inference of ILL) The axioms of ILL are the

instances of the four axiom-schemes:

A! A

! 1

�! >

�;?;�! A

The rules of inference of ILL are the following structural rules:

�;�! A

�; 1;�! A
(1 - weakening)

�; A; B;�! C

�; B;A;�! C
(exchange)

�! A �; A;�! C

�;�;�! C
(cut)

and the following logical rules:

�; A;�! C �; B;�! C

�; A _B;�! C
(_ !)

�! A
�! A _ B

(! _1) �! B
�! A _B

(! _2)

�; A;�! C

�; A ^ B;�! C
(^1!)

�; B;�! C

�; A ^ B;�! C
(^2!)

�! A �! B
�! A ^ B

(! ^)
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�; A;B;�! C

�; A � B;�! C
(� !) �! A �! B

�;�! A � B
(! �)

�! A �; B;�! C

�; A � B;�;�! C
(�!)

�; A! B

�! A � B
(!�)

Remark 3.1.2 With contraction and weakening,

�! B
�; A! B

(weakening)
;

�; A;A! B

�; A! B
(contraction)

;

we can prove A � B � A ^ B as follows.

� For A � B ! A ^ B,

A! A
A;B ! A

(weakening) B ! B
A;B ! B

(weakening)

A;B ! A ^ B

A � B ! A ^B
(! �)

(! ^)

:

� For A ^ B ! A � B,

A! A
A ^ B ! A

(^ !) B ! B
A ^ B ! B

(^ !)

A ^ B;A ^ B ! A � B

A ^ B ! A � B
(contraction)

(! �)

:

3.1.4 Examples of Proofs

Example 3.1.3 As an example of a proof, we can derive the rule

�! A � B

�; A! B

from (�!) by:

�! A � B
A! A B ! B
A;A � B ! B

(!�)

�; A! B
(cut)

Example 3.1.4 We can derive that (A _B) � C � (A � C) _ (B � C).

� For (A _ B) � C ! (A � C) _ (B � C),

A! A C ! C
A;C ! A � C

(! �)

A;C ! A � C _ B � C
(! _1)

B ! B C ! C
B;C ! B � C

(! �)

B;C ! A � C _ B � C
(! _2)

A _B;C ! A � C _B � C

(A _B) � C ! A � C _ B � C
(� !)

(_ !)
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� For (A � C) _ (B � C)! (A _B) � C,

A! A
A! A _ B

(! _1)
C ! C

A;C ! (A _B) � C
(! �)

A � C ! (A _ B) � C
(� !)

B ! B
B ! A _ B

(! _2)
C ! C

B;C ! (A _B) � C
(! �)

B � C ! (A _ B) � C
(� !)

A � C _ B � C ! (A _ B) � C
(_ !)

Example 3.1.5 We can derive that (A �B)! C � A! B � C,

� For (A � B)! C ! A! B � C,

A! A B ! B
A;B ! A � B

(! �)
A � B ! C

A;B ! C

A! B � C
(!�)

(cut)

� For A! B � C ! (A � B)! C,

A! B � C
B ! B C ! C
B � C;B ! C

(�!)

A;B ! C

A �B ! C
(� !)

(cut)

3.2 Semantics

3.2.1 Valuation on Quantale

De�nition 3.2.1 (valuation) A valuation v on a commutative quantaleQ = hQ;[; �; 1i

is a mapping of � into Q satisfying the following conditions for every A;B 2 �

1. v(A ^ B) = v(A) \ v(B),

2. v(A _ B) = v(A) [ v(B),

3. v(A � B) = v(A) � v(B),

4. v(A � B) = v(A)) v(B),

5. v(>) = >,

6. v(?) = ?,

7. v(1) = 1.
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3.2.2 Validity

De�nition 3.2.2 (valid) A formula A is said to be

1. true in a valuation v on a commutative quantale Q if

1 � v(A);

which will be denoted by Q; v j= A;

2. valid with respect to a class Q of commutative quantales if for each commutative

quantale Q 2 Q and each valuation v on Q,

Q; v j= A;

holds, which will be denoted as Q j= A;

3. A sequent �! A is said to be valid with Q if and only if

Q j= � � � A;

where �� is de�ned by <>� := 1 and (�; A)� := �� �A.

3.2.3 Soundness

Theorem 3.2.3 (soundness) If a sequent � ! A is provable in ILL, then it is valid

with respect to the class of all commutative quantales.

Proof. Soundness is proved by a straightforward induction on hight of proof.

� Initial sequents are valid,

� for the rules of inference (structural rules and logical rules), if upper sequent(s) is
valid, then lower sequent is valid.

