JAIST Repository
https://dspace.jaist.ac.jp/

Title goboooooooboooouooon

Author(s) oo, 00

Citation

Issue Date 2001-03

Type Thesis or Dissertation

Text version aut hor

URL http://hdl.handle.net/ 101019/ 1456
Rights

Description 910075x, Supervisor: Ooo 0O, ooooooo,

AIST

JAPAN
ADVANCED INSTITUTE OF
. SCIENCE AND TECHNOLOGY

Japan Advanced Institute of Science and Technology

[



Functional Interpretation of
Feasibly Constructive Arithmetic

By Naoyuki Tosa

A thesis submitted to
School of School of Information Science,
Japan Advanced Institute of Science and Technology,
in partial fulfillment of the requirements
for the degree of
Master of School of Information Science
Graduate Program in Information Science

Written under the direction of
Associate Professor Hajime Ishihara
Professor Hiroakira Ono
Professor Atsushi Ohori

March, 2001

Copyright (©) 2001 by Naoyuki Tosa



Contents

1 Introduction

2 The System IS,

2.1 Syntax and Rules of Natural Deduction . . . . . . .. ... ... ... ...

2.2 Definition of 1S3, ISsB and S5 . . . . .. ...

2.3 Equivalence of IS and ISIB . . . . . .. ... ... ...

2.4 Bootstrapping IS4 . . . . . ..
3 The System PV

3.1 Definition of system PV . . . . . . . ...

3.2 Development of PV . . . . . . . . ... ...
4 The System [PV

4.1 Definition of TPV . . . . . . . .

4.2 Conservative extension of IS} . . . . . ... ... ...
5 The Typed A\ Calculus

5.1 Definition . . . . . . . e

5.2 Some theorems . . . . . . . . .. e
6 The System PV¥

6.1 Definition . . . . . . . ..

6.2 Conservative extension of PV . . . . . . . ... ... ... ...
7 The System IPV*

7.1 Definition . . . . . ...

7.2 Conservative extension of IPV . . . . . . .. ... ... ... ... ...
8 Realizability

8.1 Definition . . . . . . . ..

8.2 Soundness of Realizability . . . . .. ... ... ... ... ... ...,

8.3 Main theorem . . . . . . . .. .



9 The Dialectica Interpretation 117

9.1 Definition . . . . . ... 118
9.2 Soundness of Dialectica Interpretation . . . . . . . ... ... ... .... 119
9.3 Equivalent to the systems .52 and IS?B . . . . . ... ... ... ..... 126
10 Concluding Remarks 133
10.1 Results . . . . . . . . . 133
10.2 future subject . . . . . ... Lo 133



Acknowledgment

The author is deeply grateful to Associate professor Hajime Ishihara,
Professor Hiroakira Ono and Dr. Mitsuru Tada for their helpful guidance.

Special thanks to members of Ono-Ishihara laboratory and the author’s friends who
he has met in JAIST for their encouragement.

Finally, the author would also like to thank to my family.



Chapter 1

Introduction

In 1958, Kurt Godel [5] suggested an interpretation of intuitionistic arithmetic in a
quantifier-free theory of functionals of finite type, an interpretation which has since come
to be known as Gédel's Dialectica interpretation.

First Godel Dialectica interpretation was introduced to provide a consistency proof
for intuitionistic arithmetic by elementary logic by an interpretation of an arithmetical
statement by a quantifier-free formula in a theory of objects of finite type.

The Dialectica interpretation reduces HA to a theory 7', where HA is intuitionistic
first-order arithmetic “Heyting Arithmetic” and T is a quantifier-free theory of computable
finite-type functionals, which is defined by schemata for explicit definition and a natural
extension of primitive recursion to finite types, and are therefore called primitive recursive
functionals of finite type. Atomic formulas of T" are term equations : t7 =, s” or t = s,
where o is type. Axioms are initial sequents of HA, definition formulas of functionals and
axioms of equality for each type. Inference rules are propositional logic and its induction
rule.

Godel tried to extend 7' to the system of intuitionistic higher type arithmetic. This
higher type arithmetic is called HAY. We can get HA“ from T by adding each type
quantifiers and rules (or from HA by putting type to each function symbols and variables)

Let A be any formula of HA“. We associate its Dialectica interpretation AP, which
is a formula of the form
AP = 3YVX A(Y, X),
where A is a quantifier-free formula of HAY.
Then Go6del’s main result is as follows:

if A and AP are provable in HA“, then there exists
a primitive recursive functional f such that VX A(f(X),X) is provable in HAY.

Specially,

if A is provable in HA and AP is provable in HA“ , then there exists
a primitive recursive function f such that VZA(f(Z), ) is provable in HAY.



This is called functional interpretation.

On the other hand, Troelstra[10] used an other method of realizability for same purpose
in 1973.

First realizability by numbers was introduced by Kleene in 1945 as a semantics for
intuitionistic arithmetic. A notion “nkr P” (n realizes P) means “a number n has a
property P” . In other words, “there is a number n such that P is true”. This realizability
is called Kleene realizability.

