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Abstract—In this paper, an optimal power allocation scheme
for a simple lossy-forwarding relaying system is provided. Here,
we extend our previous work of optimal power allocation of
Slepian-Wolf relay system with constant source-relay error prob-
ability, to such that block Rayleigh fading is assumed for all
transmission channel and lossy transmission is assumed in source-
relay channel. Since data sequences transmitted from source
and relay nodes are sent from one original source, they are
correlated. At destination node, by exploiting the correlation
knowledge between the two data sequences in joint decoding, the
performance of the whole system can be significantly enhanced.
This is because the network can be seen as a distributed Turbo
code. A closed-form expression of the outage probability is
derived at high signal-to-noisy ratios regime. It is shown that
the outage curves calculated from the closed-form expression are
sufficiently close to that obtained by the numerical calculation.
Then, the optimum power allocation to the nodes for the system
can be formulated as a convex optimization problem. Specifically,
we minimize the outage probability while assuming the total
transmit power is fixed, and also to minimize the total power
under an given outage requirement. It is found that the system
performance with the proposed optimum power allocation scheme
outperform that with equal power allocation.

I. INTRODUCTION

Next generation wireless communication networks are ex-
pected to accommodate massive mobile nodes, e.g., Internet of
Things (IoT), Machine-to-Machine (M2M) communications.
With the explosion of the number of network nodes, higher
transmit power efficiency is demanded. Therefore, researchers
are always seeking for new ways of node cooperation tech-
niques which enable further improvement of the transmission
energy- and spectrum-efficiency.

In [1], a novel lossy-forwarding relay (LosFoR) system
allowing source-relay (S-R) channel errors is proposed. The in-
formation sequence, obtained as the results of relay decoding,
is interleaved, re-encoded and transmitted to the destination,
even it includes errors occurring in the S-R transmission (lossy-
forwarding). Since the information sequences received at the
destination (D) transmitted from the source (S) and the relay
(R) are from same original source, they are correlated. At
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Fig. 1.

Single relay transmission system.

the destination, the S-R link error probability is estimated,
and used as a correlation knowledge between the information
sent from source and relay. Under this mechanism, iterative
processing utilizing log-likelihood ratio (LLR) function [2]
reduce the decoding error, which achieves significant gain over
the conventional decode-and-forward (DF) strategy [3]. This
is because interleaving process at R assumed in this paper
changes the network, as a whole, can be seen as a distributed
turbo code.

The theoretical outage bound of the LosFoR system is
derived over block Rayleigh fading channels [4]. The outage
probability is expressed by a double integral of the probability
density function (PDF) with respect to the admissible Slepian-
Wolf rate region [5]. Furthermore, the power allocation is
analysed in [6]. In [4] and [6], the S-R channel is assumed to be
represented by a static binary symmetic channel (BSC) channel
model, which a constant bit error probability after decoding
at the relay as a parameter represents the S-R correlation.
By manually adjusting the value of the parameter, the impact
of the correlation on the whole system performance can be
observed. Although the effects of the S-R link variation is not
considered, it is quite natural that the S-R link also suffers
from the fading variation.

Since the static BSC assumption has a obviously drawback
which is less realistic. Because the S-R channel variation also



follows fading distributions. Quite recently, a more practical
model is proposed in [3], which considers the error probability
after decoding at the relay is a random variable which changes
according to the S-R variation. By imposing Shannon’s lossy
source-channel separation (SCS) theorem, the relationship be-
tween the S-R channel error probability and its correspond-
ing instantaneous signal-to-noise ratio (SNR) is established.
However, [3] only adopts equal power allocation for each
transmitter (at both S and R), and the results are just obtained
by numerical computations for multi-fold integrals. Moreover,
another important performance metric — geometrical gain,
which is very important for protocol designing — has not been
related to power allocation analysis of the LosFoR scheme.

The major purpose of this paper is to analyse the optimum
power allocation of the LosFoR system in more practical
scenarios, where all channels experience fading variation. By
assuming high SNR values for such a system scenario, closed-
form expression of the outage probability is mathematically
derived. It is shown that the power allocation for the proposed
LosFoR system can be formulated as a convex optimization
problem. The optimum power allocation scheme for minimiz-
ing the outage probability is then presented, where account
is taken of the geometrical gain. We found that the proposed
optimal power allocation scheme improve outage performance
compared with the equal power allocation, when R is located
close to D.

The rest of this paper is organized as follows: First of all,
the system model used to analyze the outage based power
allocation of the LosFoR system is described in Section II.
The outage probability derivation based on the Shannon’s
lossy SCS theorem theorem presented in Section III. The
derivation of the closed-form expression is shown in Section
IV. Convexity proof and optimal power allocation analysis are
also presented in Section IV. Finally, this paper is concluded
in Section V with some concluding remarks.