We show that initial sequents, structural rules and logical rules are valid:

1. initial sequents

(a) j= A! A, j= A � A

, 1 � v(A � A)

, 1 � v(A)) v(A)

, 1 � v(A) � v(A)

, v(A) � v(A):

(b) j=! 1, j= 1

, 1 � v(1)

, 1 � 1:
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(c) j= �! > , j= �� � >

, 1 � v(�� � >)

, 1 � v(��)) v(>)

, 1 � v(��) � v(>)

, v(��) � >

(since > is the greatest element):

(d) j= �;?;�! A, j= �� � ? ��� � A

, 1 � v(�� � ? ���)) v(A)

, v(�� � ? ���) � v(A)

, v(��) � v(?) � v(��) � v(A)

, v(?) � v(��) � v(��) � v(A)

, v(?) � v(��) � v(��)) v(A)

(since ? is the least element):

2. structural rules

(a) For 1� weakening,

� j= �;�! A, j= �� ��� � A

, 1 � v(�� ���)) v(A)

, v(��) � v(��) � v(A);

� j= �; 1;�! A, j= �� � 1 ��� � A

, 1 � v(�� � 1 ���)) v(A)

, v(��) � v(1) � v(��) � v(A)

, v(��) � v(��) � v(A):

(b) For exchange,

� j= �; A; B;�! C , j= �� � A � B ��� � C

, 1 � v(�� �A � B ���)) v(C)

, v(��) � v(A) � v(B) � v(��) � v(C);

� j= �; B;A;�! C , j= �� � B � A ��� � C

, 1 � v(�� �B � A ���)) v(C)

, v(��) � v(B) � v(A) � v(��) � v(C)

, v(��) � v(A) � v(B) � v(��) � v(C):
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(c) For cut,

� j= �! A, j= �� � A

, 1 � v(��)) v(A)

, v(��) � v(A) � � � (1);

� j= �; A;�! C , j= �� � A � �� � C

, 1 � v(�� � A ���)) v(C)

, v(��) � v(A) � v(��) � v(C)

, v(A) � v(��) � v(��)) v(C) � � � (2);

� j= �;�;�! C , j= �� � �� � �� � C

, 1 � v(�� � �� � ��)) v(C)

, v(��) � v(��) � v(��) � v(C)

, v(��) � v(��) � v(��)) v(C)

(since (1) and (2)):

3. logical rules

(a) For (_ !),

� j= �; A;�! C , j= �� � A ��� � C

, 1 � v(�� � A ���)) v(C)

, v(��) � v(A) � v(��) � v(C)

, v(A) � v(��) � v(��)) v(C) � � � (1);

� j= �; B;�! C , j= �� � B ��� � C

, 1 � v(�� � B ���)) v(C)

, v(B) � v(��) � v(��)) v(C) � � � (2);

� j= �; A _ B;�! C , j= �� � (A _ B) ��� � C

, 1 � v(�� � (A _ B) ���)) v(C)

, v(��) � v(A _B) � v(��) � v(C)

, v(A) [ v(B) � v(��) � v(��)) v(C)

(since (1) and (2)):

(b) For (! _1),

� By cut � � � (1) j= �! A, v(��) � v(A),
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� j= �! A _ B , j= �� � (A _B)

, 1 � v(��)) v(A _B)

, v(��) � v(A _B)

, v(��) � v(A) [ v(B):

(c) The proof is similar for (! _2).

(d) For (^1!),

� By cut � � � (2) j= �; A;�! C , v(A) � v(��) � v(��)) v(C),

� j= �; A ^ B;�! C , j= �� � (A ^ B) ��� � C

, 1 � v(�� � (A ^ B) ���)) v(C)

, v(��) � v(A ^B) � v(��) � v(C)

, v(��) � (v(A) \ v(B)) � v(��) � v(C)

, v(A) \ v(B) � v(��) � v(��)) v(C):

(e) The proof is similar for (^2!).