Realizability used by Troelstra for computable functionals is modified realizability.
This was first introduced and used by Kreisel in 1959. Modified realizability in its abstract
form provides interpretations the various HA“-versions into themselves. One of main re-
sults by Kreisel is that Markov’s principle is not validated by modified realizability, where
Markov’s principle is the form of “=—3zA — JxA”. Modified realizability transform each
formula A to ¥ mr A (¥ modified realizes A). Then a notion ¥ mr A means “a list of
terms Z makes A true in HA“” . In other words, “there is a list of terms Z such that A
is true in HAY”.

Troelstra used the systems HAY same as Godel . He proved two theorems. One is that
if VZ3yA(Z,y) is a theorem of HA“, then there exists a primitive recursive functional f
and a term £ such that VZ(£(Z) mr A(Z, f(Z))) is a theorem of HA“. Another is that if
VZ[t(Z) mr A(Z, f(Z))] is a theorem of HA®, then VZA(Z, f(Z)) is a theorem of HAY.

Godel and Troelstra proved the relations computable functionals and logical arith-
metics HA, HA”. So we consider logical arithmetic which is related to polynomial time
computable functionals.

Arithmetic for polynomial time computable functionals was first suggested by Stephan
A. Cook[3] in 1975. This system is called PV (“Polynomially verifiable”). Cook patterned
after Skolem’s equational theory of primitive recursive arithmetic. Whereas Skolem’s
system has a function symbol for each primitive recursive function, PV has one for each
polynomial time computable function. This system is logic free.

Cook’s motivation for PV came from two general sources. One is the basic open
problem in complexity theory of whether P equals NP, where P is a class of polynomial
time computable functions (or a class based on deterministic Turing machine) and NP is
a class based on nondeterministic Turing machine. His approach is to try to show they
are not equal, by trying to show that the set of tautologies is not in NP (of course its
complement is in NP). The second motivation comes from constructive mathematics. A
constructive proof of, say, a statement VxA must provide an effective means of finding
a proof of A for each value of x, but nothing is said about how long this proof is as a
function of z. If the function is exponential or super exponential, then for short values of
x the length of the proof of the instance of A may exceed the number of electrons in the
universe. Thus one can question the sense in which our original “constructive provides
a method of verifying Vx A for such values of x.

In 1985, Buss[1] introduced a system S5 of arithmetic based on classical first order
predicate calculus. One of non-logical axioms of S} is thirty-two BASTC axioms. BASIC
axioms are axioms for function symbols and predicate symbols. Another of non-logical
axioms of S is ¥¢" — PIND awiom scheme which is the form of



[A(0) AV (A(|32]))] — A(x),

where A is a X"-formula.
Buss’s main theorem is that
if
(1) VZ(Jy < 1)A(Z,y)
(2) VaVyVz[A(Z,y) N A(Z, z) — y = 2]

are provable in Sj then a function f which satisfies VZA(Z, f(Z)) is
a polynomial time computable function, where A(Z,y) is a X" formula.

Definition of " formula is in Chapter 2.

In 1986 Buss[2] developed an intuitionistic version IS3B of Sj. This is an extension
of earlier work on the classical Bounded Arithmetic and was first conjectured by Stephan
Cook. ISIB contains polynomial hierarchy functionals of finite type. Buss proved relation
for polynomial time computable functions and arithmetic same as Si. But definition of
IS1B is complicated. One of complicated definition is a definition of axioms of IS3B.
Non-logical axioms of ISB are follows.

(1) If A and B are HY%-formulas and (A—B) is theorem of S},
then (A— B) is axiom of IS} B.

(2) HX-PIND azxiom scheme

Axiom (1) is too complicated to use IS4 B for inference. Another of complicated definition
is a definition of a class of polynomial time computable functions. Buss used a definition of
a class of polynomial time computable function by p-types, OF-functionals and extended
OF-functionals.

Therefore Cook[4] developed an another intuitionistic version IS} in 1993. Cook
cleared upper two problems. Axioms and rules of inference in IS} is simple. And Cook
used Cobham’s function algebra as a definition of a class of polynomial time computable
functions.

The system HA for computable functions and the system IS, ISIB for polynomial
time computable functions are based on intuitionistic logic. Especially although the class
of polynomial time already has an arithmetic of classical logic version S, the intuitionistic
logic version is considered. Why intuitionistic logic not classical logic? We answer by two
examples of difference between classic logic and intuition principle logic. The 1st example
is as follows. In classical logic, in order to prove A V B, there are two methods, where A
and B are formulas. One is to prove A or B. Another is to prove that if assume A A -B



then arise contradiction. In intuitionistic logic, in order to prove A V B, there is only a
method. It is to prove A or B. Another method which is to prove that if assume ~AA—B
then arise contradiction is not allowed. The 2st example is as follows. In classical logic,
in order to prove JzA(z), there are two methods. One is to find  such that A(z) is true.
Another is to prove that if assume Vz—A(x) then arise contradiction. In intuitionistic
logic, in order to prove 3z A(x), there is only a method. It is to to find x such that A(z) is
true. Another method which is to prove that if assume Vz—A(z) then arise contradiction
is not allowed. That is, it means that the proof based on intuitionistic logic had proved
concrete existence in finite. Therefore it is necessary to prove on intuitionistic logic.

