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Abstract—Peak to average power ratio (PAPR) constrained
power allocation in single carrier multiuser (MU) single-input
multiple-output (SIMO) systems with iterative frequency do-
main (FD) soft cancelation (SC) minimum mean squared error
(MMSE) equalization is considered in this paper. To obtain
full benefit of the iterative receiver, its convergence properties
need to be taken into account also at the transmitter side.
In this paper, we extend the existing results on the area of
convergence constrained power allocation (CCPA) to consider
the instantaneous PAPR at the transmit antenna of each user. In
other words, we will introduce a constraint that PAPR cannot
exceed a predetermined threshold. By adding the aforementioned
constraint into the CCPA optimization framework, the power
efficiency of a power amplifier (PA) can be significantly enhanced
by enabling it to operate on its linear operation range. Hence,
PAPR constraint is especially beneficial for power limited cell-
edge users. In this paper, we will derive the instantaneous
PAPR constraint as a function of transmit power allocation.
Furthermore, successive convex approximation is derived for
the PAPR constrained problem. Numerical results show that the
proposed method can achieve the objectives described above.

I. INTRODUCTION

Reducing peak to average power ratio (PAPR) in any trans-
mission system is always desirable as it allows use of more
efficient and cheaper amplifiers at the transmitter. Recent work
on minimizing the PAPR in single carrier frequency division
multiple access (FDMA) [1] transmission can be found in [2]-
[4], where they propose different precoding methods for PAPR
reduction. However, these methods do not take into account
the transmit power allocation, the channel nor the receiver.

Due to the problems related to inter-symbol-interference
(ISI) and multi-user interference (MUI) in single carrier
FDMA, efficient low-complexity channel equalization tech-
niques are required. Iterative frequency domain equalization
(FDE) technique can achieve a significant performance gain
as compared to linear FDE in frequency selective channels.
Therefore, it is considered as the most potential candidate
to mitigate ISI and MUI [5]. However, to exploit the full
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merit of iterative receiver, the convergence properties of
an iterative receiver needs to be taken into account at a
transmitter side. This issue has been thoroughly investigated
in [6] where the power allocation to different channels is
optimized subject to a quality of service (QoS) constraint
taking into account the convergence properties of iterative
frequncy domain (FD) soft cancelation (SC) minimum mean
squared error (MMSE) multiple input multiple output (MIMO)
receiver. The convergence properties were examined by using
extrinsic information transfer (EXIT) charts [7]. The concept
in [6] has been extended for multiuser systems in [8], [9].
In this paper, we will introduce a PAPR constraint for the
convergence constrained power allocation (CCPA) problem
presented in [9]. In other words, we will minimize the total
transmit power in a cell with multiple users while guaranteeing
the desired QoS in terms of bit error probability (BEP) and
keeping the PAPR always below the desired value. This type
of power allocation where PAPR is used as a constraint has
not yet been published anywhere else. Hence, in this paper we
will present our first results on this topic and the development
towards the more practical scenarios will be published in the
near future.

The main contributions of this paper are summarized as
follows: The power of the transmitted waveform is derived as a
function of power allocation and quadrature phase shift keying
(QPSK) modulated symbol sequence. The instantaneous PAPR
constraint is derived and a local convex approximation of the
constraint is formulated via change of variable. The constraint
is plugged in to a CCPA problem and solved by successive
convex approximation (SCA) algorithm.

II. SYSTEM MODEL

Consider a single carrier uplink transmission with U single-
antenna users and a base station with N antennas as depicted
in Fig. 1. Each user’s data stream is encoded by forward
error correction code (FEC) C,, u = 1,2,...,U. The encoded
bits are bit interleaved and mapped onto a 2V2-ary complex
symbol, where Ng denotes the number of bits per modulation
symbol. After the modulation, each user’s data stream is spread
across the subcarriers by performing the discrete Fourier
transform (DFT) and multiplied with its associated power
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Fig. 1. The block diagram of (a) the transmitter side (b) the receiver side
of the system model.

allocation matrix. Finally, before transmission, each user’s data
stream is transformed into the time domain by the inverse DFT
(IDFT) and a cyclic prefix is added to mitigate inter block
interference (IBI).

