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Abstract

As is well known, the computational complexity in the mixed integer programming (MIP) problem is one of the main issues
in model predictive control (MPC) of hybrid systems such as mixed logical dynamical systems. Thus several efficient MIP
solvers such as multi-parametric MIP solvers have been extensively developed to cope with this problem. On the other hand,
as an alternative approach to this issue, this paper addresses how a deterministic finite automaton, which is a part of a hybrid
system, should be expressed to efficiently solve the MIP problem to which the MPC problem is reduced. More specifically,
a modeling method to represent a deterministic finite automaton in the form of a linear state equation with a smaller set
of binary input variables and binary linear inequalities is proposed. After a motivating example is described, a derivation
procedure of a linear state equation with linear inequalities representing a deterministic finite automaton is proposed as three
steps; modeling via an implicit system, coordinate transformation to a linear state equation, and state feedback binarization.
Various significant properties on the proposed modeling are also presented throughout the proofs on the derivation procedure.

Key words: hybrid systems, mixed logical dynamical systems, deterministic finite automata, model predictive control,
mixed integer programming, binary property of variables.

1 Introduction

The model predictive control (MPC) method based on a mixed logical dynamical (MLD) model [3] will be one of
the most useful approaches to control of hybrid systems, and many works on its applications have been reported so
far; traction control [8], automotive gearbox control [4], power plant [2,10], DC-DC converter [12] and so on. One
of the main issues of this approach is, however, that a mixed integer programming (MIP) problem, to which the
MPC problem is reduced, cannot in general be solved in a sufficiently small time. This is also a common problem for
most of the other optimal control schemes of hybrid systems [14], and is one of the main reasons to impede progress
on applications to a larger class of systems. Thus various improvements on this weakness have been developed. A
multi-parametric optimization approach [9,19] has been proposed by focusing on the fact that the MIP problem in
MPC depends on the current state. Furthermore, several further improvements on this approach have been provided
(e.g., see [13]).

As the other recent approach to reduce the computation time of the MIP problem, a logic-based solution method has
been proposed in [6]. This method decomposes the constraints appearing in an MIP problem into three parts, i.e.,
integer-valued constraints, continuous-valued constraints, and mixed-valued constraints, to exploit a satisfiability
(SAT) solver and an LP/QP solver.

* The first author is supported by JSPS Grant-in-Aid for Young Scientists (B) 23760387. The second author is supported
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Nomi, Ishikawa 923-1292, Japan. Tel. 481-761-51-1282. Fax +81-761-51-1149.
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The above works concentrate on the improvements of the algorithm for efficiently solving the MIP problem appearing
in the control problem. On the other hand, the efficient modeling of hybrid systems is also very important from the
viewpoint of computational issues because the worst computation time for solving the MIP problem exponentially
grows with the number of binary variables. For example, it will be desirable in general that discrete dynamics such
as deterministic finite (for simplicity, DF') automata are represented in terms of equality relations. To our knowledge,
however, few results from the above points of view have been obtained in the previous literatures. Indeed the binary-
inequality based representation is well known as a method for expressing DF automata [3,23], but it will not be
desirable for the branch and bound method, which is one of the standard methods for solving the MIP problem,
because the so-called relaxed problem, where some binary variables in the original MIP problem are replaced by real
variables in [0, 1], does not effectively work for the binary inequalities expressing DF automata within the framework
of the MPC problem (see [15] for more details).

This paper thus proposes a new approach to representing a DF automaton as a linear state equation and linear
inequalities with a relatively small number of free binary variables (called here binary input variables), based on the
implicit system representation, i.e., the equality-based representation [1,18].

Our modeling has three steps; (i) modeling via an implicit system, (ii) coordinate transformation to a linear state
equation with binary linear inequalities, and (iii) state feedback binarization. At the first step, a given DF automaton
is expressed in terms of an implicit system with binary variables assigned to arcs, based on the input-output relation
of arcs at each node. Then at the next step the implicit system is transformed into a linear constrained system
with the binary property of variables preserved. One of the significant issues at these steps is how to find a kind
of coordinate transformation on the real number field such that the newly defined variables still have the binary
property. It is remarked that this problem is closely related to the behavioral approach [22], in particular, the
behavioral approach on the finite field, which is applied to the coding theory [20,21]. However, the MIP problem
appearing in the MPC problem of hybrid systems, should be described on the real number field in order to use the
existing MIP solvers. In other words, the DF automaton should be represented in the form of a linear state-equation
on the real number field with linear constraints including the binary variables. Hence the existing methods of the
behavioral approach on the finite field cannot be directly applied to our problem because, e.g., a linear function on
the finite field is in general expressed by a non-linear function on the real number field. Thus this paper will take a
direct way to discuss this issue, that is, discuss it on the real number field.

The third step in the proposed modeling is to eliminate the redundant binary input variables if the linear state
equation transformed according to the above steps includes them. However, it is not easy to eliminate them with
the binary property preserved; thus a kind of state-feedback transformation will be exploited in our modeling.

The organization of the paper is as follows. In Section 2, the standard method and the proposed method to represent
a DF automaton are briefly explained, and it is shown by a numerical example that the proposed method is more
effective in view of the computation-time for solving an MPC control problem. In Section 3, a modeling method of
expressing a given DF automaton as a linear state equation with linear inequalities is proposed. Section 4 provides
some discussions on the meaning of binary input variables in the proposed model, and the upper bound of the
number of them. In Section 5, some concluding remarks are given.

The following notation is used. Let {0, 1}"™*" express the set of m x n matrices, which consists of elements 0 and
1, and also let {—1,0,1}™*" express the set of m x n matrices, which consists of elements —1, 0 and 1. Let I,
Omxn and e, express the n x n identity matrix, the m x n zero matrix and the n x 1 vector whose elements are all
one, respectively. But for simplicity of notation, we sometimes use the symbol 0 instead of 0,,x,, and the symbol
I instead of I,. By T{0,1}" denote the product of a matrix T € R™ "™ and a finite set of vectors {0,1}", i.e.,
7{0,1}" :={Tala € {0,1}" }.

2 Motivating example

This section presents a motivating example on the modeling issues of deterministic finite (DF) automata.

