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Collective Belief Revision in Linear Algebra

Satoshi Tojo
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Asahidai 1-1, Nomi, Ishikawa 923-1292, Japan
Email: tojo@jaist.ac.jp

Abstract—Although the logic of belief update has mainly precondition in the upper deck and the result in the lower
concerned a belief state of one agent thus far, the real world deck?
settings require us to implement simultaneous belief changes. Biy ) 1
Here, however, we need to manage so many indices: agent Bioh i @)

. . . . i

names, time stamps, and the dference of information. In this . ] ] ]
paper, we introduce the notation of vectors and matrices for the That is, when ageritbelievesy (Bi¢) and there is a commu-
simultaneous informing action. By this, we show that a matrix can njcation fromi to j (ij), agentj comes to believey (Bjy).

represent a public announcement anfbr a consecutive message at this stage, there are several issues we need to consider:
passing, with the time of the change of belief states properly.

A collective belief state multiplied by a communication matrix, « The problem of belief revision; the recipient of informa-
including matrices of accessibility in Kripke semantics, becomes tion may not believe what was informed of, or/slee
a hypercuboid. may need to change some of whafdie has believed.

« The resultant state should include nested belief states, i.e.,
both of the sender and the recipient should recognize that
The authors have tackled Iegal reasoning system thus far the information is shared between them 33190 and

[12], [13], in which one of the main issues is to properly  B;By. In addition, if those agents are quite introspective,

representwho knows what at which timdn Fig. 1, we each of them also possess®8i¢ and —Bj—p.2

show the informing actions of three agents: judge, lawyer, Incidentally, a Kripke frame is suctit = (W, R,<V) that

and the suspected. At '_[he initial stage, the ju_dge sentencﬁg is a set of possible world® is the accessibility of belief
the suspected to be guilty, and at the same time the law¥ﬁ5dal operatoB , andV’ gives valuation to each. Dynamic

pleaded innocent to the judge with a new witness. The judgs;iamic Logic (DEL) [2] presents a change of belief state,
changed his mind and he was going to sentence the defen Q{ricting accessibility to possible worlds, as:

to be innocent, but at the same time the maladjusted defendant
insulted the judge in the court, and which badly impressed jury MWE [ply = N, W y. (2)
members ...

. Wno Knows WHAT atr WHicH TIME?

whereR? in M¢ is:

RF(W) = RW) N{wW € WD, W E ol

MEES WItness i\ insult On the contrary, Public Announcement Logic (PAL) [11]
; / | ! masks those contradicting possible worlds, as follows.
\ 3 ! \‘ :
lawyer  guilty 3 innoéent | MW E [l‘p]w — ﬁjﬁl[W]’W E W
\ where inMl¢l let W;, be the worlds in whichy holds and
defendant 3 E : t MWEp >wWe VWW(lﬂ).

Note that the significance of these methods is to make formula
['¢] By valid sincep holds in all the accessible possible worlds.

_ o Among various trials to represent agent communication
Multi-agents communication includes such many factors ggmally [1], [9], [10], Yamada [14] showed a command from

agent ID, many messages, and time. In this paper, welintrod_t-rlcg, j as [\.jv] where y is the contents of the command.
vectors and matrices to represent those agents’ |nform|RgbayaShi and Tojo [6], [7] generalized this notion to an

actions collectively, to clarify the complicated relations ofnforming action, representing the dynamic operatoriai].
those many indices. !

Fig. 1. Informing Agents on Time-axis

1in this paper, we disregard (uncertain) andJjs (uncertain if) operators
Il. PRELIMINARIES for simplicity.

. . A . . 2In general, belief modality is often implemented wikD45, including
First we show the simplest prescription for an informing, ;g g, (Axiom 4) and Big — —Bi—¢ (Axiom D), while knowledge

action; in a similar way to FIPACL [3], we place the modality requireskT5 includingKip — ¢ (Axiom T).