II. SYSTEM MODEL

In this paper, a very simple three-node relay transmission
model is considered, as shown in Fig. 1. During the first time
slot, the original information sequence b; is broadcasted from
the S to both R and D. As in the decode-and-forward (DF)
scheme, the original information sequence is decoded and re-
constructed at R, before being forwarded as bs. In contrast to
the conventional DF system, our proposed technique always
interleaves the re-constructed sequence at R, and then re-
encodes and maps it for the second time slot transmission.
It should be noted that the re-constructed bit sequence may
contain some errors, due to the imperfectness transmission of
S-R channel, but it is still correlated with the original one sent
from S.

After receiving signals from both S and R, joint decoding
process takes place at D. It is already known that by exploiting
the correlation knowledge between the bit sequences sent from
S and R, the minimum rate required for lossless transmission
is no longer equal to the entropy of each source, but could be
even lower, as stated by the Slepian-Wolf theorem. In other
words, if we keep transmitting the redundancy (the correlated
portion), the whole system performance will benefit from
utilizing the correlation knowledge.

All the three transmission channels are assumed to suffer
from independent block fading. Hence, it is reasonable to use
the BSC model [2], with the crossover probability p. as a
parameter within one block. Hence, by = by @ e, where &
denotes modulo-2 addition and e is a binary error vector.
Pr(e = 1) = pe is fixed within each block, and the p. value
changes block-by-block. p. = 0 indicates the perfect decoding
at R, while p. # 0 indicates there exist S-R link errors which
could not be eliminated by the decoding process at R.

In this paper, all the links are assumed to be suffering from
block Rayleigh fading which the probability density function
(PDF) with instantaneous SNR +; is given by

1 .

p(n) = f exp(~ ), (i = 1,2,3), (1)
where I'; represent received average SNRs of the source-
destination (S-D), relay-destination (R-D) and S-R channels,
respectively.

With d; (i=1,2,3) representing the length of S-D, R-D and
S-R channels respectively. With the geometrical gain of the S-
D channel, G, being normalized to one, the geometric gains
of R-D and S-R channels, G5 and (i3, can be defined as [7]

— dl ¢
GQ* <d2> )

d «
Gs = (d;) : )

where the path-loss factor « is set at 3.52 [8]. For sake of
simplicity, the variation due to shadowing is ignored in this

paper.

III. OUTAGE PROBABILITY DERIVATION

Based on Shannon’s lossy SCS theorem, for S-R channel,
we have R3(D)R.3 < C(v3), where R3(D) is the rate
function of distortion D with D = p., R.3 denotes the
spectrum efficiency including the channel coding scheme and
the modulation multiplicity and C'(v3) is the capacity with
instantaneous SNR ~3 of S-R channel. For hamming distortion
measure, R3(D) =1 — H(D).

With the relationship between p. and ~3, the rate constrains
supported by the Slepian-Wolf theorem are given by [3]
Ry = H(by | b2),
Ry = H(bz | by),
Ry + Ry > H(by,by)
=1+ H(pe)

—14+H [R—l (C];Z:))] : 3)

where R; and R, are source rate for by and b,, respectively.
H(-|-) and H(-,-) denote the conditional entropy and the joint
entropy between the arguments, respectively.

Actually, the Slepian-Wolf theorem, which intends to re-
cover two correlated sources, is not perfectly suitable for the
system setup in this paper since the destination only aims
to reconstruct the information sent from S. However, the
difference between exact outage derived from theorem for
source coding with side information and the approximation



outage derived from Slepian-Wolf theorem is negligible [3].
For simplicity reason on calculation, in this paper, the outage
probability is calculated based on Slepian-Wolf theorem.

Eq. (3) can be understood from the viewpoint of the
Slepian-Wolf rate region presented in Fig. 2. According to the
value of R3(D), the rate constrains can be divided into two
cases for discussing: 1) R3(D) > 1 (p. = 0), implying that
perfect decoding is conducted at R. In this case, the outage
event happens when R; and Ry are within Part 1 shown in
Fig. 2(a). The probability which R; and R, fall into Part
1 is denoted as P;; 2) 0 < R3(D) < 1 (0 < p. < 0.5),
indicating that decoding at the relay is imperfect. S-R channel
SNR can not support error-free transmission. Then, the outage
event occurs when R; and R, are within Part 2 and Part 3
shown in Fig. 2(b), which the probabilities is denoted by P,
and Ps, respectively. Hence, the total outage probability of the
LosFoR system can be defined by

Poyy = P+ P + Ps. 4)

R,
H(by . by)

H(b,)

H(bylby)

H(by[by) H(b))  H(b.b) R,

(a) Lossless transmission of the S-R channel, p. = 0.