(f) For (! ^),

� By cut � � � (1) j= �! A, v(��) � v(A) � � � (1) and,

� j= �! B , v(��) � v(B) � � � (2),

� j= �! A ^ B , j= �� � (A ^B)

, 1 � v(��)) v(A ^B)

, v(��) � v(A ^B)

, v(��) � v(A) \ v(B)

(since (1) and (2)):

(g) For (� !),

� j= �; A; B;�! C , j= �� � A � B ��� � C

, 1 � v(�� �A � B ���)) v(C)

, v(��) � v(A) � v(B) � v(��) � v(C);

� j= �; A � B;�! C , j= �� � (A � B) ��� � C

, 1 � v(�� � (A � B) ���)) v(C)

, v(��) � v(A � B) � v(��) � v(C)

, v(��) � v(A) � v(B) � v(��) � v(C):

(h) For (! �),

� by cut � � � (1) j= �! A, v(��) � v(A) and,
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� j= �! B , v(��) � v(B),

� j= �;�! A � B , j= �� ��� � A � B

, 1 � v(�� ���)) v(A � B)

, v(��) � v(��) � v(A) � v(B):

(i) For (�!),

�rst we show that if a � a0 and b � b0, then a0 ) b � a) b0. Since a � a0 and

b � b0, a � (a0 ) b) � a0 � (a0 ) b) � b � b0, and hence a0 ) b � a) b0.

� By cut � � � (1) j= � ! A , v(��) � v(A) and by cut � � � (2) j= �; B;� !
C , v(B) � v(��) � v(��)) v(C),

� j= �; A � B;�;�! C , j= �� � (A � B) � �� � �� � C

, 1 � v(�� � (A � B) � �� ���)) v(C)

, v(�� � (A � B) � �� ���) � v(C)

, v(��) � (v(A)) v(B)) � v(��)

�v(��) � v(C)

, (v(A)) v(B)) � v(��) � v(��)

�v(��)) v(C)

(by the result above):

(j) The proof is similar for (!�).

3.3 Completeness

We have constructed quantales from a Petri net:

Petri net N ;

+ Proposition 2:2:3

preordered commutative monoid MN ;

+ Proposition 2:3:6

quantale P(M );

+ Proposition 2:3:16 (or Proposition 2:3:17)

quantale C1(P(MN )); (C2 (P(MN ))):
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Let Q0, Q1 and Q2 be classes of commutative quantales de�ned by

Q0 := f P(MN ) : N is a Petri net g,

Q1 := f C1(P(MN )) : N is a Petri net g,

Q2 := f C2(P(MN )) : N is a Petri net g,

where P(MN ), C1(P(MN ) and C2(P(MN )) are commutative quantale de�ned from a pre-

ordered commutative monoid MN as in proposition 2.3.6, and de�nition 2.3.14 and 2.3.15

respectively.

De�nition 3.3.1 We say that ILL is complete for a class Q of commutative quantales,

if �! A is provable in ILL whenever �! A is valid with respect to Q.

Q1 is the class of commutative quantales used in Engberg and Winskel [2]. To prove

completeness of ILL for a class of commutative quantales generated by Petri nets, Q0 and

Q1 do not work. Although the following proof shows that

(A ^B) _ (A ^ C)! A ^ (B _ C)

is derivable in ILL

A! A
A ^ C ! A

(^ !)

B ! B
B ! B _ C

(! _)

A ^ B ! B _ C
(^ !)

A ^ B ! A ^ (B _ C)
(! ^)

A! A
A ^ C ! A

(^ !)

C ! C
C ! B _ C

(! _)

A ^ C ! B _ C
(^ !)

A ^ C ! A ^ (B _ C)
(! ^)

(A ^ B) _ (A ^ C)! A ^ (B _ C)
(_ !)

;

we cannot prove the sequent

A ^ (B _ C)! (A ^B) _ (A ^ C):

That is, the distributivity of ^ and _ does not hold in ILL. In any quantale in Q0 or Q1,

the distributivity is always valid. Therefore, if we want to prove completeness for Q0 or
Q1, then we have to add the distributivity to ILL. Then we will consider the class Q2,
and prove completeness for Q2, the distributivity is not always valid in a quantale in Q2.

In the sequel, we shall prove completeness for Q2.

Theorem 3.3.2 (completeness) If a sequent � ! A is valid in the Q2, then it is

provable in ILL.

Proof. First we construct a Petri net N = hP; T;� (�); (�)�i as follows:

1. P := �,

2. T := f(�;�)j�! �� is provable in ILLg,

28



3. for each t = (�;�) 2 T ,

(a) �t := �,

(b) t� := �.

Note that in the preordered commutative monoid MN = hM;<>;+; ;i, if A <> B, then

A! B is provable in ILL. Next we de�ne a mapping v of � into the quantale C2(P(MN ))

by
v(�) := C2(f�g):

We can show by induction on the complexity of � that v is a valuation on C2(P(MN )).