The aim of this thesis is the establishment of the system about “feasibly constructive
proof”. Constructive proof is to algorithm and feasibly constructive proof is to polynomial
time algorithm. In Chapter 2, first we define the system Si, IS? and IS?B. And we
compare IS? with IS?B. Finally we prove that 1.5} has same properties as IS? B. In Chapter
3, first we define the Cook’s system PV. And we prove that all of initial functions of I5?
are definable in PV. But for this proof we need 206 defines, derived rules and theorems.
In Chapter 4, first we introduce intuitionistic predicate logic into PV. We call this system
IPV. And main theorem in this chapter is to prove that IPV is a conservative extension
of IS%. In Chapter 5, we introduce the typed A-calculus. This carries out the role of T for
HA. We define types. In Chapter 6, first we introduce higher types into PV. And adding
a constant R. We call this system PV*“. Main theorem of this chapter is to prove that
PV¥ is a conservative extension of PV. In Chapter 7, first we introduce intuitionistic
many-sorted predicate logic into PV“. Main theorem of this chapter is to prove that
IPV¥ is a conservative extension of IPV. In Chapter 8, first we define realizability for
IPV¥. Main theorem of this chapter is to prove same as Buss’s main theorem for IPV“.
In Chapter 9, first we define Dialectica interpretation for IPV*. Next, we prove (MP)
and A <+ AP are equivalent over IPV“. This chapter has two main theorems. One is
same as realizability to prove same as Buss’s main theorem for IPV“. Another is to prove
that 9% is equivalent to 1S%B.

Note that, in this thesis, we follow the notations and the definitions in Cook [4] .



Chapter 2

The System 1521

In 1985 Buss [1] introduced a system S) of arithmetic based on classical first order predi-
cate calculus. system S is very closely related to the computational complexity classes of
the polynomial time hierarchy and use the language 0, S, +, -, #, |z, |37 and < ; where
The # function is defined so that z#y = 2/ The # function was first introduced
Nelson, and it is evident that the # function has essentially the same growth rate as
the wi-function. Buss proved that definable functions in his system are precisely the
polynomial time computable functions.

In a later paper [2] Buss developed an intuitionistic version 1.5, B of S;. This is an
extension of earlier work on the classical Bounded Arithmetic and was first conjectured
by Stephan Cook. IS1B contains polynomial hierarchy functionals of finite type. But
definition of 1S} B is complicated. Therefore Cook [4] developed an another intuitionistic
version 1S} in 1993. We define the system I.S), IS1B and Si in next two sections.

2.1 Syntax and Rules of Natural Deduction

Notation 2.1.1

(1) = is syntactic identity.

Il

(2) = is definitional equality.

(3)  S[t/x] is the result of substituting t for free occurrences of x in S, after changing
bound variables in S to avoid clashes. (S can be a term or formula.)

Definition 2.1.2 A language of IS, IS:B and S} consist of the following symbols.
(1) propositional connectives ; V, A, —
(2) quantifiers ; ¥, 3
(3) equality predicate ; =
(4)

constant ; 0



5) variables ; z,y, 2, --

6) one-place function symbols ; Sz, |z|, L%x]

7) two-place function symbols ; = + vy, = - y, xfy

(5)
(6)
(7)
(8) two-place predicate ; z <y

Definition 2.1.3

1250 AL (A (0=1))

2 £ 550 A©BZ(A— B)A(B— A)
Definition 2.1.4 Terms are defined inductively as follows.

1

0 is term,

3

(1)

(2) Variables are terms,

(3) If t; and t, are terms, then Sty, |t1], L%tlj, t1 + to, t1- to and t; § £, are terms,
(4)

4)  Terms are only those expressions obtained by (1)-(3).

Definition 2.1.5 Formulas are defined inductively as follows.

(1) 1If ¢; and ¢ are terms, then ¢; = t5 and t; < ¢; are formulas. These formulas are
called atomic formula.

(2) If A and B are formulas, then AV B, AA B and A — B are formulas.
(3) If Ais formula and z is a variable, then Yz A, 3z A are formulas.

(4) Formulas are only those expressions obtained by (1)-(3).

Definition 2.1.6 F'ree occurrence and bounded occurrence are defined inductively as
follows.

(1) Every occurrence of a variable in an atomic formula is free.

(2) Every occurrence of a variable in BV C, in BAC or in B — C'is free if and only
if the corresponding occurrence in B or C'is free.

(3)  Every occurrence of a variable in BV C, BAC or in B — C' is bounded if and
only if the corresponding occurrence in B or C'is bounded.

(4) Every occurrence of the variable x in VoA and 3z A is bounded. The occurrence of
the other variables in Vz A and 3z A are the same as the corresponding occurrences
in A.



Definition 2.1.7 A[t/x] is defined inductively as follows.

(1) 1If A is atomic formula (s;=s3, 51 < s2), then A[t/x] means s;[t/x] = so[t/z] and
si[t/z] < soft/x].