As an example, we consider a simple motorbike model with five gears [5]. In this model, only the speed v (Km - h~1)
and the engine speed w (x10? rpm) are considered as continuous state variables. In addition, the engine torque u;
(N - m) and the braking force u; (N) are regarded as continuous control inputs. I € {1,2,3,4,5} denotes the I-th
gear. Then the continuous dynamics are described by the following discrete-time state equation

zo(k4+1) = AWz (k) + Bouc(k) (1)
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Fig. 1. Gear shift logic

where x.(k) = [v(k) w(k)]T € R2, u.(k) = [us(k) up(k)]T € R2,
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a1 = 0.1, ap = 0.08, ag = 0.06, oy = 0.04, a5 = 0.02, and [y = 0.5, B3 = 0.4, B3 = 0.3, B4 = 0.2, B5 = 0.1. Note
that o), Br(x) are constants that depend on the gear. The gear shift logic is given by the DF automaton in Fig. 1.
For simplicity of discussion, we assume that gear shifts depend on only automaton, not continuous state variables.
The system consisting of (1) and the gear shift logic in Fig. 1 is a discrete-time switched linear system, and can be
expressed as a mixed logical dynamical (MLD) system model. To express this system as the MLD model, first, we
focus on the modeling of the automaton in Fig. 1.

To express the automaton in Fig. 1, binary variables are frequently used. In the modeling method in [3], which is
called here the inequality-based method, a binary variable ¢; is assigned to node i (mode ), and §;(k) = 1 and
d;(k) =0 for all j # i hold when the mode at time k is 4, which implies the equality constraint Ele di(k) =1 (see
Fig. 1 (a)). In the proposed modeling method, a binary variable d;; is assigned to the arc (directed edge) from node
i to node j, with which the input-output relation at each node can be expressed (see Fig. 1 (b)).

In the inequality-based method, a DF automaton in Fig. 1 is formulated as the propositions 6;(k) = \/;c7(;) ;(k+1),

i=1,2,...,5, where — and V denote implication and OR operators, respectively. In addition, Z(7) is the index set
of nodes, which are adjacent to node 4, and we have Z(1) = {1, 2}, Z(2) = {1, 2,3}, Z(3) = {2, 3,4}, Z(4) = {3,4,5},
and Z(5) = {4,5}. Moreover, based on the equivalence relations between propositions and linear inequalities, the
above propositions can be expressed by the binary linear inequalities

Si(k) < Y 6(k+1), i=1,2,...,5. (2)
JEL(Y)
Thus this automaton is represented by a state equation

for a new free binary variable u;(k), together with the binary linear inequalities (2) whose 0;(k 4+ 1) are replaced by
u; (k). This is called here the inequality-based model.

In the proposed method, we focus on the input-output relation at each node. For example, we consider the input-
output relation at node 2. Then binary variables corresponding to input-arcs at node 2 are d12, d22, and d32. In
a similar way, binary variables corresponding to output-arcs at node 2 are 21, 022, and do3. Using these binary
variables, the input-output relation at node 2 is represented by the equation

621(l€ + 1) + (522([6 + 1) + (523([6 + 1) = (512(1{3) + 522(k) =+ (532(/6)



Thus by expressing the input-output relation for every node in a similar way, the automaton in Fig. 1 is represented
as the following discrete-time implicit system model with an equality constraint on the initial state:

E¢(k+1) = FE(k), efs £(0)=1 (4)

where f = [ 511 512 521 522 523 532 633 534 543 544 (545554 555 ]T, and F and F are certain matrices. Then we
can show that under a certain linear transformation of coordinates, the implicit system (4) is rewritten as the state
equation with linear constraints

x(k+1) = Az(k) + Bu(k), 5)
Cx(k) + Du(k) < G, efz(0)=1

where z = B = [ 011 + 012 021 + 022 + 023 032 + 033 + 034 a3 + Oaa + a5 054+ 055 |7 € R%, u=[ 611 + 621 12+
S22 + 032 023 + 033 + 043 O34 + dua + 054 |7 € {0,1}%. See Section 3.5 for the details. In this case, u is a free binary
variable with dim u = 4. This model is called here the state-equation-based model for brevity.

In both the inequality-based method and the proposed method, the other steps in the derivation of the MLD model
are the same, and the technique described in [3] can be used. Thus a model consisting of the state equation (1), the
inequality-based model (2), (3) (or the state-equation-based model (5)), and state/input constraints is represented
as an MLD model of
(k+1) = Az (k) + Bl (6)
z(k) + Do(k) <G (7)
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where Z(k) € R x {0,1}"¢ is the state, v(k) is given by v(k) = [ u? (k) zT(k) 6T (k) |7, u(k) € R™e x {0, 1}m
is the control input, and z(k) € R™2 and 6(k) € {0,1}™s are auxiliary continuous and binary variables, respectively.
In this example, we have 7 = [zl 27 |7, v =[ul «? zT |7 (z € R is a auxiliary continuous variable), and
Ne = 2, ng = 5, mie = 2, myg = 5, my = 10, and mg = 0 for the inequality-based model, and m4 = 4 for the
state-equation-based model; the other variables have the same values as those in the inequality-based model. For this
MLD model, the finite-time optimal/model predictive control problem is considered. By a simple calculation, this
control problem is reduced to a mixed integer quadratic programming (MIQP) problem with o(k), k =0,1,...,N—1
as decision variables.

Numerical experiments of the finite-time optimal control problem are shown. The cost function is given as J =

]\:01 {27 ()Qz(i) + v" (i) Ro(i) } + &7 (N)Qs&(N), where &(i) := Z(i) — x4, xa = [ 20 20 |7 is the offset vector,
and @ = block-diag(10L,_,0), R = block-diag(L,,,,,0), Qs = block-diag(10%I,_,0. The initial state is given as
Zo=[60 45|1 0 0 0 0]7. In this experiment, the prediction horizon length is fixed as N = 20, and the numbers
of binary variables are given as 5N = 100 in the inequality-based model and 4N = 80 in the state-equation-based
model, respectively. Then the computation times for solving the MIQP problem are given as

161.04 (sec) for the inequality-based model,
8.48 (sec) for the state-equation-based model

where we used ILOG CPLEX 11.0 [24] as an MIQP solver on the computer with the Intel Core 2 Duo 3.0GHz
processor and the 4GB memory. From this result, we see that the computation time in the case of the state-equation-
based model is 20 times faster than that in the case of the inequality-based model. So the state-equation-based model
is more practical for the case such as Fig. 1.