R,

H(b,, by)

H(b,)

H(blby) 2

H(by|b,) H(b)  H(bi,by) R,

(b) Lossy transmission of the S-R channel, 0 < pe < 0.5.
Fig. 2. Slepian-Wolf rate regions of the proposed relay system.

It is found that the outage probability can be calculated
by using a triple integral with respect to the joint pdf of

the instantaneous SNRs p(7v1,72,73) [3], given the range
defined in (3). Since we assume that the variation of each
link instantaneous SNR is statistically independent,

P(71,72,73) = p(71)p(72)P(73), ()

With the assumption that Gaussian codebook is used, the
relationship between the instantaneous channel SNR ~y; and its
corresponding source rate R; is given by

R»L' S Elogz < En> ,(7, = 1,2,3) (6)

where E™ (= 2 assumed in this paper) denotes the signalling
dimensionality.

In practical systems, the channel capacity is upper bounded
by the multiplicity of modulation. However, the difference
between the constellation constrained capacity (CCC) and
Gaussian capacity is very small in low SNR region. While in
high SNR region, distortion D level is very close to 0, resulting
in p. = 0. The difference between CCC and Gaussian capacity
does not have any significant impact on D for the entire SNR
region. Therefore, it reasonable to replace CCC by Gaussian
capacity for outage derivation.

By converting the rate constrains into the instantaneous
SNR constrains [4], the theoretical calculation of the outage
probability P;, P, and P; can then be mathematically ex-
pressed as,

P PI"O<R1<H(b1)0<R2<H(b1,b2),R321}

ol=loga(1+71) 1 oo
/ p(m1)p(v2)p(73)dy1dyadys

/1 0/2 0 ’)/3:1
¥1=0
71
:—exp - exp | —=
Iy ( F3>/1 ( Fl)

91-logy(1471)) _ 1
. [1 exp (— )} i, ™
Ty

P :PI‘[O<R1 <H(b1 |b2),R2 >0,0< R3< 1]

2H(:ﬁe) 1 1
/ / p(m1)p(v2)p(y3)dy1dyadys
Y2=0 Jv3=0

/710
_ 1 / L e (%)
Iy v3=0 I3

9l—logy(1+7s) _ 1
- [1 —exp (—Fﬂ s, ®)
1



_*_‘ Original, E. ; 24 dB
—=— Approximated, ET =24dB
—— Original, ET =20dB
10°F —A— Approximated, ET =20dBj

| k‘\&*g%y//“A
b e

0 0.2 0.4 0.6 0.8 1
Distance ratio dy

outage probability
=

Fig. 3. Accuracy of the approximated closed-form outage expression.

P; =Pr [H(b1 ‘bg) <R < H(bl),
0< Ry < H(bl,bg) —R;,0< Ry < 1]

9l+H(pe)—loga(1+71) _q

/1 /
N1 =2HPe) —1 J =0

1
/ p(1)p(12)p(vs)dadradns,
v3=0

1 /1 exp(_%>exp<_%)
' I's y1=21-loga (1473) 1 J s — I'y I

92—logy (1+7s)—logs (1+71) _ 1
. [1 — exp (— )} dy1drys.

Iy
€))

The values of P;, P> and P5 can be calculated by numerical
method [9], with accurate enough numerical calculation error
control.

IV. OPTIMAL POWER ALLOCATION

The goal of this section is to minimize the outage prob-
ability obtained at previous section, while the total transmit
power Er is fixed and the noise variance 0,2 of each channel
is normalized to unity. The transmit power, which hence
equivalent to their corresponding average SNR, allocated to
S and R are denoted as kEr and (1 — k)Er, respectively,
where k£ ( 0 < k < 1) is power allocation ratio. However, the
specific power allocation strategies are out of the scope of this

paper.

While keeping the ratio k constant and bring the average
SNRs I'y, I's and I's to infinity, by invoking the property of
exponential function e™* ~ 1 —x for small z, at the high SNR
regime, the the outage probability (4) can be approximated to
a closed-form expression, as,

o 05 0.5 1.3863
T E2R2GE T E2K2GE T E2K2GLG
0.3863

. 10
T Bk = K)G1Ga (19)

To identify the accuracy of the approximation, outage prob-
ability curves obtained by using the approximated expression
(10), and by numerical calculating the (7)-(9) are presented in
Fig. 3. The relay node is assumed to be allocated in the line
between the source and the destination, and the distance ratio is
defined by d,. = d3/d;. Good matching is illustrated between
the curves of approximation and numerical calculation, which
indicates sufficient accuracy of the approximation. Then, the
optimal power allocation problem is formulated by a standard
optimization problem, which can be proven to be convex.