As for linear algebraic representation of belief, Fusaoka [4] In the following examples, we highlight our attention with
used a matrix to show probability of knowledge source. Alsthe boxed truth values.
as we have mentioned, Liau [8] represented the network ofExample 2: Suppose the following three kinds of commu-
accessibility in matrix. We combined these works, though wecation matrices:
avoid probabilistic point of view and restricted the elements
to truth values. 1 0 1 0 [1 ]
1 0], Cs=

Ci=|[1] ol. C.=10 =l0 1 0]
1

1 >
Il. | NFORMING ACTION 0 0 0 1 0 0 1
The belief modalityB! represents the belief state of agent _ _ _
i at timet. As to informationg, the belief states of multiple If there happened a reciprocal and simultaneous communica-

agents are written collectively in a vector as follows. tion as to the same information, the matrix becomes symmetric
Bt 1 (Cy), that is, agent 2 tells some information to agentcib)(
Btl‘p 0 and at the same time so does agent 1 to agert;. (An

27| = agent can announce some information publicly, in which case

a certain column is filled with all 1's (the second column of
Cy). If multiple different agents tell the same information to
where 10 are the truth values. Therefore, our specification 9:1f certain agent, then there appear multiple 1's in the same
belief revision of agen, with regard to (1), becomes: row; if agent 2 and 3 inform the same content to 1, then the

Bj"'¢ = Bje v (¢} A Biy). (3) situation become€s. i

Here,cfj represents the informing action fropto i.

We define the addition and the multiplication of linear
algebra as the logical ‘or’ and the logical ‘and’, respectively, | et us consider to connect two communications. Now, we
as follows. introduce a vector representation for the collective belief state

IV. TraNsITIvE COMMUNICATION

All O v|il 0 of multiple agents at timé:
1|12 0 111 1 .
0|0 O 0|1 O gtl(p
lp = (4
Then, we can generalize (3) to be: By 2
BtJrlSD \/(C‘P A Bt (4)

For the time being, we may omgt unless we need to mention

and the dynamic operator becomes sucham matrix that it €xplicitly. Two consecutive informing actions can be written
10 in the following matrix multiplication.
. e 2 J /
() = 1 Bi)" €y Cp -r)(Cir Ciz ---)(B1
.. B, _ C/21 C'22 - llC1 G ---|| B>

t

wheren is the number of agents. It$, {)-element represents
the truth value of;, that is the existence of informing action o
from j toi. We assume that diagonal elemegigi = 1,--- ,n) A Associativity
are always true to maintain Wiger original knowledge as (3).  First, we need to prove that communication matrices are
Now, the collective belief revision becomes: associative. LeX andY be communication matrices arfd'
B:fiw B:l @ be a collective belief state.
B ol _ (#\| B
2 Y= @)= (XY)B' = X(YBY).

Example 1:Let As XY = V(X A Ykj)»
() = (1 1) and (Bﬁ ) (0) OB = \/(\/ i A via) A B) = \/ \/ Ouc A yia A BY).
0 1 B 1 I K Ik
Then, On the other hand, sincéB! = \/,(ya A by),
B§L+l¢ () Bgfp _ 1 1)(0 _ 1
Biie) = B =0 1){1) 7 \a): X(YBY) = \/ (i A \/ ) A BY) = \/ \/ G A i A BY).
K | Ko

Namely, by the informing action from agent 2 to 1, as i2(t
element of the matrix, agent 1 comes to kngwi As the both results meet, Q.E.D.



B. Repetitive communication O 70
Let us consider the case that the same communication (1)
matrix is employed repeatedly. 0 |lo
0
t+n npt 010 0
B = (Cij) B 11 10
D P D3 Pgeveenranannnes (" 00 1
1.0
Example 3:Suppose 8, [t 1o
8, 0|l
1 0 B, [1 4 /t
C=@)=|0 1 [1]|, 8, |1
0 O
that is, c;» andc,3 are true, besides self-informing. Then,
t+1
11
c’=lo 1 1/ Fig. 2. Multiple Propositions in Informing Action
0 0 1
Namely, agent 3 is reachable from agent 1 in two steps. V. MuULTIPLE INFORMATION TENSOR
Now let B' be the initial belief state of the community, and Thus far, we have restricted our concern to single informa-
let us consider the following sequence. tion passing. However, we can represent the message passing
" C o w1 s o of multiple informationey, 2, ¢3, - - - , om as a tensor in Fig. 2.
B"=CB', B"*=CB"", B"™=CB"", ---. The flat matrix in the front in Fig. 2 represent the resultant