What we have to remark here is that theoretical evaluation of the computation time is difficult in the general case
of MIP problems. The actual computation time depends on the number of binary and continuous variables, the
number of constraints, and the structure of the cost function and constraints. Of course, the computation time
heavily depends on the kind of an MIQP solver. However, it has been proven that the computational complexity
exponentially grows with the number of binary variables. That is, the worst computation time exponentially grows
with the number of binary variables. In addition, it will be desirable in general that discrete dynamics such as DF
automata are represented in terms of equality relations such as the state equation. This is because the so-called
relaxed problem, where some binary variables in the original MIQP problem are replaced by real variables in [0, 1],



does not effectively work for the inequality-based model (see also [15]). The relaxed problem is frequently used in
MIQP solvers. Therefore, even if the difference in the number of binary variables between two models is small, then
the difference in the computation time may appear.

In this paper, instead of the computation cost itself, we focus on the number of binary variables in the MIP problem.
Then the state-equation-based model is theoretically proven to be effective in the sense that the number of binary
variables is smaller than that in the inequality-based model (see Section 4). Thus in addition to numerical results,
the state-equation-based model is also useful from the theoretical viewpoint. In view of this, this paper discusses it
in detail.

3 State-equation-based modeling of deterministic finite automata

This section proposes a novel method for systematically deriving the state equation such as (5) for a general class
of DF automata appeared in hybrid dynamical systems. The proposed method consists of three steps. First, a given
DF automaton will be expressed as the so-called implicit system. Next, the implicit system will be transformed into
a state equation via a kind of coordinate transformation. Finally, redundant input (free) variables appeared in the
state equation at the second step will be excluded by a kind of input feedback transformation.

3.1 Modeling via implicit systems

In this subsection we derive an implicit system expressing a DF automaton. This paper considers the case of a
DF automaton, i.e., the case in which one of nodes in the DF automaton, which expresses the mode (the discrete
state) of the corresponding hybrid dynamical system, becomes active at each discrete time according to the discrete
dynamics specified by the DF automaton.

Denote by the input-(output-)arc at a node the arc whose arrowhead(rear) is connected to the node. Then the
following assumption is made for this automaton.

Assumption 1 A DF automaton is given as a connected directed graph, where both ends of every arc are connected
into some node(s), and every node has at least one input-arc and at least one output-arc.

By Assumption 1, four cases as shown in Fig. 2 can be excluded. In the cases of Fig. 2 (a),(b) the solution of
discrete dynamics cannot be extended after a state transition from the node in question, which implies that it is
not well-posed in some sense. On the other hand, in the cases of Fig. 2 (c), (d) the arc whose end point is going
into node 1 is regarded as a special arc because a state transition at this arc occurs only if the initial state of this
dynamics is in this arc. Thus this situation can be exceptionally and easily treated in the optimal control problem of
hybrid dynamical systems. Hence these four cases are excluded here, and the DF automaton satisfying Assumption
1 is denoted by A hereafter.

For the automaton A, the following implicit system is considered. Let m and n denote the number of the nodes and
that of the arcs in the automaton, respectively. Suppose that each arc is labeled with the index j, 7 =1,2,...,n, and
also a binary variable §; € {0,1}, j =1,2,...,n is assigned to each arc j. Each node is also labeled with the index ¢,
1=1,2,...,m. Let Z; (i) and Zp (%) denote the index sets of input-arcs and output-arcs at node 4, respectively. Then
the dynamical relation between input-arcs and output-arcs at node ¢ at each discrete time k£ can be expressed as

S s+ = > §(k)

J€Zo(i) JEL1(d)
together with Z?:l d;(k) = 1. Thus such a relation for every node yields an implicit system model given by

E¢(k +1) = FE(k), €(k) €{0,1}", e é(k) =1 (8)

where £(k) := [ 01(k) d2(k) --- 6n(k)]T € {0,1}" and E, F € {0,1}™*". Note that, by Assumption 1, the number
of nodes is less than that of arcs, i.e., m < n. Furthermore, this implicit system has the following properties.

Lemma 2 For the implicit system (8), the following conditions hold:
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Fig. 2. Exceptional cases of DF automata

(i) The implicit system (8) expresses all state transitions of the automaton A.
(ii) The system (8) has no noncausal behavior.
(iii) max rank (F' — zE) = m, where C denotes the complex number field.
ze

(iv) rankE = rankF = m.
(v) The following relations hold:

Y EW=el, Y FU=ef (9)
i=1 1=1

where B ¢ {0,1} 1>, F® ¢ {0,1}1%" i =1,2,...,m, are the i-th row vector of E and F, respectively.
(vi) If £(0) satisfies eZ£(0) = 1, then BEE(k+ 1) = FE(k), £(k) € {0,1}™ implies that el £(k) = 1 holds for all k.

PROOF. First, (i) follows from the fact that (8) expresses all constraints in the state transition at each node by
construction. Next, since the state transitions of A are causal, the state {(k + 1) does not depend on {(k), k > k+1,
from which (ii) follows. The proof of (iii) is given as follows. For an arc j € Z;(i) at node ¢, we have

Fis=1,
0. ) (10)
Fi;=0, i#i

where F; ; denotes the (i, j)-th element of F. This condition holds for each node 7 € {1,2,...,m}. Thus from m <n
(by Assumption 1) it follows that rankF' = m, which implies that (iii) holds for z = 0 and the second relation in (iv)
holds. In a similar way, the first relation in (iv) holds because for an arc j € Zp (i) at node ¢ we have

Ei; =1, i (11)
E;;=0, i#i

where E; ; denotes the (7, )-th element of E. Furthermore, (v) follows from (10), (11) and m < n. Finally, (vi) is
proven as follows. Suppose that e ¢(0) = 1 and §5(0) = 1 for an arc j € Z;(7) at node 7. From (10), we see that the
following relation holds for (8):

E¢(1) = F¢0)=[0 --- 0 1 0 --- 0]

This implies
S s =1, §;(1)=0, j€{L,2,...,n}/To ).
JE€Zo (1)

Hence ef¢(1) = 1 holds. Repeating the above discussion yields (vi). This completes the proof. O