A. Proof of Convexity

Here we give the proof of the convexity of the approx-
imated outage probability expression. Eq. (10) is comprised
of four terms. If each of the four terms can be proven to be
convex, (10) is also convex because it is a sum of the convex
terms. The Hessian matrix of the first term % can be

calculated as

gl 05 1__1
B2RGE| T E2GOR?

Erk  EZ

3 2

2

P E§k] . (11
The eigenvalues of (11)

N L (3.3 J(3 3\ 20
2T op2aR? k2 B2 k2 EZ E2k2
(12)
are clearly non-negative. Therefore, the Hessian matrix of
2ka5z is positive semi-definite and hence its convexity has
T 1

been proven.

The Hessian matrix of the second term 55z can be
T 3
calculated as

0.5 1 T R
H = e 1
{E%I@G%] E2G2k? [ | (13)

Erk  EZ

The eigenvalues of (13)

oo L (3.3 J(3 3\ 20
2T oR2G 2 \ K2 B2 k2 E2 E2k2
(14)
are clearly non-negative. Therefore, the Hessian matrix of
#2562 is also positive semi-definite and hence its convexity
T 3

has been proven.

Similarly, the Hessian matrix of the third term %
can be calculated as .
8.3178  5.5452
19865 = ! sbise % (. (15)
E2k2G3G, E2G3G1k? | "grn gz
The eigenvalues of (15)
A2 =
1 8.3178 n 8.3178 n 8.3178 n 8.3178 2 B 153.7468
2 k2 EZ k2 EZ EZk2

(16)



TABLE 1. OPTIMAL POWER RATIO k
d, optimal k (E7 = 16 dB)
0.1 0.500
0.2 0.502
0.3 0.520
0.4 0.574
0.5 0.666
0.6 0.774
0.7 0.871
0.8 0.943
0.9 0.985

are clearly non-negative. Therefore, the Hessian matrix of
B212G,G; 1S positive semi-definite and hence its convexity
has been proven.

The Hessian matrix of the fourth term % can
be calculated as
H [ 0.7726 _ 1
EZE(L - F)GiCs| (1 kPELGLCa
E2(3k2 —3k+1)  Erk(2k® — 3k +1)
' {—ETk(%? ~3k+1) 3K*K*2-2k+1) |~ a7

Let u(k) = 3k3(k* — 2k + 1) + E2(3k* — 2k + 1) and
v(k) = 3k?E%(3k3 — 3k + 1)(k? — 2k + 1), the eigenvalues
of (17) can be calculated as

Ny — u(k) + u(2]<:)2 - 4v(k;). (18)

)

For 0 < k < 1, the value of the quadratic polynomials
k* — 2k + 1 and 3k — 2k + 1 in u(k), and the quadratic
polynomials 3k® — 3k + 1 and k* — 2k + 1 in v(k) are
large than 0. This indicates the non-negativity of u(k) and
v(k). Hence, the Hessian matrix of BRIk GG, 1S proven
to be positive semi-definite and hence its convexity has been
proven. Therefore, the outage probability expression (10) can
be proven is a convex function.

B. Optimal Power Allocation: Total Power Fixed

In this subsection, we minimize the outage probability
while the total power Er is fixed. The convex problem can be
formulated as

minimize Py, (k, Er)
subjectto k—1<0 (19)
—k < 0.

The solution to the optimization problem can be obtained
by using a convex optimization tool, the optimal values of k
can be obtained as shown in TABLE 1. Obviously, the larger
the d, value, the more transmit power should be allocated to
S.

Theoretical results for the outage performance performance
with and without optimal power allocation are shown in Fig. 4,
where the total transmit power Er is set at 16 dB. First of all,
it can be obviously seen that with equal power allocation, the
outage curve is symmetric to the mid-point between S and D,
which yields the lowest outage probability. This founding is
different from the conventional DF case, of which R should

T T
—— with optimal allocation
—&— equal Tx power allocation

outage probability
=
T

0 0.2 0.4 0.6 0.8 1
Distance ratios dr

Fig. 4. Outage probabilities with and without optimal power allocation, total
transmit power fixed.