At the receiver side, after the cyclic prefix removal, the
signal can be expressed as

1 v 1

r=H,F'PiFb"+ Y H,F 'PiFb’+v, (1)

y=1

y#u
where H, = [HL H2 ... HYzr]T
the space-time channel matrix for user v and H] =
circ{[hl, 1, Wy oy Bl L, O1xNp—n, )T} € CNFXNF s the
time domain circulant channel matrix for user v at the receive
antenna r. The operator circ{} generates matrix that has a
circulant structure of its argument vector and Ny, denotes the
length of the channel impulse response. F € CN7*Nr denotes
the DFT matrix with elements f,,; = ﬁexp(i?w(m —
1)(I — 1)/Np). P € RUYN#xUNF jg the power allocation
matrix denoted as P = diag(P{,Po,...,Py) with P, =
diag([Py1, Pu2y- -, Pung|t) € RNFXNF =12, U,
and b = [b!" b2 . bU'T. b e CVF,u=1,2,...,U,
is the modulated complex data vector for the u™ user and
v € CNF is white additive independent identically distributed

(i.i.d.) Gaussian noise vector with variance o2.

€ CNrNrxNr g

III. PROBLEM FORMULATION

In this Section, the characterization of turbo equalizer is
given and the derivation of the power minimization prob-
lem constrained by the convergence of turbo equalizer is
performed. The block diagram of the FD-SC-MMSE turbo
equalizer is depicted in Fig. 2. The frequency domain signal
after the soft cancelation can be written as

# =7 - TP2Fyb, 2)
. ~T ~T ~ T
where b= [b! b2 ,... bV |T € CYNF are the soft symbol

estimates of the modulated complex symbols and Fy =
Iy @ F € CUNFXUNF T, denotes the U x U identity matrix
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Fig. 2. The block diagram of FD-SC-MMSE turbo equalizer.
and ® is the Kronecker product. I' = [I'1,I'y,..., Ty] €
CNeNexUNF and T, = bdiag{Ty1,Tu2,...,Tunp} €

CNrNrXNF jg the space-frequency channel matrix for user
u expressed as
r,=Fy,HF 3)

Tym € CNeXNr jg the diagonal channel matrix for m™

frequency bin of u™ user and bdiag{-} generates block di-
agonal matrix of its arguments. L, and Lu in Fig. 2 denote
the log-likelihood ratios (LLRs) provided by the equalizer and
the channel decoder of user u, respectively, and %X, denotes
the estimate of x,. The problem formulation follows that
presented in [6], [8], [9]. Let ff denote the mutual information
(MI) between the transmitted interleaved coded bits ¢’* and
the LLRs at the output of the equalizer L,. Moreover, let
fﬁ denote the a priori MI at the input of the equalizer and
fu() denote a monotonically increasing EXIT function of the
equalizer of the uth user. Now, we can write the following
relationship:
L= fUNI, . ID). @)
Similarly, let IE denote the extrinsic MI at the output of the
decoder and I? a priori MI at the input of the decoder. We
can write
Iy = fu(I}), 3)
where fu() is a monotonically increasing and, hence, invertible
EXIT function of the decoder.
Because interleaving has no impact on the ML i.e., [E = A
and f‘:‘ = IE, we can express the condition for keeping the
convergence tunnel open for each user as