Since (i) in Lemma 2 holds, we see that the implicit system (8) can express every mode behavior according to the
discrete dynamics of an automaton A. Conditions (ii) and (iii) are assumptions usually used for implicit systems. The



noncausal behavior in (ii) corresponds to the impulsive behavior in continuous-time systems. Condition (iii) implies
that there exist no redundant equations in (8), in other words, (8) has m independent equations. For example, if
(8) has two same equations & (k + 1) + & (k + 1) = & (k) + &2(k), then these are dependent (see [1,18]). Condition
(iv) will be used in Section 3.2. Condition (v) will be frequently used. From (vi), we see that the set of £ satisfying
el'¢ =1 is positively invariant for the implicit system (8). Thus the implicit system (8) is equivalently rewritten as

Be(h+1) = FE(R), &) € {0,1)", ¢T€(0) = 1. (12)
Since (12) does not explicitly include the constraint el ¢(k) = 1, it may be relatively simpler for discussion.
Next, let 6} (k) denote a binary variable assigned to mode (node) i at time k, where 6/ = 1 if mode i is active,

otherwise 6 = 0, and also 6™ := [§M 6 ... 6M]T. Let [;(j) denote the node to which the arc j € Zp(i) is
connected. Then the relation between §; and a pair (67, 5% j)) is defined by

5(k) := M (k)3 (k +1), € To(i). (13)
The following lemma provides the relation between &(k) and 6™ (k).
Lemma 3 For the implicit system (8), the following relations hold.
(i) el sM (k) = 1.
(ii) E¢(k) = 0" (k).
(iii) The mode at time k + 1, i.e., ™ (k + 1), is uniquely determined for a given &(k).
PROOF. First, from the definition of 6 (k), (i) holds straightforwardly.

Next, (ii) is proven. Define the symbol n(k) as n(k) := E¢(k). From the definition of E, the i-th element 7;(k) of
n(k) corresponds to a sum of binary variables assigned to output-arcs at node 4, i.e., n;(k) = >_ ) (k). From

JE€EZo (i
(13), we have
ni(k) =6} (k) Y oM (k+1). (14)
JEZo(7)
If 6M (k) = 1 holds, then > ieTo () 5ﬁj)(k+ 1) = 1 holds from the definition of I;(35), i.e., n;(k) = 1 holds. Conversely,
If 6™ (k) = 0 holds, then > jeTol) 5ﬁj)(k + 1) =0 or 1 holds, i.e., n;(k) = 0 holds. This is because node [;(j) may

be adjacent to other nodes except for node i. The converse also holds, i.e., if 7; = 0 we have 6 (k) = 0. This means
ni(k) = 6M (k). Hence the proof of relation (ii) is completed.

Finally, (iii) is proven immediately from the fact that 6™ (k 4+ 1) = E&(k + 1) = F¢(k). This completes the proof.
O

From this Lemma, we see that the initial state of this system should be carefully defined. In the optimal control
problem of hybrid dynamical systems, in general, an initial mode is given. However, by Lemma 3 (iii), the value
of the next mode, 6 (1), is uniquely determined if £(0) is given in advance. So we suppose that the initial mode
51 € My is given as an initial state of this system, where

Mo :={ne{0,1}™ | efn=1}.
Then applying the set Zq(6}7) defined as

Eo(ééw) = {77 e {0,1}" | e,TLn =1, En= 66\4}



o (12), we hereafter consider the following implicit system:

£(k) € {0,1}", £(0) € Z0(85").

Thus we will address the problem of transforming (15) into the following form, which is regarded as a part of the
MLD model:

z(k+1) = Az(k) + Bu(k),
)

2]target : C ( )+DU(k S (16)
k) e RP, u(k) € {0 137,

a(
2(0) = T6)E, w(0) € {0,1}"

where x(k) is the state, and w(k) is a free binary variable, called “(binary) input variable” here, p, r denote some
dimension of x, u, respectively, and A € RP*?, B € RP*", C € R**P, D € R**", G € R**! and I' € RP*™
are appropriate matrices. The system Yia.g0t Will be often called the linear state equation for brevity, although it
includes a kind of linear inequalities.

It is remarked here that the condition z(k) € R? is given in (16), instead of (k) € {0,1}?. If the binary condition
x(k) € {0,1}P is given in (16), then it has to be explicitly added as the constraints of binary variables in the optimal
control problem problem of hybrid dynamical systems, i.e., the mixed integer programming (MIP) problem. Thus
the number of binary variables in the resultant MIP problem is increased. On the other hand, it can be expected that
the binary condition x(k) € {0, 1}? will be indirectly guaranteed by some conditions based on the binary property of
input variables and the initial state condition. This means that the binary variables for expressing a DF automaton
in the MIP problem may be given by only binary input variables. Note also that the initial state condition does not
appear in the MIP problem because the initial state value is given in advance.

3.2 Coordinate transformation to linear state equation

In this subsection, the procedure of transformation from the implicit system X; into the linear state equation Xiarget
is given.

By Assumption 1 and (iv), (v) of Lemma 2, we can show that for the implicit system X of (15) there always exists

a permutation matrix P € {0,1}"*" satisfying EP = [ I,, E ] for some matrix E € {0,1}™*("=™)_So for this
permutation matrix P, we define

€a

= p~!
&b ¢

[Fa Fb} — FP,

where F, € {0,1}"%™, F, € {0,1}™* (=™ Tt is remarked that &, € {0,1}™ and &, € {0,1}"~"™ hold for ¢ € {0,1}",
and the converse case holds as well because P~! is also a permutation matrix.

First, a characterization of Zo(67) is given as follows.

Lemma 4 For a given §}1 € My, Z(6}!) is expressed as

—-E
Zo(0)) = {P . ]z

where P is the permutation matriz satisfying EP = [ I, E | for some E € {0,1}mx(n=m),

L,
T+ P

ze{o, 13" ™ M —Ez > 0}

0(71,—m)><m



PROOF. First, it is proven that if & € Zo(5}7), then there exists z € {0,1}"~™ satisfying 6}/ — Ez > 0 and

~E
2. (17)
Ly
From EP =[1,, E]and [&] ¢ 7 = P'¢, B¢ = 6! for € € {0,1}" is rewritten as
1o 2]
where &, € {0,1}™ and &, € {0,1}"~™. By solving (18) with respect to [ ¢I' &' 17, we can see that
= z
gb O(nfm)xm Inm

holds for any z. From &, € {0,1}"~", z satisfies z € {0,1}"~"™. Furthermore, from {, € {0,1}", {, = M —Ez>0
holds. Thus there exists z € {0, 1}"~™ satisfying 63 — Ez > 0 and (17).

m

E=P st + P

(n—m)xm

€a M
5 18
&b ] 0 s

%"