state of informing action. Theth column is the belief states
Note that the number of 1's in the matrix increasegf the agents as tg and thej_th row is what agent believes,
monotonously, sincej = 1 and once an agent believes thet timet+1. In the similar way, the flat matrix in the behind is
proposition (s)he keeps it in Higer recognition. LetB* be that of belief states at time The in-betweem x nx m-cuboid
the fixed point such thaB* = CB*. If B* = B"¥, Cis the is a simultaneous communication, wherés the number of

transitive closure of the communication graph. agents anan is the number of information. In order to clarify
the relation of elements, we place the contravariant elements
C. Anti-commutativity as superscripts and the covariant ones as subscripts as a tensor:
. . . S L 1 _ (A
As is the case in usual matrix multiplication, communication (BN™ = (¢;)(B)".
matrices are not commutative. In Fig. 2, we only have shown the atomic propositions. We
Example 4: can add such composite propositionsgasv ¢, and ¢y A ¢z

simply in the figure, as these truth values are composed by

1 0 1 0 @rs.
0 1 0fand 10
0 0 1 0O O VI. M obeL UpDATING

o ] A kripke frame for multiple agents is sucllt =
are communication matrices from agent 3 to 1 (left), and thgw ARy, R, V) that A is a set of agents an®; is

from 1 to 2 (right), respectively. If agent 3 first believesas ihe accessibility of belief modal operatBy.
A belief state of an agent can be represented also in

1.0 10 0 matrix, when we rendeii,(j)-element as the accessibility from
1 0flo 1 0f0f= ’ possible worldi to j of Kripke semantics [8]. For exampfe,
0 o Ylo o 1 1
W; Wy W3
agent 2 comes to belieye But, when agent 1 does not believe wp [110 (5)
¥, as w, |0 1 1
W3 0 0 1

1 0 |1 1 0 0 1
[o 1 ] [ 1 g][ 0 ] - {] representsR = {wiRwy wiRw,, WoRw,, wWoRws, waRws} in
1

oo 1Jlo o 1 W = {wg,Wo, ws}. In this matrix representation, the configu-

ration of truth values directly shows the axioms of modality.
Rl mforr_nmg ac.tlon? that is from 1 to 2, results in vain, 3We employ square brackets for the accessibility to distinguish it from the
and thus 2 still remains ignorant ¢f i communication matrix.



For example, if the matrix is symmetric, it satisfies axiom db recognize that how we caredo the revision is dficult
symmetricity (AxiomB). If the diagonal elements are all 1's,problem, especially in Kripke semantics.
it is reflexive (AxiomT), If there is at least one 1 in each row, In this paper, we evaluated formulae in the same possible
it satisfies seriality (AxionD). world even though time shifts. We are now to intend that we
A belief change becomes a change in matrix. For examptegard the world itself as a temporal state, as:
let V(e) = {wa,ws}; then matrix (5) cannot satisfgly as o
M, i # Bl (for w,Rw, I, wy I ¢). Here, we consider DEL MGy = NI t+1ky.
style belief update (2), that is, to cut some of accessibility for Now, let us get back to the two issues: belief revision
an agent to come to believe an informed proposition; nameiyid nested modalities. We could not implement simultaneous
some 1's in the accessibility matrix at tinteare replaced by arrivals of two diferent information to one agent, i.e.,
O's att+ 1. In the case of (5), if (11)-element becomes 0, Gl ot
then Bi*1p. B = Bj+{e}+yl,
Since the accessibility with the valuation maps a belief St@t@garding Bl as a belief set and+* as revision operator.
of a given agent to a truth value: Note that how we can revise the belief of each agent is
an independent topic from our formalism in this paper, and
depends on the preference of revision. Also, it ificlilt
we identify such accessibility matrices with truth values in thd send such propositions including modality Bg-, which
following example. results in the nested belief state. In addition, sending a negative
Example 5:SupposeV(y) = {w,,ws}. A belief vector at formula also &ects how we can revise the accessibility; these

(Ri,V): Blp — 1/0,

timet is? would be our common research topics in the community of
1 00 [1 10 [1 0O belief update logic in future.
B'¢=(1 1 o, (1 1 0, (1 1 0o, --). REFERENCES
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“We show belief vectors in row vectors here just for visibility, although
they are intrinsically column vectors.

51f we fix the number of atomic propositions tm, then the number of
maximal possible worlds becomé&s= 2™,