H{jf € [051] ?:1 fu(jfvvj577j5) > f;l(j5)+eu
iU

Yu=1,2...,U,
(6)

i.e., for all u, there exists a set of outputs from the decoders
of all the users except u such that the EXIT function of
the equalizer of user w is above the inverse of the EXIT
function of the decoder of user u plus a parameter ¢,,. In other
words, the convergence is guaranteed as long as there exists an
open tunnel between the decoder and equalizer EXIT surfaces



until the convergence point. €, is a parameter controlling
the minimum gap between the EXIT surfaces. To make the
problem tractable, continuous convergence condition (6) is
discretized (see [6, Section IV] for more details) and replaced
with

op U

3{11.,,“ €l0,1]: k; € {1727...7K}}1;1 :

fu(iiklv s 7i5,ku’ T Iale,kU) 2 fu_l(ig,ku) + €u ks

Vk,=1,2,...,K,Vvu=1,2...,U, (7)

where k,, denotes the index of MI point such that IE kutl >
B k.o Vky =1,2,..., K1, ie., the indexing is ordered such
that the MI increases with the index. In this paper, we assume
€uk, = €u> Vky < K and €, g = 0.

Using the inverse of the J-function [10]!, the constraints can
be written as

° U
EI{IZE,,W €01 k; € {1’2""’[(}}?;1
Jil(fu(j{:,kla N '7IOS,I€“,7 N 'aig,kU)) Z Jil(fqu(js,ku) + Gu)a
Ve, =1,2,..., K,Yu=1,2...,U.
®)

We will use the so called diagonal sampling [9], i.e., we choose
only the points in the U + 1-dimensional EXIT space where
all the decoder’s outputs are equal, i.e., we check the K points
on the line from the origin to the convergence point. Although
this method is suboptimal, a sophisticated guess is that the
active constraints lie on this line due to the smoothness of the
decoder surface. The convergence constraint simplifies to

Gop>06apVu=12... UVk=12...K (9

When Gray-mapped quadrature phase shift keying (QPSK)
modulation is used, the variance of the LLRs at the output
of the equalizer can be expressed as [6, Eq. (17)]

~ 4<u,k

= 10
O-%k 1- Cu,kAu,k’ ( )

where (, 1 is the effective signal-to-interference-plus-noise
power ratio (SINR) for u™ user at k" MI index. Plugging
(10) into (9), the convergence constraint power minimization

problem can be expressed as
minimize tr{P}

u,n @Yu,n

Pu,m | m Y om|

subject 1o - 37,7, S Pron |l 1 PALH @ 202
>&umVu=1,2... UVk=12... K,
Pu,n Z 07
w=1,2,....Un=1,2....Np,
(11)
where ) )
Eurk ) (12)

B 4 + (&u,k)2Au,k

IJ-function assumes that the LLRs are Gaussian distributed with variance
being equal to two times mean.

is constant. 7, ,,, € CN® consists of the diagonal elements of
Tom» i-€., Yy, 18 the channel vector for m™ frequency bin
of user u. wy,m, € CNr is the receive beamforming vector for
m™" frequency bin of user u and it can be optimally calculated
as [11]

Nl

U x _
. (Zl:l Bam’Yl,m'YEmAl + O'QINR) 1’7u,mP
avg{b“}Cur +1

3

,m

Wu,m =
_ . (13)
Ay = avg{ly, — b¥} € R is the average resid-
ual interference of the soft symbol estimates and b" =
(b3 ]2, [b5]2, . .., [b%,. [*]T € CN*. The soft symbol estimate

by is calculated as
by = E{bl} = Z bi Pr(b, = b;),

b; B

(14)

where B is the modulation symbol alphabet, and the symbol
a priori probability can be calculated by

Nq
Pr(by =b;) = H Pr(cth = Ziyg)
q=1

Nq

1\ Ne B
- (5) [1(1 -z tanh(X; /2),  (15)
q=1
with Zi,q = Zzi,q — 1 and z, = [Zi7172i727"'7zi,NQ]T is

the binary representation of the symbol b;, depending on the
modulation mapping. A}, , is the a priori LLR of the bit ¢, ,
provided by the decoder of user u.