Conversely, it is proven that every ¢ satisfying (17) with z € {0,1}"~™ and 6} — Ez > 0 is included in Zo(631).
First, it follows from (17) that

m M *E
EE=EP oy + EP z
(n—m)xm n—m
_ I _ —E
:[]Im E} 5é‘4+[ﬂm E} p
O(n—m)xm L—m
5,
i.e., B¢ = 6)! holds. Next, it is proven that
oM — Ez e {0,1}™, (19)

SM B
o (20)

z

It is remarked that by definition E € {0, 1}m™*(=m) holds. Suppose that the i-th element of §}! is 1. Then the i-th
element of 6! — Ez takes the value of 0 or 1 thanks to 68 — Ez >0, E € {0,1}*("=™) and z € {0,1}"~™. On
the other hand, if the i-th element of 63! is 0, then the i-th element of 537 — Ez is also 0. Hence we obtain (19).
Furthermore, (20) follows from ¢Z, E = eT  (by Lemma 2 (v)) and e, 5M =1.

Therefore, applymg (19) and z € {0, 7‘}” ™ into (17) yields P~¢ € {0,1}", which implies ¢ € {0,1}", and applylng
(20) and el P = el into (17) yields el ¢ = 1. Thls means & € Zg(6}7), which completes the proof.

Lemma 4 provides the main result in this subsection as follows.

Theorem 5 Consider the implicit system X1 of (15) for a gwen M € Mg, which expresses an automaton A, and

the permutation matriz P € {0,1}"*" satisfying EP = [ I, E ] for some matriz E € {0,1}™*("=™)  Then under
the coordinate transformation of

I, E

=VE, V= p! (21)

| — |
S

O(nfm)xm anm



the system Xy is equivalently expressed as the following state equation:

where A:==F,, B:=—-F,E+F,, C:=—-L,,, D:=FE, G:=0mx1, and I :=1,,,.

PROOF. We will prove that under (21), (a) (22) is obtained by transforming (15) , and conversely (b) (15) is
obtained by transforming (22).

Proof of (a): First, noting that

. I, —E
V=P
O(nfm)xm L—m
we obtain
. L, —E
EV ' =FEP
O(n—m)Xm ]In—m
. I, -E
[ ]
O(nfm)xm ]Infm
and
o I, —-FE
FV—'=FP
O(n—m)xm Lnm
I L, ~E
[# 4]
O(nfm)xm Hn—m
- [A B}. (24)

Thus by (21) E{(k+ 1) = F¢(k) of Xy is transformed into

[]Im Omx(nfm) ]

which implies Z(k + 1) = Az (k) + Ba(k) in (22).

Next, it will be shown that the remaining relations in (22) always follow from the solution &(k) satisfying (15). Recall
that (k) satisfies £(k) € {0,1}7, eT¢(k) = 1 by Lemma 2 (vi).

Since (21) implies &(k) = E¢(k) for any k, @(k) € My holds from Lemma 3. Furthermore, by applying Lemma 4 to
this case, (k) is parametrized as

{(k)="P i

]i(k)JrP

1 z(k) (25)

O(nfm) xXm

10



for z(k) € {0,1}"~™ satisfying &(k) — Ez k) > 0. By applying (25) into the transformation (21), we obtain z =
which implies 4(k) € {0,1}"~™ and (k) — Fa(k) > 0. Furthermore, #(0) = E£(0) = 63! holds from £(0) € Zo( é‘/[)
Hence we have (22).

Proof of (b): We can see that under (21) the matrices ' and F' in ¥ are obtained as £ = [ I, Ogp—m)xm ]V and
F=[A B]V. Thus from (22) we obtain E¢(k + 1) = FE(k).

Next, we will prove that £(k) € {0,1}" and £(0) € Zo(637) hold from (#(k), (k) satisfying (22).

From (21) it follows

_E]mm

n—m

m

£0)=P Sf+ P

O(nfm) xm

Thus since (22) yields 4(0) € {0,1}*~™, 6} — Ea(0) > 0, by Lemma 4 we have £(0) € Zo(5)7).

In addition, by £(0) € Z¢(63f) and Ff( ) = BE(1) = &
the case of k = 0, we have (1) € Zo(£(1)) thanks to @
&(k) € {0,1}™ for any k.

Lemma 3 concludes (1) € My. In a similar way to

),
(1) € {0,1}» ™, #(1) — Eu(1) > 0. Thus we can prove

This completes the proof. O

From Theorem 5, we see that under (22), only @ (k) can be regarded as a binary decision variable in the MIP problem.
3.3 State feedback binarization

Since the m x (n —m) matrix B in (22) is not a column full-rank matrix in general, there may exist some redundant
binary variables among variables of . So we denote the rank of B by &, i.e., & := rankB(< min{m,n — m}). The
following lemma shows the properties of B, which will be used in the reduction of binary variables.

Lemma 6 For the m x (n —m) matriz B in (22) the following statements hold:

(i) & is invariant under the coordinate transformation (21).
(ii) B is an incidence matriz of some directed graph.

(iii) There exist a permutation matriz Pg € {0,1}™*™ and a nonsingular matriz Tg € RM=™)x(=m) gych that

I 0

where each element of the matriz B is an integer.

PROOF. First (i) will be proven. From FP = | F, F, |, B= —F,FE + F), is rewritten as

Since permutation matrices are in general nonsingular, rankB are invariant under (21).

For (ii), next, it will be proven that each column vector of B is a zero vector, or is composed of a '+1’, a ’—1’, and
m —2 zeros. From (9) in (v) of Lemma 2 and the permutation matrix P, each column vector of F,, F}, and E consists

11



of a’1” and m — 1 zeros. So each column vector of F, E also consists of a ’1” and m — 1 zeros. Therefore, each column
vector of B = —F,F + F, € {—1,0, +1}mx("_m) is a zero vector, or is composed of a '+1’, a ’—1” and m — 2 zeros.
This implies that B is the incidence matrix of some directed graph.

Finally, (iii) will be proven. Since B € {—1,0,+1}"*(=™) holds thanks to (i), there exist permutation matrices
Py, P, such that By € {~1,0,+1}%*% is a nonsingular matrix, and Byy = Bng11 Blg, where

By Bia
Bg Bao

= PlBPQ

(see e.g., [11]). Then for

Ty == Bil _BﬂlBu
0 ]In—m—&
we have
. I, 0
PiBPTy = | . .
BBy 0

Thus Pg = Pfl, Tp = (PTp)~ !, and B= legil provide a form as the same as that of (26).