We show that Q2 = hC2(P(M));[C ; �C ; C2(f;g)i satis�es De�nition 4.2.1,

1. v(A ^ B) = v(A) \ v(B),

2. v(A _ B) = v(A) [C v(B),

3. v(A � B) = v(A) �C v(B),

4. v(A � B) = v(A)) v(B),

5. v(>) =M,

6. v(?) = C2;,

7. v(1) = C2(f;g).

Case1: � � A ^ B.
We show v(A ^ B) = v(A) \ v(B). Since

v(A ^ B) = C(fA ^ Bg),

v(A) \ v(B) = C(fAg) \ C(fBg),

then we show C(fA ^Bg) = C(fAg) \ C(fBg), by Lemma 2.3.19.

� (�). If A ^ B ! A, then A ^ B � A, and if A ^ B ! B, then A ^ B � B.

Therefore C(fA ^ Bg) � C(fAg) \ C(fBg).

� (�). If C ! A;C ! B, then C ! A ^ B. Therefore if C � A and C � B,

then C � A ^ B, and hence C(fAg) \ C(fBg) � C(fA ^Bg).

Case2: � � A _ B.
We show v(A _ B) = v(A) [C v(B). Since

v(A _ B) = C(fA _ Bg),
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and since x [C y := C(x [ y),

v(A) [C v(B) = C(fAg) [C C(fBg)

= C(C(fAg) [ C(fBg))

= C(fAg [ fBg)

(since C (Cx [ Cy) = C (x [ y)),

then we show fA _ Bg = fAg [ fBg, by Lemma 2.3.19.

� (�). If C ! A _ B, then C ! A or C ! B. Therefore if C � A _ B, then

C � A or C � B, and hence fA _ Bg � fAg [ fBg.

� (�). If A ! A _ B, then A � A _ B, and if B ! A _ B, then B � A _ B.

Therefore fAg [ fBg � fA _Bg.

Case3: � � A � B.

We show v(A � B) = v(A) �C v(B). Since

v(A � B) = C(fA � Bg),

and since x �C y := C(x � y),

v(A) �C v(B) = C(fAg) �C C(fBg)

= C(C(fAg) � C(fBg))

= C(fAg � fBg)

(since C (Cx � Cy) = C (x � y))

= C(fA+ Bg);

then we show fAg+ fBg = fA � Bg.

� (�). We show fAg+ fBg � fA � Bg.

A + B =� (t) + ; = A;B � � �� � A;B,

A � B = (t)� + ; = A � B � � �� � A � B.

If �! �� is provable, then A;B ! A � B � 1 is provable.

A! A B ! B
A;B ! A � B

(! �)
! 1

A;B ! A � B � 1
(! �)

� (�). We show fA � Bg � fAg+ fBg.

A � B =� (t) + ; = A � B ...... � � A �B,

A + B = (t)� + ; = A;B ...... � � A;B.
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If �! �� is provable, then A � B ! A � B � 1 is provable.

A! A B ! B
A;B ! A � B

(! �)

A � B ! A � B
(� !)

! 1
A �B ! A � B � 1

(! �)

Case4: � � A � B.

We show v(A � B) = v(A)! v(B). Since

v(A � B) = C(fA � Bg),

v(A)! v(B) = C(fAg)! C(fBg),

then we show C(fA � Bg) = C(fAg)! C(fBg).

� (�). For C(fA � Bg) � C(fAg)! C(fBg),

(1) if � 2 C(fA � Bg), then �! A � B,

(2) if 8� 2 C(fAg), then �! A.

By (1) and (2),

�! A �; A! B

�;�! B
(cut)

:

Then �;� ! B, and hence �;� 2 C(fBg). Since �;� = � + �, then
� � C(fAg)! C(fBg).

� (�). For C(fAg)! C(fBg) � C(fA � Bg),

(1) � 2 C(fAg)! C(fBg),

(2) 8� 2 C(fAg).

By (1) and (2), �+� 2 C(fBg), and hence �+�! B. Therefore �! A � B,
and so C(fAg)! C(fBg) � C(fA � Bg).

Case5: � � >.

We show v(>) =M. By de�nition, C2(f>g) = fy j y � >g, then

v(>) := C2(f>g) =M:

Case6: � � ?.
We show v(?) = C;.

;! := fy j 8x 2 ; (x � y)g =M,

M := fy j 8x 2M (y � x )g = f?g.

Case7: � � 1.

We can show v(1) = C2(f;g).
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Finally we prove that ! A is provable in ILL whenever 1 � v(A). If 1 � v(A), then

C2(f;g) � C2(fAg), and hence ; � A in the original preordered monoid MN . Thus ! A

is provable in ILL. If ! �� � A is provable in ILL, then so is �! A: in fact

�! ��
�� ! �� A! A
�� � A;�� ! A

(�!)