A. Successive Convex Approximation via Variable Change

In this Section, we derive a successive convex approxima-
tion for the non-convex power minimization problem (11). Let
oym € R, such that P, ,, = e*»™ Yu = 1,2,...,Um =
1,2,...,Np and t} =~ € Rt Vu = 1,2,....,Um =
1,2,...,Np,k = 1,2,..., K. Since the active inequality
constraints in (11) hold with equality at the optimal point,
we can express (11) for fixed receive beamformers as

mimi U Ng Qy,m
mlHOILHtHZG Zu:l Zm:l e
: 1 Np Lk
subject 0 x— >0 Uy 2> Suk
w=1,2,....Uk=12... K,
eau,n‘wk H“/ |2 k
wn Yun S
(++) S P ey Vel P R
k=1,2,... Ku=12. ..U,
n = 1,2,..‘,NF,
(16)
where the optimization variables are t = {t* . u =

1,2,....,U,k =1,2,....,.K,m = 1,2,...,Np}, and a =
{aym :uw=12,...,Um = 1,2,...,Np}. By taking the
natural logarithm of the constraint (xx) yields

H
Qu,n + 21n(|wﬁ,n ’Yu,n')
U
H _
(Y et lwl YA+ oWl F) = It .
=1
a7



Since a logarithm of the summation of the exponentials is
convex, the left hand side (LHS) of the constraint (17) is
concave. The RHS of (17) can be locally approximated with its
best convex upper bound, i.e., linear approximation of In tﬁm
at a point fﬁ’n:

. th ik
1nt§ﬂl+_gjgﬁ§;4¢uﬁ2.

u,n

Y (tins fun) =

(18)

A local convex approximation of (16) can be written as

et Yoy €

SNE k> Npbupu=1,2,...
k=1,2,... K,

vy + 2In (Wl nﬂfyu A1) —

(Y, etk My 2R + 02wk 12) >
Y(th th ) u=12...0,

k=1,2,....K,n=1,2 ...,

minimize
ot

subject to ,U,

N Fy
19)
and it can be solved efficiently by using standard optimization
tools, e.g., interior-point methods [12].
The SCA algorithm starts by a feasible initialization tAﬁyn =

ﬁ(g),Vu k,n. After this, (19) is solved yielding a solution

tk( ) which is used as a new point for the linear approximation.
The procedure is repeated until convergence. Algorithm 1

provides the algorithm description for the SCA algorithm.

Algorithm 1 Successive convex approximation algorithm.
12 Set £ =150 vu, k,n.
2: repeat
3:  Solve Eq. (19).
4 Update tf = ) Y, k,n.
5. until Convergence.

IV. INSTANTANEOUS PAPR CONSTRAINT

In this Section, the PAPR constraint is derived. Because the
PAPR is derived similarly for all the users, the user index is
omitted in this section. Let G = F~!P=F. The entry (m, n)
of G is obtained as

j2n(l—1)(n—m)

Gmpn = NF Z \/>e Np

(20)

Let s,, be the m™ output of the transmitted waveform after
the IFFT. PAPR can be calculated as

max,, |, |2

PAPR = ,
avg||sm|?]

21

where s,, = Zgil Imnbn.

Assuming |b,| = 1, Vn and E{b,b;} = 0, Vp # ¢, where
by denotes the complex conjugate of by, the average can be
calculated as

Np

= > B{llsn 1} =

m=1

avg||sm|?] = (22)

L
—N'n.
v 2"

The power of the m™ transmitted waveform can be calcu-
lated as

L
sl =5 P+
=1

Nz Z byb: Zplalpq+

Fogqp=1
pPF#q
j2n((n—1)(p— m) (i—1)(g—m))
*
N2 g by b g v P, P;e
qp 1 n,i=1
PF#q i#n

(23)

j2r(l—1)(p—q)

where a;p, = € Np . This can be simplified to

Np

2d
[sml? = 3= Z NPt N2 Z Nnim\/ Pa P,

n,i=1
1>7L
(24)
where
Np
di =Y (Rlauya] (Rib,RIb,)+
q,p=1
p>q

Z[bp]Z[bg]) + Z{aipg) (RbplZ[bg] = T [bp]R[bq])) , (25

and
Np

im = 3 ((RIIRg] + T, T [0, (Rlanpmly,] +
q,p=1
p>q

R[anqmafpm]) -
- I[anqmafpm]))

Operators R and Z take the real and imaginary part of a
complex argument, respectively.