Since B is an incidence matrix of some directed graph, it is totally unimodular [16]. So P,BP; is also totally
unimodular. Since every minor determinant of a totally unimodular matrix is —1, 0, or +1, B;;* € {~1,0, +1}4%¢
holds. Hence from Bg; € {—1,0, —5—1}(’”’5‘)“7 it follows that each element of B = Bngfl1 is an integer. O

From Lemma 6 (i), we see that the value of & is uniquely determined for the automaton A, independently of the
coordinate transformation (21). Lemma 6 will be used in Theorem 9 and Theorem 11.
From (26) we define

’&(k‘), = TB (27)

atk) | _ | Th )
de(k) | | TY T
where @(k) € T&{0,1}"~™ and @(k) € T%{0,1}"~™. If the value of each element of @(k) is still binary, then n—m —a«

redundant (binary) input variables i, (k) among variables of @ should be eliminated, where Pg[Is BT |7 is regarded
as an input matrix. However, (k) is not binary variables in general. Thus @(k) will be transformed into the binary
variable by exploiting the state variables without adding new variables as follows.

As a preparation, two lemmas are shown. First, the following lemma provides the relation between the matrices E,
F, and £(k), M (k), 0™ (k +1).

Lemma 7 Consider an automaton A. Suppose that a binary vector (k) € {0,1}" assigned to arcs and a binary
vector §M (k) € {0,1}™ assigned to modes are given. Then the following relation holds:

E¢(k) = diag(0M (k), 01 (k), ..., oM (E)EFT6M (k 4 1).

where 6M(k), i = 1,2,...,m is the i-th element of 6™ (k).

PROOF. We use the symbol ;(j) defined for the proof of Lemma 3 again. From the definition of F', FT§M (k + 1)
is the n-dimensional vector consisting of 6li(J)(k +1),i=1,2,...,m, j € Zo(i). Then from (14) and the definition

of E, we obtain this lemma. O

Next, another lemma is given as follows.

12



Lemma 8 For the state variable &(k) in (22), #(k) = §M (k) holds.

PROOF. From (21) and EP = [1,, E ], we have E¢(k) = & (k). Thus Lemma 3 (ii) completes the proof. O

Then we are in a position to complete the state-equation-based modeling.

Theorem 9 The state equation (22) is equivalently expressed as

o(k+1) = Az (k)

Az (k) + Bu(k),
Cz(k) + Du(k) < G,
S

(28)

xz(k) e R™, wu(k) € {0, 1}0‘
2(0) =T}, u(0) € {0,1}¢
where
0 0 N I
A = PB ~ PB?:l147 B = PB ~ 5
Bl,,—a B
I, — EFTA —EFTB Omx1
C .= el A , D:= el'B , G:= 1 , I':=1,,.
—el' A —el'B -1

PROOF. First, we will derive the state equation, Wthh is equlvalent to (22). From Theorem 5, (15) and (22) are
equivalent. So if (22) holds, then (k) € {0, 1}, [ ¢X'(k) &F' (k) 17 = P~1¢(k) hold, and &, (k) € {0,1}™ is obtained.
Furthermore, &, (k) = &(k) — Fu(k) € {0,1}™ holds from (25). Thus (22) is transformed into

&(k + 1) = A2(k) + Bi(k),

—i&(k) + Ba(k) = —&(k),

(k) e R™, a(k) € {0,1}"™, &,(k) € {0,1}™,
(0) =16, a(0) € {0,1}»™.

w
bjz ||

(29)

=

=

Obviously (29) is transformed into (22). Hereafter we will prove that (a) (28) follows from (29), and conversely (b)
(29) from (28).

Proof of (a): Suppose that (29) is given. First, we will obtain z(k 4+ 1) = Ax(k) + Bu(k) in (28). For 2(k + 1) =
Az (k) + Bu(k) in (29), consider the following linear transformation of coordinates:
(k) =Ti(k), T la 0 1 pa (30)
(k) =Tz(k), T:= .
Blnal "
So from (26) and (27) we obtain
Aa Ia
zk+1)=| | z(k)+ a(k) (31)
Ay 0
where [ AT AT |7 := TAT~'. Letting
u(k) == a(k) + A,z (k) (32)

13



(31) can be expressed as

0
Since Theorem 5 proves that z(k) € My holds for all k in (29), (30) implies

Z(k+1) = BJ (k) + [Hd] u(k). (33)

u(k) = [ Is Oax(m—a) | Z(k+1) € {0,1}*. (34)
Finally, transforming z(k) into (k) via the converse transformation of (30) in (33) yields #(k+1) = Az (k) + Bu(k).
Thus the state equation in (28) together with x(k) € R™, u € {0,1}%, 2(0) € I'6}! is obtained by using a new
symbol z instead of z.

Next, we will obtain the inequality in (28). Note that we have (21) and &, = @ by definition. So —i(k) + Ea(k) =
—&,(k) in (29) implies &(k) = E&(k). Thus from Lemma 7 and Lemma 8 it follows that

@(k) = diag(21(k), ..., 2m(k))EFT2(k + 1)
holds, where ; is the i-th element of z. This implies
(k) < EFT2(k+1) (35)
thanks to &;(k) € {0, 1}. Consider the relation (35) with & replaced by a new symbol 2. So substituting Az(k)+ Bu(k)
into z(k + 1) there yields (I,, — EFTA)x(k) — EFTBu(k) < 0 in (28). Finally, since el z(k + 1) = 1 holds from
x(k) € My, the second inequalities in (28) are obtained. Hence we have (28).
Proof of (b): Suppose that (28) is given. First, we will prove that (k) € Mj holds in (28). Consider the following

linear transformation of coordinate using the permutation matrix Pg:

=i(k) = Pgla(k)

5;1,(1)=[ — B Ln_s | P3YAP5i(0) + Bu(0).