! �� � A �� � A;�! A

�! A
(cut)

(cut)

:
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Chapter 4

The \Of Course" Operator

In this chapter, we will discuss intuitionistic linear logic with a modal operator \of course"

(its syntax and semantics) and then will prove soundness theorem for quantales generated
by Petri nets. And then we will show how to prove completeness for quantales by using
similar construction in chapter 3.

The absence of the rules for weakening and contraction is compensated,to some ex-

tent,by the addition of the modal operator \of cource".

4.1 Syntax

In this section we show only formulas, axioms, rules and examples of proofs we have to

add to ILL in chapter 3.

4.1.1 Formulas

The language of ILL with a modal operator has an alphabet consisting of

unary connectives : !.

Formulas are inductively de�ned by

1. The propositional variables and constants are formulas,

2. if A is a formula, then !A is a formula.

4.1.2 Sequents

A sequent of ILL is an expression of the form

�! �;

where � is a �nite sequence of formulas and � is a formula. Both � and � may be empty. In
the sequel, capital Greek letters will denote �nite (possibly empty) sequences of formulas.
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4.1.3 Axioms (initial sequents) and Rules

De�nition 4.1.1 The basic calculus is obtained from the calculus ILL by adding the

following rules for the modal operator !:

!A! A (1)

!A! 1 (2)

!A!!A�!A (3)

B ! A B ! 1 B ! B �B
B !!A

(4)

Given a proposition A, the assertion of !A has the possibility of being instantiated by

the proposition A, the unit 1 or !A�!A, and thus of arbitrarily many assertions of !A.

Remark 4.1.2 How this operator compensates for the absence of the two structural rules

can be seen from the derived rules Girard originally presented:

�; A! B

�; !A! B
(! !)

�! B
�; !A! B

(! - weakening)

�; !A; !A! B

�; !A! B
(! - contraction)

!�! B
!�!!B

(! !)

where !� is a shorthand for !A1; :::; !An where � = A1; :::; An.

Remark 4.1.3 The rules of (1), (2) and (3) of De�nition 4.1.1 are derivable from the
above original rules.

A! A
!A! A

(! !)

! 1
!A! 1

(! - weakening)

!A!!A !A!!A
!A; !A!!A�!A

(! �)

!A!!A�!A
(! - contraction)

34



Proposition 4.1.4 The rule of (1), (2) and (3) of De�nition 4.1.1 for !A are interderiv-

able with the following single rule:

!A! 1 ^ A ^ (!A�!A)

Proof.
!A! A !A! 1

!A! 1 ^ A
(! ^)

!A!!A�!A
!A! 1 ^ A ^ (!A�!A)

(! ^)

Proposition 4.1.5

1 ^ A ^ (!A�!A)!!A

Proof. De�ne that B := 1 ^ A ^ (!A�!A).

B !!A�!A

!A! A !A! 1
!A! 1 ^ A

(! ^)
!A!!A�!A

!A! B
(! ^)

!A! B
!A; !A! B � B

(! �)

!A�!A! B � B
(� !)

B ! A B ! 1 B ! B � B
B !!A

(2)
(cut)

4.1.4 Examples of Proofs

Example 4.1.6 We derive that !A! A�!A.

A! A !A!!A
A; !A! A�!A

(! �)

!A; !A! A�!A

!A! A�!A
(! - contruction)

(!!)

Example 4.1.7 We derive that !A!!(A � A).

A! A A! A
A;A! A � A

(! �)

!A; !A! A � A
(!!)

!A! A � A

!A!!(A � A)
(!!)

(! - weakening)

Example 4.1.8 We derive that !(A ^ B) �!A�!B.

� ()).
A ^ B ! A

!(A ^ B)! A
(� !)

!(A ^ B)!!A
(! �)

A ^ B ! B

!(A ^B)! B
(! �)

!(A ^B)!!B
(� !)

!(A ^ B); !(A ^B)!!A�!B

!(A ^ B)!!A�!B
(! - weakening)

(! �)
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� (().
!A! A

!A; !B ! A
(! - weakening) !B ! B

!A; !B ! B
(! - weakening)

!A; !B ! A ^ B

!A; !B !!(A ^B)

!A�!B !!(A ^ B)
(� !)

(! - weakening)

(! ^)

4.2 Semantics

4.2.1 Valuation on Quantale

De�nition 4.2.1 (valuation) A valuation v on a commutative quantaleQ = hQ;[; �; 1i
is a mapping of � into Q satisfying the following conditions for every A;B 2 �

1. v(A ^ B) = v(A) \ v(B),

2. v(A _ B) = v(A) [ v(B),

3. v(A � B) = v(A) � v(B),

4. v(A � B) = v(A)) v(B),

5. v(>) = >,

6. v(?) = ?,

7. v(1) = 1.