(26)

A. Successive Convex Approximation via Variable Change

In this Section, we derive a successive convex approxima-
tion for the non-convex PAPR constraint. Due to the nonneg-
ativity of the absolute value, the factor 1 + 12\% in (24) has
to be nonnegative. However, the factor 7,,;,,, can be negative,
depending on the symbol sequence and the power allocation.
Let njl'im = max{0, nim } and n, .. = min{npim,0}. The
instantaneous PAPR constraint can be written as

Np

>+ %)B + Ni > Mim

=1 n,i=1

<6ZPZ - = Z N N PuPy¥m =1,2,..., Np,

n,i=1
i>n

27)

where 9 is a user specific parameter controlling the PAPR.
Denoting P, = e*, 1l = 1,2,...,Np, and taking the
logarithm from both sides of (27), the constraint becomes

(I[bp]R[bq} - R[bp}z[bq] ) (I[anpma:qm]
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=1 n,i=1
i>n
Np 2 Np
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=1 n,i=1
i>n

Both sides of (28) are convex functions. RHS can be approxi-
mated by a linear function and then using the SCA technique
similarly to (18) and (19), a local solution can be found. Let

Np 9 Np
Wale) =l (53 e + 570 3 (e )

i>n
The best concave approximation of W, () at a point & is
given by

oW,
80%

(@)(ax —ar). (29

The partial derivative 8—’” is given by (30).
The approximation of the PAPR constrained problem is now
written as

minimize DO DR
(o)
subject to ZanFltﬁm_pruk,ufl 2,...,U,
k=12, ...,K,
Qun +21n(\w§7 H )—
U e . H A
(30,2, et |wiy YAk + 0w, [17) >
Y(tﬁmtﬁn) uw=12,...,U,
k:_1,2,.. JK,n=1,2,...,Np,
ln( V(1 2ot
NF an 177n1m ez(au,nJrau,i)) <T ( “ Au)a
i>n
u=12,....,Um=1,2,...,Np,
(31
where a" = {ay,, : n = 1,2,...,Nr}. Now, the SCA

algorithm can be used for problem (31) to find a local
solution of the original problem. The complete algorithm is
shown in Algorithm 2, where the superscript * denotes the
optimal solution of (31). Due to the concavity of the logarithm
function, the linear approximation is always above the original
function’. Hence, Algorithm 2 is guaranteed to monotonically
converge to a local solution.

Algorithm 2 Successive convex approximation algorithm.

1: Set t* n= tu(g) Yu, k,n and G, = au n,Vu n.

2: repeat

3:  Solve Eq. (31).

4 Update tf = tu(n NVu, kynoand &y = dgle,Vum.
5: until Convergence.

2By projecting the optimal solution from the approximated problem (31)
to the original concave function (RHS in (28)) the constraint becomes loose
and thus, the objective can always be reduced.

V. NUMERICAL RESULTS

In this section, numerical results will be shown to demon-
strate the performance of the proposed algorithm. SCAs pre-
sented in previous sections were derived for fixed receiver. The
joint optimum can be achieved via alternating optimization [9]
which means that the problem is split to the optimization of
transmit power for fixed receiver and optimization of receiver
for fixed power allocation. Alternating between these two
optimization steps converges to a local solution.