Noting here that #(0) < Pg'EFTPgi(1), Pg'EFTPg € {0,1}™*™ hold from the inequality in (28), we obtain
#(1) > 0 from #(0) = P5'6}! € My. Therefore, since el 2(1) = el #(1) = 1 holds from the inequality in (28), we
should consider two cases in u(0), i.e., eLu(0) = 1 and u(0) = 0. First, consider the case of eZu(0) = 1. Then since
7,(1) = 0 is obtained from (1) > 0 and el #(1) = 1, (1) € My holds. Next, consider the case of u(0) = 0. First,
Pzl APgi(0) = Pt A8} € Mg holds from A = F,, [ F, F, | = FP and Lemma 2 (v). Next, noting that each
element of —B is an integer from Lemma 6(iii) and Py LAsM € M, holds, each element of Z(1) is given as an
integer. Furthermore, from #(1) > 0 and el #(1) = 1, (1) is a binary vector satisfying e,,_47;(1) = 1, that is,
Z(1) € My holds. By repeating recursively, we can prove z(k) € M, for any k.

Next, consider the linear transformation of input variables u(k) = A,z(k) + (k) (z = Tx). Since x(k) € My holds
for any k, we can set 4(k) € TE{0,1}"~™ in a similar way to the proof of (a). Furthermore, adding redundant
binary input variables . (k) € T%{0,1}"~™, and using a new symbol & instead of z, the state equation in (28) is
transformed into

14



n (29).

Finally, using a new symbol Z instead of x, consider (I, — EF TA) (k) — EFTBu(k) < 0 in (28). Obviously this
inequality is equivalent to #(k) < EFT% (k:Jr 1). Noting that #(k), (k+1) € My, EFT € {0, 1} mXm hold, if the i-th
element Z; (k) of Z(k) is equal to 1, then 2;(k) = 1 = (EFT);2(k+1), ie., 2;(k) = acl( )( FT)2(k+1) holds where
(EFT); is the i-th row of EFT. If i‘l(k) = 0 holds, then Z;(k) = 0 < (EFT)ix(k—i—l) e, &;(k) = xl(k;)(EFT)Zi"(k—&—l)
holds. Thus if 2(k) < EFT% (k:Jr 1) holds, then z(k) diag(#1(k),...,&2m(k))EFTZ (k+ 1) holds. Furthermore, since
2(k),2(k + 1) € My, 2(0) = 63, 2(k) < 'EFT: (k + 1) hold, #(k) is regarded as 6" (k) (see Definition 10). So from
Lemma 7, we obtain —&(k) + EE(k) = 0, i.e., —2(k) + Eu(k) = =&, (k) in (29). Hence we have (29).

This completes the proof. O

It is remarked here that (28) is a state-equation-based model with a smaller number of binary input variables, which
can be directly used in the MLD model.

3.4 Procedure for deriving a state-equation-based model

The above discussions conclude the procedure for deriving a state-equation-based model as follows.

Procedure for deriving a state-equation based model (Summary):

Step 1: For an automaton satisfying Assumption 1, derive an implicit system (15).

Step 2: In terms of V of (21), and (23), (24), transform the implicit system (15) into a linear state equation (22). If

B is full row rank, then (22) with (k) := (k) and u(k) := a(k) is the linear state equation to be found. Otherwise,
go to Step 3.

Step 3: Represent the matrix B in (22) by (26), and obtain (28) from the state feedback binarization (32).

3.5 FExample

This section shows by the simple example in Fig. 3, which satisfies Assumption 1, how the derivation procedure in
Section 3.4 is applied.

e Step 1: Derivation of the implicit system >; of (15)

First, from the input-output relation at each node, the implicit system E£(k+1) = F&(k) in (15) (or (4)) is derived,
where n =7, m = 3, and

1100000 1010000
E=1]10011100|, F=]0101010
0000011 0000101

e Step 2: Transformation of the implicit system ¥; of (15) into the state equation (22)

15



Fig. 3. Simple 3-node DF automaton

As P and E satisfying EP = [ L, E ], we consider

(1000000 ]
0001000
0000100 1000
P=10100000], 0110
0000010 0001
0000001
(0010000 ]

eS|l
I

It is remarked here that P is not uniquely determined. From the above P and E, the matrix V of (21) is obtained
as follows:

[1100000]
0011100
0000011
0100000
0010000
0000100

10000010]

<
I

We also have

1000100
FP=1010[1001 :[E E].
0010010

Then applying V to (23) and (24) yields the state equation (22), where &(k) = [ 611 (k) + 612(k) 21 (k) + S22 (k) +
523(]€) 532(/{) + (533(]6) }T7 ﬁ(k) = [ 512(k) 621(]6‘) 523(k) 532(/€) }T7 and

-1 1 0 0
A=1;, B=| 1-1-1 1
0 0 1-1

Since B is not full row rank, go to Step 3.
e Step 3: Reduction of the input matrix B and state feedback binarization

From rankB = 2(< 4) we see that @(k) includes two redundant variables. So these redundant variables will be
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eliminated as follows. First, the matrix B is rewritten as (26); for example,

—-110 O
100 1 000
N 001 -1
B=|001 0 100
100 0
010 -1 -100
—— 000 1
Pp
Ts

Note also that Ppg is not uniquely determined. From the matrix Tz, we have

—512(k) + 621 (k)
+023(k) — O3a(k)
S12(k)
832(k)

where (k) is an independent variable, and 4. (k) is a dependent variable. Thus . (k) can be eliminated. However,
we see that @(k) is not a binary variable because its elements can take the value of —1, 0, 1. Hence a further
transformation of @ (k) to a binary variable is required without the dimension of @(k) increased.

So consider a state feedback binarization (32). Then from B= [ =1 —1], we obtain a state feedback binarization
u(k) = —A.z(k) + u(k) as
100 100
u(k) = — 001 z(k)+u(k).
[0 1 0]
ottt
A, N———
z(k)

Note that x(k) is defined as Z(k). From Theorem 9 u(k) is treated as a free binary variable. Thus we obtain the
following state equation representation:

000 1 0]
ak+1) =111 xk) + | -1 -1 u(k),
000 0 1]
[0 -1 —1] [0 1] T 0]
-1 0 -1 00 0
-1 -1 0fzk)+ [10]|ulk)< 0],
11 1 00 1
-1 -1 -1 100 1]
x(k) € R®, wu(k) € {0,1}?,
z(0) = 63 € Mo, u(0) =ug € {0,1}2.

The obtained state equation can be directly expressed in the form of the MLD model.