(2) If Ais BxC (where x is any of “V”, “A” or “—” ), then A[t/z] is B[t/x]* C[t/x].
(3) If AisVzB or 3zB,then
(a) if x is z, A[t/z] means A.
(b) else if z is not z, then
i. if z is not contained in t, then A[t/z] means Vz(B|t/x]) and 3z(B]t/x]).

ii. else A[t/z] means Vu((Blu/z])[t/z]) and Ju((Blu/z])[t/x]) (where u is
not contained in A and t).

Definition 2.1.8 subformula is defined inductively as follows.

(1) A is subformula of A.

(2) If Ais BxC (where % is V, A or —), then the subformulas of A are the subformulas
of A and of B.

(3) If AisVzB or 3zB, then the subformulas of A are the subformulas of B.

Definition 2.1.9 Let A be a formula and ¢ be a term not containing x.
We define bounded quantifier as follows:

(Jz < )A £ Ju(z < tA A)

(Vo < t)A = Vz(St <z v A)
We define sharply bounded quantifier as follows:

(Iz < [t)A = Tz(z < [t| A A)
(Vo < [¢) A = Va(S|t| < v A)
Definition 2.1.10 hierarchy of bounded formulas is defined as follows.
(1) M5 = X§ is the set of formulas all of whose quantifiers are sharply bounded.

(2) X?_, is defined inductively by ;

(a) HZ C Ez+1 ;

(b) IfAisin X?., then so are (Jz < ¢)A, (Vo < [¢])4 ;

(¢c) If Aand B arein X}, soare AV B, AAB;

(d) IfAisin XY, and BisinII}_,, then =B and B — A are in £ ;

(3) IIf,, is defined inductively by

10



Zi C Hiﬂ )

If Aisin II},, then so are (Vo < t)A and (Jz < |t])A ;

If A and B are inHZH, soare AVB, ANB;

If Aisin I}, and B is in £}, then =B and B — A are in T}, ;

(4) X0, and II%., are the smallest sets which satisfy (1)-(3).
Definition 2.1.11
(1) A formula is positive if it contains no occurrence of —.
(2) A formula is in HX? if all subformula of A are in .
(3) A formula is in X" if it is both positive and in X?.
Definition 2.1.12 N.J, NK and Identity Rules(IR) are defined as follows.

(1) NJ is given by the following rules of inference :

[4] [A] [B]

25y 42l e AL Cwn L)

w5 VD s D ap o0 5P em) AP
A(z)

Foaty D Tt OB 3y 6N TP @)

where [A] and [B] are hypothesis which we may cancel from proof, and in (VI) the
variable x may not occur free in any hypothesis on which A(z) depends, and in
(VE) and (3I) t is free for =, and in (IE) x is not free in B, or in a hypothesis of
the subderivation of B, other than A(z).

(2) NK is given by the following rules of inference adding NJ :
[=A]

L (RAA)

e

11



(3) IR is given by the following rules of inference :

= umy  ELamy  LL

(IR3)

2.2 Definition of IS}, ISiB and S.

Definition 2.2.1 BASIC axioms are defined as follows.
(1) z=Sx—0=1

(2) 0<uz

() z<y—=(=yVSz<y)

4) (r<yny<z) =<z

(5) (w<yny<a)—a=y

(6) z<yvy<uz

(7) 0] =

8) S0<z—12-z| =5z

9) [S(2-)| = 5(|z])

(10) z<y—|z[ <yl

(1) |zty| = S(|=| - [y])

(12) 151 =2

(13) a2ty =yt

(14)  |z| = |ul + |v| = zty = (uly) - (viy)
(15) z+0==x

(16) z+ Sy=S(z+y)

(17) (z+y)+z=a24+ (y+2)

(18) z+y<z+z+<y<z

(19) z-1=x

(20) z-(y+2)=(z-y)+(z-2)

(21) == (lgz) + 32)) vV 2=S(l52] + [52])

12




Definition 2.2.2 We define some induction axioms as follows.

1 »P+ _ PIND axiom scheme :
(1) %3
[A(0) AV2(A([52]))] — A(z)
where A is a X0 -formula.

2) HXPt — PIND axiom scheme :
(2) 1
[A(0) AV2(A([52]))] — A(z)
where A is a HX}"-formula.

(3) XP* - LIND axiom scheme :
[A(0) AVz(A(z) = A(Sz))] — A(|z|)
where A is a X0 -formula.

Definition 2.2.3 Let I' be set of axiom schemes and rules of inference. If formula A is
deduced from I', then we write I' = A

Definition 2.2.4

(1) Axioms and Rules of Inference for 15,
Rules of Inference
(1) NJ
Non-Logical Axioms
(1) BASIC axioms
(2) ¥*-PIND aziom scheme

(2) Axioms and Rules of Inference for Sj
Rules of Inference
(1) NK
Non-Logical Axioms
(1) BASIC azioms
(2) S4*-PIND aziom scheme

(3) Axioms and Rules of Inference for 1.5 B
Rules of Inference
(1) NJ
Non-Logical Axioms
(1) If A and B are HX!-formulas and (A— B) is theorem of S,
then (A— B) is axiom of 15;B.
(2) HX*-PIND axiom scheme

13



2.3 Equivalence of 1S] and 15;B

A purpose of this section is to prove the theorem “ HY? — PIND scheme is derivable in
IS3”. This theorem is useful of proof that IS} and 153 B are equivalent. This proof is in
section 9.