8. v(!A) =!v(A).

4.2.2 Validity

De�nition 4.2.2 (valid) A formula A is said to be

1. true in a valuation v on a commutative quantale Q if

1 � v(A);

which will be denoted by Q; v j= A;

2. valid with respect to a class Q of commutative quantales if for each commutative
quantale Q 2 Q and each valuation v on Q,

Q; v j= A;

holds, which will be denoted as Q j= A;

3. A sequent �! A is said to be valid with Q if and only if

Q j= � � � A;

where �� is de�ned by <>� := 1 and (�; A)� := �� �A.
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4.2.3 Soundness

Theorem 4.2.3 (soundness) If a sequent � ! A is provable in ILL, then it is valid

with respect to the class of all commutative quantales.

Proof. Soundness is proved by a straightforward induction on hight of proof.

� Initial sequents are valid,

� for the rules of inference (structural rules and logical rules), if upper sequent(s) is

valid, then lower sequent is valid.

We show that initial sequents, structural rules and logical rules are valid: (In this section

we show only four structural rules for of course operator we have to add to ILL in chapter
3.)

structural rules

(a) For !!,

� j= �; A! B , j= �� � A � B

, 1 � v(�� � A)) v(B)

, v(��) � v(A) � v(B)

, v(A) � v(��)) v(B);

� j= �; !A! B , j= ���!A � B

, 1 � v(���!A)) v(B)

, v(��) � v(!A) � v(B)

, v(!A) � v(��)) v(B)

, !v(A) � v(��)) v(B)

(since !a � a):

(b) For !� weakening,

� j= �! B , j= �� � B

, 1 � v(��)) v(B);

� j= �; !A! B , j= ���!A � B

, 1 � v(���!A)) v(B)

, v(��) � v(!A) � v(B)

, v(!A) � v(��)) v(B)

, !v(A) � v(��)) v(B)

(since !a � 1 ):
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(c) For !� contraction,

� j= �; !A; !A! B , j= ���!A�!A � B

, 1 � v(��) � v(!A) � v(!A)) v(B)

, v(��) � v(!A) � v(!A) � v(B)

, v(!A) � v(!A) � v(��)) v(B)

, !v(A)�!v(A) � v(��)) v(B);

� j= �; !A! B , j= ���!A � B

, 1 � v(��) � v(!A)) v(B)

, v(��) � v(!A) � v(B)

, v(!A) � v(��)) v(B)

, !v(A) � v(��)) v(B)

(since !a �!a�!a):

(d) For !!,

� j=!�! B , j= �� � B

, 1 � v((!�)�)) v(B)

, v(!(��)) � v(B);

� j=!�!!B , j= (!�)� �!B

, 1 � v((!�)�)) v(!B)

, v((!�)�) � v(!B):

By v(!(��)) � v(B)!,

, !v((!�)�) �!v(B)

(since a � b !!a �!b)

, v(!(!�)�) � v(!B)

, v((!!�)�) � v(!B)

, v((!�)�) � v(!B)

(since !a �!!a):

4.3 Completeness

We have constructed quantales from a Petri net:
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Petri net N ;

+ Proposition 2:2:3

preordered commutative monoid MN ;

+ Proposition 2:3:6

quantale P(M );

+ Proposition 2:3:16 (or Proposition 2:3:17)

quantale C1(P(MN )); (C2 (P(MN ))):

Let Q0, Q1 and Q2 be classes of commutative quantales de�ned by

Q0 := f P(MN ) : N is a Petri net g,

Q1 := f C1(P(MN )) : N is a Petri net g,

Q2 := f C2(P(MN )) : N is a Petri net g,

where P(MN ), C1(P(MN ) and C2(P(MN )) are commutative quantale de�ned from a pre-
ordered commutative monoid MN as in proposition 2.3.6, and de�nition 2.3.14 and 2.3.15

respectively.

De�nition 4.3.1 We say that ILL is complete for a class Q of commutative quantales,

if �! A is provable in ILL whenever �! A is valid with respect to Q.

Q1 is the class of commutative quantales used in Engberg and Winskel [2]. To prove
completeness of ILL for a class of commutative quantales generated by Petri nets, Q0 and
Q1 do not work. Although the following proof shows that

(A ^B) _ (A ^ C)! A ^ (B _ C)

is derivable in ILL

A! A
A ^ C ! A

(^ !)