The following parameters is used in simulations: U = 2,
Ngr =2, Nrp = 8, QPSK with Gray mapping, and systematic
repeat accumulate (RA) code [13] with a code rate 1/3 and
8 internal iterations are used. The signal-to-noise ratio per
receiver antenna averaged over frequency bins is defined by
SNR= tr{P}/(NrNro?). The channel we consider is a
quasi-static Rayleigh fading 5-path average equal gain channel.
The EXIT curve of the decoder is obtained by using 200 blocks
for each a priori value with the size of a block being 6000
bits. The EXIT curves for the equalizer shown in Figs. 3 and
4 are obtained by averaging over 200 channel realizations.
We will consider three different transmission strategies: power
allocation with PAPR constraint, i.e., Algorithm 2, CCPA
without PAPR constraint, i.e., Algorithm 1, and amplitude
clipping [14] applied to CCPA precoded transmission.

EXIT chart for the system with PAPR threshold being 6 dB
and the MI targets being (15", I5™"") = (0.9998,0.7892),
u = 1,2 is depicted in Fig. 3. MI target can be converted to
bit error probability (BEP) by using the equation [7]

I 1 A Jtarget + I jE,target
V )+ 1T >)' )
22

Hence, (I, I7""") = (0.9998,0.7892) corresponds to
BEP 107°. It can be seen from Fig. 3 that there is not
much difference between the PAPR constrained result and the
one without PAPR constraint when the threshold is 6 dB.
Furthermore, clipping the signal when the power is higher
than 6 dB from the average power do not have significant
impact on the results. The convergence point for algorithms
with and without the PAPR constraint is indeed the preset
target point. PAPRs without PAPR constraint are 6.16 dB and
7.12 dB for user 1 and user 2, respectively. PAPRs with PAPR
constraint are at most 6 dB for both users. However, with
PAPR constraint the SNR required to achieve the target point
is 0.32 dB larger. After clipping the convergence points are
(0.9998,0.7892) and (0.9998,0.7868) corresponding the BEPs
10~° and 1.01 - 10~° for user 1 and user 2, respectively.
EXIT chart for the system with PAPR threshold being 3 dB
and the MI targets being (I, I;"™"") = (0.9998,0.7892),
u = 1,2 is depicted in Fig. 4. Now, we can see the impact of
PAPR constraint which causes 0.79 dB increase of required
SNR. However, the PAPR never exceeds 3 dB and the conver-
gence point is still guaranteed to be the preset target point. The
EXIT curves for clipping intersect the decoder curve at a low
MI value, and the convergence points are (0.5142,0.3576) and
(0.4629,0.3393) corresponding to BEPs 0.0933 and 0.1072.

P, =~ 2erfc(
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This was expected due to the fact that amplitude clipping
causes distortion and hence, reduces the SNR and therefore
MI after detection.

CCPA performs the power allocation such that the gap
between the EXIT curves is larger than or equal to €,. If
we decrease €,, the power consumption is reduced while the
number of iterations in the equalizer increases [9]. If clipping
is used and ¢, is small, the EXIT curves of the equalizer and
the decoder may intersect already at very low MI point which
results in very high BEP. Therefore, PAPR constraint is crucial
when CCPA is used with small ¢,.

VI. CONCLUSIONS
In this paper, we have derived the peak-to-average power
ratio (PAPR) constrained power allocation problem for itera-
tive FD-SC-MMSE multiuser SIMO detector. We derived an

analytical expression of PAPR as a function of transmit power
allocation and QPSK modulated symbol sequence. Moreover,
a successive convex approximation for PAPR constrained
problem was derived. Numerical results indicate that PAPR
constraint is of crucial importance to guarantee the conver-
gence of the iterative equalizer. The constraint derived in this
paper is especially beneficial for the users on the cell edge
due to the power limited transmission.

In this paper, we have presented our first results considering
PAPR constrained power allocation and the aim of this paper is
to provide more insight into the problem. This type of power
loading requires centralized design, i.e., the base station re-
ports the power allocations to each user. Development towards
distributed solution is left as future work.
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