Definition 2.3.1 We associate with each formula A of 1.5} two positive formula POS(A)
and NEG, the positive and negative transforms of A.

(1) For A atomic :
POS(A)=A NEG(x =y)= (Sx <yV Sy <x)
NEG(z <y) = (Sy < z)
(A

(2) POS(A— B) = NEG

~—

v POS(B)

NEG(A — B) = POS(A)ANEG(B)
(3) POS(AANB) = POS(A)APOS(B)
NEG(AAB) = NEG(A)VNEG(B)
(4) POS(VzA) = VzPOS(A)
NEG(VzA) = JeNEG(A)
(5) POS(AvB) = POS(A)Vv POS(B)
NEG(AVB) = NEG(A)ANEG(B)
(6) POS(EzA) = FzPOS(A)
NEG(3zA) = VzNEG(A)

This transforms take away “—” from the formula A. After all POS(A) and NEG don’t
contain “—7.

Lemma 2.3.2 1S) - (POS(A) — A) A (NEG(A) — —A)

(proof) We prove by induction on the complexity of A.

(1) A is atomic.
POS(A) — A is obvious. Therefore we need to prove Sz <y — (z =y — (0 = 1))
and Sy <z — (x <y — (0= 1)), which follow easily from the BASIC axioms 1,
2,4,5,15, 16, 18, via the theorem x < x + y and its corollary x < Sx.

For the remaining cases, assume that I.S) - (POS(B) — B) A (NEG(B) — —B)
and 1S3 - (POS(C) — C) A (NEG(C) — —C), where B and C' are formulas.

(2) A=(B—-0),(BAC), (VzB), (BV () and (JzB).
For each case, we can prove by hypothesis and intuitionistic logic.

14



Lemma 2.3.3 ISjFx=yV =(zx=y)

(proof) By BASIC axioms 3 and 6, IS3 F 2 =y V NEG(z = y). The result follows by
IS; F NEG(x = y) — —(z = y)(from lemma 1.3.2). 4

Lemma 2.3.4 ISs-2-x =z +=x

(proof)

By EI{J’—PIND. The basis requires BASIC axioms 2,5,15,18,19 and 20. The induction
step is based on axiom 21 and requires the theorem 1 + x = Sx, which again uses E({Jr —
PIND based on axiom 21.

If we use BASIC axiom n (n is 1 to 21) then we abbreviate (B.n).

Lemma 2.3.5 IS} o =0V |z| = S(|[52]])

(proof)
By (B.8),

18,2 [32] =2 — (S0 < [32] — || = S(|l3=]]). -~ (o).
By (B.9), (I R4) and (—),

ISy =52 [52]) =2 — (S0 < |52] — [z] = S(|[52]])). -~ B)-
By (a ),(B ) and (B.21)
. 1S3+ S0 < 32| — |z| = S(|[3=]]). -+ (y ).

ISy =80 < [52) — (v =0V || = S(|[32]]))-
By 0 < |32|(B.2) and 0 < [5z] — (0 = [3z] V
1S3 F0=[32] Vv S0< [5z].
By 0=|sz] 5> 0=x
IS} F0=2VvS0< [3x)]. e (5)
By (y ) and (3 )
IS}z =0V|z|=S([iz]])- »

Lemma 2.3.6 The scheme of X" — LIND is provable in IS}.

(proof) Let formula A(z) be any formula which satisfies 152 = A(0) AVx(A(z) — A(Sx))
and formula B(x) be A(|z|). By IS5} F A(0) and (B.7), IS = A(|0]). Therefore
[,5'21 = B(0). ------ (a)
By Vz(A(z) — A(Sz)
185 = A(lLzylD) — A(S(IL5911))-
By S(|[39]1) = lvl,
183 = S(lzylh =y —
By y =0, [30],(/R4) and (— E

~—

) ...... (B )
1S3 Fy =0 (A(Ly]) — A(lyl) - v)
By (B ).(y ) and (y =0V S(|[1y])) =) (lemma 1.3.5)

15



1S, = (B (L%yJ) B(y)). - (3)
By (a ),(0 ) and ¥

IS] +Vy(B
By definition of B(z )

ISy = Vz(A(|z])).
Therefore

IS F A(0) AVz(A(z) = A(Sz)) — Vo A(|z]).

Lemma 2.3.7 If A is ¥} formula then IS) - POS(A)V NEG(A).

(proof) We prove by induction on the complexity of A.

1) A=(c=y)
By lemma 2.3.3.

(2) A=(z<y)
We need to prove < yV Sy <z. By (B.3),y <z — 2z <yV Sy <z By this and
r<y—-zx<yVvSy<z (x<yVy<z)—=z<yVSy<uz By thisand (B.6),
x<yVSy<uz.

For the remaining cases, assume that 155 = POS(B)V NEG(B), IS} = POS(C)V
NEG(C) and IS} + POS(E(x)) V NEG(E(z)), where A, B and E(z) are X8
formulas. And define formula D(z) as S|t| < x, where x is a variable and ¢ not
contained z and y. Then since D(z) is atomic, IS; = POS(D(z)) V NEG(D(x)).