B ! B
B ! B _ C

(! _)

A ^ B ! B _ C
(^ !)

A ^ B ! A ^ (B _ C)
(! ^)

A! A
A ^ C ! A

(^ !)

C ! C
C ! B _ C

(! _)

A ^ C ! B _ C
(^ !)

A ^ C ! A ^ (B _ C)
(! ^)

(A ^ B) _ (A ^ C)! A ^ (B _ C)
(_ !)

;
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we cannot prove the sequent

A ^ (B _ C)! (A ^B) _ (A ^ C):

That is, the distributivity of ^ and _ does not hold in ILL. In any quantale in Q0 or Q1,

the distributivity is always valid. Therefore, if we want to prove completeness for Q0 or
Q1, then we have to add the distributivity to ILL. Then we will consider the class Q2,

and prove completeness for Q2, the distributivity is not always valid in a quantale in Q2.

In the sequel, we shall prove completeness for Q2.

Theorem 4.3.2 (completeness) If a sequent � ! A is valid in the Q2, then it is

provable in ILL.

Proof. First we construct a Petri net N = hP; T;� (�); (�)�i as follows:

1. P := �,

2. T := f(�;�)j�! �� is provable in ILLg,

3. for each t = (�;�) 2 T ,

(a) �t := �,

(b) t� := �.

Note that in the preordered commutative monoid MN = hM;<>;+; ;i, if A <> B, then
A! B is provable in ILL. Next we de�ne a mapping v of � into the quantale C2(P(MN ))

by
v(�) := C2(f�g):

We can show by induction on the complexity of � that v is a valuation on C2(P(MN )).

(In this section we show only the valuation for of course operator we have to add to ILL

in chapter 3.)

Let

!X := f!m : m 2 Xg;

and let
!CX := C2!X:

Then we show that

Q = hC2(M);[C ; �C ; !C ; C2(f;g)i

is a modal classical quantale, i.e. it satis�es the condition in De�nition 2.3.20.

If C2X = X and C2Y = Y , then

1. !CX � X,
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2. !C1C = 1C ,

3. !CX �!C !CX ,

4. !C(X \ Y ) =!CX�C !CY ,

and C2f!Ag =!CC2fAg.

First we show 1. to 4.

1. Case1: !CX � X.

For !CX � X, suppose that m 2!CX and m0 2 X!, (i:e: 8m00 2 X (m00 � m0)).
Therefore

8m00 2 X (!m00 �!m0);

and hence !m0 2 (!X)!, and so

m �!m0:

Since !m0 � m0, then m � m0, and hence

m 2 (X!) = C2X = X:

2. Case2: !C1C = 1C .

� ()). !C1C � 1C is trivial.

� ((). For !C1C � 1C , suppose that m 2 1C , then

8m0 2 (!1c)
!and8m00 2!1C (m00 � m0):

Since 1 2 1C , then !1 = !1 2!1C , and hence

!1 � m0:

And since 1 � !1, then
1 � m0:

Therefore m0 2 f1g!, and hence m � m0, and so

m 2 C2!1C =!C1C :

3. Case3: !CX �!C !CX.

For !CX �!C !CX, we show !X � C2!X .

Suppose !m 2!X, then 8m0 2 (!c!X)! and !m 2!X � C2!X (!!m � m0).

And !m �!!m, then !m � m0.

Therefore !m 2 C2!C2!X, then !X � C2!C2!X , and hence

!C2!X � C2!C2!X:
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4. Case4: !C(X \ Y ) =!CX�C !CY .

� ()). For !C(X \ Y ) �!CX�C !CY ,

!CX�C !CY = C2(C2!X � C2!Y ) = C2(!X�!Y ):

Suppose thatm 2 C2!(X\Y ) andm
0 2 (!X�!Y )!. We showm0 2 (!(X\Y ))!.

Let m00 2 X \ Y , then !m00 2!X and !m00 2!Y , and hence

!m00+!m00 � m0:

Since !m00 �!m00+!m00, then !m00 � m0, and hence

m0 2 (!(X \ Y ))!;

and so

m � m0:

� ((). Similar to the proof of !C(X \ Y ) �!CX�C !CY .

Next we show C2f!Ag =!CC2fAg.

� ()). For C2f!Ag �!CC2fAg, suppose m 2 C2f!Ag (i:e: m � !A).