TABLE II. OPTIMAL POWER RATIO k WITH FIXED Pyt (d,-=0.6)
required E required E7
required Ppq,¢ (equal power) (optimal power) Gain
0.001 12.45 dB 11.35 dB (k=0.774) 1.1 dB
0.0001 17.45 dB 16.40 dB (k=0.774) 1.05 dB
0.00001 20.50 dB 21.42 dB (k=0.774) 1.08 dB

be located at a point closer to S in order to achieve the
best performance [3]. The optimal power allocation is that
the lowest outage probability can be achieved at the point
where the contributions of both S-R and R-D channels to
outage are balanced. In the other word, the proposed technique
enables the transmitter to find proper relays for cooperation in
a broader area. It should be noted that, by selecting the optimal
power allocation ratio k, the system can much reduce the
outage probability compared with the case of the equal power
allocation when the relay is allocated near to the destination,
while they achieve almost the same outage when relay is near
to the source.

C. Optimal Power Allocation: Outage Probability Require-
ment Fixed

In this sub-section, we investigate how much total transmit
power can be saved through optimal power allocation, given
a fixed outage probability requirement. The problem can be
formulated as

minimize E7 + 0k

subject to Pyt (k, Br) — Tour <0
k—1<0 (20)
-k <0
—FE: <0,

where T,,; is required outage probability. The convexity of
(20) is proven in sub-section IV-A.

Tables II and III show the required total transmit power
with equal and optimal power allocations for outage require-
ments, where d, is 0.6 and 0.7, respectively. The outage
probability requirements are set as P,,; =0.00001, 0.0001
and 0.001, respectively. It is clearly seen that by selecting



TABLE III.

OPTIMAL POWER RATIO k WITH FIXED Pyt (dr=0.7)

10 T T

required Et required Er
required Pyt (equal power) (optimal power) Gain
0.001 13.25 dB 11.47 dB (k=0.871) 1.88 dB
0.0001 18.30 dB 16.42 dB (k=0.872) 1.88 dB
0.00001 23.31 dB 21.44 dB (k=0.872) 1.87 dB
10°
ET =12.45dB
B E_=11.35dB
=y T
100 ;2 — — E,=1745dB| 3
ey -
iy 777ET—16.40dB
>‘1072j1 }\ . WET=22.50dB:
2 SN : - - —E;=21424dB
5 A R g
g RN ¢
SRR SN I
% 10 "Fi g NINY snnmanmes e : ’t
<) \ N | 7t
5 \\ ST | 7]
¢} o) STERL -z
10‘47 \~ T —;—\—‘—‘——-—)‘- T 7 !
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10°L 5 u,_:'_'_-_q_‘_.g‘._-—’ﬁ ]
I
|
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Transmit power ratio k

Fig. 5. Theoretical outage probabilities versus the optimal power ratio k with
different total transmit powers, d, = 0.6.

the optimal & values, roughly 1~2 dB gain can achieved by
optimal power allocation compared with that with equal power
allocation. It is also found that, given the relay location, the
transmit power gains with the optimal power allocation over
the equal power allocation are almost the same, independently
of the outage requirements. As shown in Fig. 5 and Fig. 6,
the optimal k& values corresponding to outage requirements are
exactly consistent to the the data obtained as the solution to
the optimization problem.

V. CONCLUSION

This paper has investigated the optimal power allocation
for a LosFoR system based on outage probability analysis. In
the proposed system model, besides the S-D and R-D channels,
the S-R channel is also assumed to suffer from block Rayleigh
fading and is modelled by the rate distortion function in lossy
scenario. An approximated closed-form expression of outage
probability for the LosFoR system has been derived, where ac-
count is taken of the geometrical gain. As shown in the results,
the proposed approximation can ensure sufficient accuracy of
the outage probability calculation. Based on the expression,
the optimal power allocation scheme has been formulated to
an convex problem for minimizing the outage probability while
keeping the total transmit power constant, and for minimizing
the transmit power while keeping the outage probability fixed.
Compared with equal power allocation, by adjusting the power
allocated to S and R, lower outage probability can be achieved.
Moreover, it has been shown that when the relay is near to D,
the proposed optimization scheme achieved much lower outage
probability than that with the equal power allocation.

. E =1325dB
‘%\ E,=11.47dB
10 ;“3 ~ - E,=1830dB| ]
\
I\ _
s - - —E =16.42dB
1077 Em v g - = E =2331dB
. ;
£ wOUN - = —E_=21.44dB
S oy T
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3 . Tl Tl i
107 L T = =2
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Sra; Tme N
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10 —-— - ==
L] -1)-\.1-\-‘-\_4'
-6 i i i

10 i i i i i i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Transmit power ratio k

Fig. 6. Theoretical outage probabilities versus the optimal power ratio k with
different total transmit powers, d, = 0.7.
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