(3) A= (BACQ)
We need to prove POS(BAC)V NEG(BAC), i.e
(POS(B)APOS(C))V (NEG(B)V NEG(C)).
By hypothesis,
- POP(B)V (NEG(B)V NEG(C)) and - POS(C) v (NEG(B) v NEG(C)).
By POS(B)V (NEG(B) VvV NEG(C)),
= POS(C) — [(POS(B) A POS(C))V (NEG(B) v NEG(C))].
Hence
- (NEG(B) vV NEG(C)) — [(POS(B) A POS(C)) v (NEG(B) v NEG(C))].
By POS(C)V (NEG(B) v NEG(C)),
F (POS(B)APOS(C))V (NEG(B)V NEG(C)).

(4) A= (BV(O)
We need to prove POS(BV C)V NEG(BV C), i.e
(POS(B)Vv POS(C))V (NEG(B) N NEG(C)).
By hypothesis,
F (POP(B)V NEG(C))V NEG(B) and - (POP(B)V NEG(C)) vV NEG(C).
By (POP(B)V NEG(C)) V NEG(B),
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F NEG(C) — [(POP(B)V NEG(C)) vV (NEG(B) N NEG(C))].
Hence

F(POP(B)V NEG(C)) — [(POP(B)V NEG(C))V (NEG(B) N NEG(C))].
By (POP(B)V NEG(C))V NEG(C),

F(POP(B)V NEG(C))V (NEG(B) AN NEG(()).

(5) A=(B— ()
We need to prove POS(B — C)V NEG(B — (), i.e.
(NEG(B)V POS(C))V (POS(B) N NEG(C)).
By hypothesis,
F(NEG(B)V POS(C))Vv POS(B) and -+ (NEG(B) V POS(C))V NEG(C).
By (NEG(B) v POS(C))V POS(B),
F NEG(C) — [(NEG(B) Vv POS(C))V (POS(B) N NEG(C))].
Hence
F(NEG(B)V POS(C)) = [(NEG(B) v POS(C)) Vv (POS(B) A NEG(C))].
By (NEG(B) v POS(C)) Vv NEG(C),
F(NEG(B)V POS(C))V (POS(B) N NEG(C))

(6) A= (Vo <|t|)E(x)
We need to prove POS((Vx < |t|)E(z)) V NEG((Vx < |t|)E(x)), i.e.
Vz[POS(D(x)) vV POS(E(z))]V3dz[NEG(D(z)) N NEG(E(z))].
By hypothesis,
= [POS(D(y)) v POS(E(y))] v [NEG(D(y)) N NEG(E(y))]-
Hence
) + [fPOS(D(y)) V POS(E(y))]V3x[NEG(D(z)) N NEG(E(z))].
Therefore
FVz[POS(D(y)) vV POS(E(y))]V 3z[NEG(D(z)) N NEG(E(x))].

(7) A= 3z <[t))E(x)

We need to prove POS((3z < |t|)E(z)) V NEG((Ix < |t|)E(x)), i.e.
Az[POS(D(x)) N POS(E(zx))] VV2[NEG(D(z)) V NEG(E(z))].
By hypothesis,

= [POS(D(x)) N POS(E(z))]V [NEG(D(z)) V NEG(E(x))].
Hence

F 32[POS(D(xz)) AN POS(E(x))]Vz[NEG(D(x)) V NEG(E(x))].
Therefore

F 3z[POS(D(z)) AN POS(E(x))] VVz[NEG(D(z)) V NEG(E(x))].

Corollary 2.3.8 If A is X} formula then 1S3 - AV —A.

(proof) By POS(A) — A, NEG(A) — —A (lemma 2.3.2) and POS(A) vV NEG(A)
(Lemma 2.3.7). y
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Corollary 2.3.9 If A is X} formula then 15} - (A <> POS(A)) A (=A <> NEG(A)).

(proof) By lemma 2.3.2, IS} = (POS(A) — A) A (NEG(A) — —A).
By POS(A) Vv NEG(A), POS(A) — A and NEG(A) — —A,
FAV NEG(A) and - POS(A) V —A.
By POS(A)V —A,
FA— POS(A).
By AV NEG(A),
F-A— NEG(A) 1

Lemma 2.3.10 If A is HX? formula then IS} = A +» POS(A).

(proof)We prove by induction on the complexity of A.

(1) Aexb
By Corollary. 2.3.9.

(2) Aell
By IT} = 328, same as (1).

(3) A= (B—C)
Then B must be in £§. Therefore let B be in X§ and C be in HX: which satisfies
IS) FC — POS(C). We need to prove (B — C) — POS(B — C), i.e.
(B — C) = (NEG(B) v POS(C)).
By B € ¥% and cor. 2.3.9,
IS} F-B — NEG(B) and IS} - BV -B.
By (B — C) and (B V —B),
IS; (B —C)— (=BVO).
By (-BV C), (=B — NEG(B)) and C — POS(C),
ISLE (=B V C) = (NEG(B) v POS(C)).
By (B — C) = (B V C) and (=B V C) — (NEG(B) v POS(C)),
IS} + (B — C) — (NEG(B) v POS(C)).