Let m0 2 (!C2fAg)
!, since A 2 C2fAg, then

!A = !A � m0:

Therefore m � m0 and hence

C2fAg �!CC2fAg:

� ((). For C2f!Ag �!CC2fAg,

!CC2fAg = C2!C2fAg � C2f!Ag:

Suppose m 2!CC2fAg and m0 2 f!Ag! (i:e: !A � m0).

8!m00 2!C2fAg (m00 � A), then

!m00 �!A:

Since !m00 � m0, then

m0 2!C2fAg
!;

and hence

m � m0;

and so

m 2 C2f!Ag
!:
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Finally we prove that ! A is provable in ILL whenever 1 � v(A). If 1 � v(A), then

C2(f;g) � C2(fAg), and hence ; � A in the original preordered monoid MN . Thus ! A

is provable in ILL. If ! �� � A is provable in ILL, then so is �! A: in fact

�! ��
�� ! �� A! A
�� � A;�� ! A

(�!)

! �� � A �� � A;�! A

�! A
(cut)

(cut)

:
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Chapter 5

Concluding Remarks

We have seen how to construct quantales from Petri net, and we have proved completeness

of ILL for the quantale generated by Petri net. In this concluding chapter, moreover we
consider the connection between classical linear logic (CLL) and Petri nets.

De�nition Syntax (formulas, axioms and rules) of CLL are follows:

(In this section we show only formulas, axioms, rules and examples of proofs we have to
add to ILL in chapter 3 and 4.)

1. Formulas

The language of CLL has an alphabet consisting of

� a propositional constant : 0,

� an unary connective : ?,

� a binary connective : �.

The connective carry traditional names:

� : disjunction (par).

Formulas are inductively de�ned by

� The propositional variables and constants are formulas,

� if A is a formula, then ?A is a formula.

2. Axioms and Rules

The basic calculus is obtained from the calculus ILL by adding the following rules.

(a) The adding axiom of CLL is the instance of one axiom-schemes:

�; 0! �
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(b) The adding rule of inference of CLL is the following structural rule:

�! �
�! �; 0

(0 - weakening)

�! �; A;B;�

�! �; B;A;�
(exchange)

The adding rules of inference of CLL are the following logical rules:

A;�! � B;�! �

A�B;�;�! �;�
(� !)

�! �; A;B

�! �; A�B
(! �)

�! �
�! �; ?A

(? - weakening)

�! �; ?A; ?A

�! �; ?A
(? - contraction)

A!?�
?A!?�

(!?)
�! �; A

�! �; ?A
(?!)

where ?� is a shorthand for ?A1; :::; ?An where � = A1; :::; An.

For examples of proofs we can derive as follows:

1. We can derive that (A � B)? � A? � B?.

� ()).
A! A

A;B ! A � B
(! �)

B ! B

(A �B)? ! A?; B?

(A �B)? ! A? � B?
(! �)

(? !;! ?)

� (().
A! A

A?; A!
(? !) B ! B

B?; B !
(? !)

A;B;A? � B? !

A � B;A? � B? !

A? � B? ! (A � B)?
(! ?)

(� !)

(� !)

2. We derive that A � B � A? � B.
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� ()).
A! A

! A;A?
(! ?)

B ! B

A � B)! A?; B

A � B ! A? � B
(! �)

(�!)

� (().
A! A

A;A? !
(? !)

B ! B

A;A? � B ! B

A? � B ! A � B
(!�)

(� !)

3. We derive that (!A)? �?A?.

� ()).
A! A

! A;A?
(! ?)

! A; ?A?

!!A; ?A?

(!A)? !?A?
(? !)

(!!)

(!?)

� (().
A! A

A?; A!
(? !)

A?; !A!

?A?; !A!

?A? ! (!A)?
(! ?)

(?!)

(!!)

4. We derive that A? � Arightarrow0. We use this later.

� ()).
0! A! A

A;A � 0!

A � 0! A?
(! ?)

(�!)

� (().
A! A

A;A? !
(? !)

A;A? ! 0

A? ! A � 0
(!�)

(0 - weakening)

Suppose we want to see how to express the negative propaty for Petri net (for example,

two processes cannot be in their critical regions at the same time). Then we consider the

operation of linear negation.
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De�nition

A? := A! 0:

Its semantics with respect to a quantale is determined by a choice for the denotation 0.
In a net we de�ne the interpretation of the logical constant 0 as follows:

De�nition

0 := fm j m is the set of all markings which can not be reached from the empty markingsg:

The consequence of this choice for 0 is that whatever property we could state before in
terms of validity of a formula A can now be stated negativery as j= A?.

Now we can prove soundness for this problem, but have not proved completeness of

CLL for classical quantale by Petri net. It is one of subjects of further research.
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