Finally, we discuss the computation cost of the proposed procedure. In the proposed procedure, permutation matrices
P, Pp are not uniquely determined. However, from Lemma 6 (i), the dimension & of the binary input variables does
not depend on the selection of P, Pg. So we may consider to find one P, Pg. Therefore, since the procedure includes
no calculation of iterations, the computation cost is small. For example, consider 100 randomly directed graphs with
20 nodes. Then the worst computation time of the proposed procedure is 0.0396 (sec), where we used the MATLAB.
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4 Further discussions on state-equation-based modeling

This section provides further results on our modeling method. First, we clarify the meaning of the binary input
variables in the state-equation-based model. Next, the upper bound of the dimension & of the input vector in (28)
is directly derived from the numbers of modes and arcs. From the obtained result, it will be shown that the input
dimension in the state-equation-based model is necessarily smaller than or equal to that in the inequality-based
model and the implicit system.

4.1 Relation among state/input variables in deterministic finite automata representations

In this subsection, after showing the relation on variables between the inequality-based model and the state-equation-
based model (or the implicit system), we discuss what are binary input variables appeared in the state-equation-based
model.

The relation between the state-equation-based model (28) and the implicit system (15) has been already shown in
the previous subsections. Thus we focus on the inequality-based model such as (3) and (2), which is formally defined
as follows.

Definition 10 The inequality-based model expressing a given automaton A with 6}1 € My is defined as
Mk +1) =uM(k), M(k) < ®M(k+1), (36)
uM(k) € Mo, M (0) =6}

where ® € {0,1}™*™ is the adjacency matriz of the automaton A.

Then since z(k) = 6™ (k) holds from Lemma 8, we see that the state z(k) of the state-equation-based model (28)
equivalently corresponds to the mode variables §™ (k). Also in the inequality-based model, 6" (k) is the state variable,
and uM (k) = 6™ (k+1) is the input variable. Furthermore, by el n = 1 in Mg, m—1 elements of u™ (k) are regarded
as free binary variables. However, since F¢(k) = u (k) follows from the proof of (iii) in Lemma 3, we see that the
degree of freedom in u™ (k) depends on the matrix F. Furthermore, since F&(k) = Ax(k) + Ba(k) = Az (k) + Bu(k)
holds by the proofs of Theorems 5 and 9, we have uM (k) = ASM (k) + Bu(k). Thus if dimu(k) < m — 1 holds, then
the inequality-based model includes redundant binary variables.

Therefore, from the above discussion, we see that the state-equation-based model (28) is obtained from the following

system using (15) and (36)

(37)

{ M (k4 1) = Fe(k), 0M(k) < ®6M(k+ 1),
&(k) € {0,1}7, €(0) € Zo(8)").

Then the inequalities 6 (k) < ®6 (k + 1) in (37) can be regarded as the constraints for guaranteeing the binary
property of 6 (k + 1) in (28).

Finally, we discuss the meaning of the binary input variables of the state-equation-based model. From (34) and
2(k+1) = 6M(k+1), u(k) is given as

u(k) = [Is Oax(m—a) |Pg 6™ (k+1).

Noting that Pp is the permutation matrix obtained by (26), we see that the input variable vector u(k) consists of
& elements in 6™ (k + 1), that is, u(k) at least implies the next mode itself which the system can be transited to,
although the meaning in the graph structure of & cannot be exactly captured by the above analysis.

4.2 Upper bound of input dimension

The dimension & of the input vector in (28) corresponds to the number of the input binary variables in the MLD
model. So it is important to determine the value of & in (28) directly from the graph structure of a given automaton
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A, because the worst computation time of the MIP problem increases exponentially with the dimension of the binary
variables (= (miq + m3)N). However this issue will be very hard in general. Thus we will find an upper bound of
@, derived directly from the numbers m, n of the nodes and the arcs. Then Lemma 6 in Section 3.3 enables us to
derive the upper bound of & as follows.

Theorem 11 For the input dimension & of the state-equation-based model (28), the following relation holds:
& < min{n —m, m — 1} (38)

where m, n are the number of the nodes and the arcs in the automaton A.

PROOF. Suppose that m — 1 < n — m. From Lemma 6(ii), B € {—1,0,+1}™*("=™) is the incidence matrix of

some directed graph. Then &(= rankB) is given by m — ¢, where ¢(> 1) is the number of connected components of
some directed graph [7]. Therefore, (38) holds because the minimum value of ¢ is equal to 1. On the other hand, if

n —m < m — 1 holds, then &(=rankB) < n — m holds directly. O

Note that the free input dimension of the inequality-based model can be given as m — 1, and the free input dimension
of the implicit system (15) as n — m because m equations, i.e., E¢(k + 1) = F¢(k), hold. Therefore, from Theorem
11, we see that the number of the free binary variables of the state-equation-based model is necessarily smaller than
or equal to that of the inequality-based model and the implicit system. In addition, if a given directed graph has
sparse structure, then n — m becomes small. So the effectiveness of the state-equation-based model is big for sparse
directed graphs.

We show two examples. First, consider the DF automaton in Fig. 4 (a). This automaton has 4(= m) nodes and
7(= n) arcs. Then from Theorem 11, & < min{3, 3} = 3 holds. In particular, applying the proposed procedure to

this automaton, we obtain z(k + 1) = Az (k) + Ba(k) of (22) as

1000 -1 1 0
0001 1-1-1
z(k+1)= z(k) + (k).
0100 0 0 0
0010 0 0 1

So we see that & = rankB = 2 < 3 holds.

Next, consider the DF automaton in Fig. 4 (b). This automaton has 7(= m) nodes and 10(= n) arcs. Then & <
min{3, 6} = 3 holds. Applying the proposed procedure yields A and B of (22) as

(1000001 -1 0 0
0001010 00 0
0010100 0 0-1
A=lo0000000|, B=| 1 0 0
0100000 0-1 0
0000000 0 0 1
10000000 ] 01 0]

Then we have & = 3.

From these examples, we see that in Theorem 11, both cases of & < min{n —m, m—1} and & = min{n —m, m—1}
will be able to occur.
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Fig. 4. Examples of DF automata

5 Conclusion

In this paper, we have proposed a state-equation-based modeling method of a DF automaton as a method for
reducing the computation time spent to solve the MIP problem, i.e., the MPC problem of a class of hybrid systems.
Furthermore, we have discussed the meaning of binary input variables in the proposed model, and derived the upper
bound of the binary input dimension.

To clarify the relation between the binary input dimension and the graph structure is still one of the most interesting
future topics. In addition, it will be one of significant topics to exploit our model in solving various kinds of control

problems. Based on our model, the stabilization problem of a hybrid system /DF automaton has been addressed in
[17].
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