For the remaining cases, assume that IS] + (B — POS(B)) A (C — POS(C)),
where B and C' are HY} formulas.

(4) A=(BAC)and A= (BVC(C)
We need to prove (BAC) — POS(BAC) and (BV C) — POS(BVC), i.e.
(BAC) — (POS(B) A POS(C)) and (BV C) — (POS(B) Vv POS(C)). This is
proved easily by hypothesis.

(b5) A=(EHz<t)B
We need to prove (Jz < t)B — POS((Jz < t)B).

By definition of POS and Bounded quantifier,
-3z <t)B — Jz(x <t A B)
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— Jz(POS(x < t) AN POS(B))
— JzPOS(x <t A B)
— POS(Jz(x <t A B))
— POS((3z < t)B).
Therefore 1S3 - (dx < t)B — POS((3z < t)B).

(6) A=(vz<l|i)B
We need to prove (Va < |t|)B — POS((Vz < |t]|)B).
By definition of POS and Bounded quantifier,
- (Vz < |t|)B — Vz(S|t| <z V B)

— Vax(POS(S|t| < x) vV POS(B))
— YxPOS(S|t| <z V B)
— POS(Vz(S|t| <z Vv B))
— POS((Vx < |t|)B).

Therefore 1S5 - (Vo < |t|])B — POS((Vx < |t|)B).

Theorem 2.3.11 The HX! — PIND scheme is derivable in I5].

(proof)
Let A(z) be any formula in HX?. By lemma 1.3.10 2.3.10 and A(z) € HX},
153 F A(0) <> POS(A(0)),F A(|3z]) <» POS(A(|3z])) and - A(z) > POS( (z)).
Assume that 1S3 F A(0) A VZC(A(L%:CJ) — A(z)). Then
IS5 = POS(A(0)) AVz(POS(A(|52])) — POS(A(x))).
By POS(A(0)), POS(A(|2z])) and A(z) € £}, these formulas can be apllied
¥4 — PIND. Therefor 1S} - VazPOS(A(z)). Therefor IS} - Vo A(z).
Therefore For any formula A(z) € HXY, 155 F [A(0) AVz(A([52]) = A(z))] = VzA(z).
I

This theorem is useful in Chapter 9 to prove that .S} and I.51B are equivalent.
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2.4 Bootstrapping 5]

In this section, we say the relation IS} and polynomial time computable functions.
Definition 2.4.1 Let 7" and 7" be systems.

(1) We define L(T) as set of all of formulas of T'.

(2) T"is extension of T'if YA€ L(T)[T+A=T'F A

(3) T'is consevative extension of T if VA e L(T)[T'+A=TF A

Definition 2.4.2 Let T be an extension of IS}. Let A be a 4" formula of T and let ¢
be a term of 1" such that

T EVZ(3y < t)A(Z,y)
T = VIVYVz[A(Z,y) N AT, z) — y = 2]

Then we say that T can X0-de fine the function f such that VZA(Z, f(Z)). The defining
axiom for f is:

f(@) =y AlZ,y)
where f is a new n-ary function symbol. The defining formula for f is A and the
boundinig term for f is t.

Theorem 2.4.3 Let T and f be as in the above definition, and assume that all X5*-
PIND axioms in the language of T are theorems of T'. let T'(f) be the extension of T'
obtained by adding f as a new function symbol, together with its defining axioms, and

also all X2T-PIN D axioms in the language of T(f). Then T(f) is a conservative extension
of T'.

(proof)
For any formula A € L(T) if A is proved in T(f) without to apply $*-PIND axioms

in the language of T'(f) then A is obviously proved in T. Therefore we prove that the
¥4 — PIND scheme for T(f) can be derived from the ¥t — PIND scheme for T.

Let A be a 0" formula in T'(f) and containing a term f(¢,---t,), where t, - - - t, are
terms of 1. Let B be be the defining formula for f and ¢ be the bounded term. Then A
is equivalent to 3y < t(A[y/f(t1---ta)] A B(t,y)), where y is a variable not occurring in
A. And Jy < t(A[y/f(t,---t)] A B(f,y)) is in £t and is not containing f. Hence the
¥4 — PIND scheme for T(f) can be derived from the ¥t — PIND scheme for T. y

Definition 2.4.4 Let T be a theory of arithmetic containing a function |z| which is a
binary length function ( i.e. |z| = [loge(z + 1)]). Then we say that 7" contains a set of

efficient coding functions provided that 7' contains a one-place predicate Seq, a one-
place function Len , two-place functions O, 3 , and Bound, for which the following are
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theorems of T
(A) Seq(0) A Len(0) = 0;
(B) Seq(s) — Seq(s * u);
(C) Seq(s) — Len(s * u) = Len(s) + 1;
(D) Seq(s) — Len(s) < [s];
(E) Seq(s) = (i < Len(s) = (i, s x u) = B(i, s));

(F) Seq(s) — [B(Len(s), s xu) = u;

(G) (Seq(s) A Seq(t)) — [Len(s) = Len(t) A (Vi < Len(s))(5(i,s) = (i, 1)) — s

(H) Seq(s) A (Len(s) < |b|+1) A (Vi < Len(s))(5(i,s) < a) = s < Bound(a, b).

Definition 2.4.5 Let T be an extension of ISi. We say that T is suf ficiently strong

if it satisfies the conditions :

(1) T contains a 2-place function symbols Lmin for which the theorem
Lmin(z,y) = z < (| < [yl Az =) V (=(lz] < fy)) Az =)

is provable in T';
(2) T contains a set of efficient coding functions;
(3) T contains the X4"-PIND scheme for all formulas in the language of T ;
(4) T contains a 2-place function symbols Trunc for which the theorem :
(1)Trunc(a,|a|) = a
(i1)i < |[3a]| = Trunc(|al,i) = Trunc(a,q)

2

are provable in 7.

Lemma 2.4.6 There is an extension 1S3* of I.53 by ¥4 -definitions which is sufficiently

strong.

(proof) We can X¢"-define under functions and predicates.
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(P1)al b« Sa<b

(F1) b=P(a)<= (a=0Ab=0)0Sb=a

(F2) c=max(a,b)«<= (a<bAb=c)0(b<aAa=c)

(F3) c=min(a,b)«<= (a<bha=c)0(b<aAb=c)

(F4) b=Mod2(a)<=b+2-|ia] =a

(P2) Decomp(a,b,c,d)«= |c| <bOd-2mmled) 4 c=q

(F5) c=LSP(a,b) <= (3d < a) Decomp(a, b, c,d)

(F6) d=MSP(a,b) <= (3¢ < a)Decomp(a, b, c, d)

(F7) c=Bit(b,a)<= ¢ = Mod2(MSP(a,b))

(P3) QuoRem(a,b,c,d)<= (b=0Ac=0Ad=0)0(d<bAa=c-b+d)
(F8) c=|a/b| <= (3d < b)QuoRem(a,b, ¢, d)

(F9) d=Rem(a,b)«= (3c < a)QuoRem(a,b, c,d)

(P4) b | a<= Rem(a,b) =00S0<b

(P5) Even(a)<= Mod2(a) =0

(P6) Odd (a) <= Mod2(a) = 1

(P7) Comma(b,a)«= Even(b) O Bit(b,a) = 10 Bit(Sb,a) =0

(F10) c=Digit(b,a) <=
[Even(b) A Bit(Sb,a) = 1 A Bit(b,a) = c] O [(Odd(b) V Bit(Sb,a) = 0) A ¢ = 2]

(P8) PSqSL(a,b,c)«= |a| +2=2-¢- SO
(Vy < la])((2b+2)|(y + 2) — Comma(y,a)) O
(Vy < la|)(=((2b + 2)|(y + 2)) = Digit(y,a) <2)

(F11) b=ProtoSize(a) =
2:-0<la|0(2-b=|a|VComma(2-b,a)) 0 (Vo < b)(-Comma(2 - x,a))

(F12) b=ProtoLen(a)«= c = [(|a| +2)/(2 - ProtoSize(a) +2)]
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(P9) ProtoSeq(a)«= PSqSL(a, ProtoSize(a), ProtoLen(a))
(F13)c=a-b <= a=b+c0(c=0Aa<b)

(F14) c=Proto 3 (b,a)<= (=ProtoSeq(a) Ac =0)0
[ProtoSeq(a) A |¢| < ProtoSize(a)A
(Vy < ProtoSize(a))(Bit(y, c) = Digit(2-(y+(ProtoSize(a)+1)-(b4)), a))]

(F15) c=ProtoStar(a,b)«= (=ProtoSeq(a) A c = 0) O
[ProtoSeq(a) A ProtoSeq(c) A ProtoSize(a) = ProtoSize(c)A
ProtoLen(c) = ProtoLen(a) + 1A
(Vx < ProtoLen(a))(Protof (x+1,a) = ProtoB (r+1,¢))A
ProtoB (ProtoLen(a) + 1,c¢) = LSP(b, ProtoSize(a))]

(F16) Let A(z,y, Z) be any formula. The function f(y, Z) is de fined by length bounded
counting from A iff f satisfies

fly, @) = (#2 < [y A(z,y,7)
where #2z < t)(---) means “the number of z < ¢ such that ---”.
(F17)
(i) A(T) =min{t(y) -y < |sl}
(i) f2(7) = maz{t(y) : y < |sl}
(ii)) f3(7) = (uy < |s])A(y)
where s and ¢ are terms. The free variables of s are the Z; The free variables of ¢ and
A may include y and 7.
By these functions and predicate,

(a) b=Substring(a,i,j)<= b = MSP(LSP(a,}),)

(b) Seq(W) <= (Vx < |w|)[Even(z) — (Comma(z,w) V Digit(z,w) < 1)]0
(Comma(0,w) V w = 0)

(c) a=Len(w)<= (—=Seq(w) A a = 0) O (Seq(w) A a = (#i < |w|)Commal(i,w))
(d) b=Decode(a)<«= (=ProtoSeq(a)Ab = 0) 0 (ProtoSeq(a) \b = ProtoS(1,a))
(e) b=Encode(a)«= PSqSL(b,|al,1) 0 a = ProtoB(1,b)

(f)a=Start B (i,w)<= (=Seq(w) Aa=0)0
(Seq(w)Na = (ux < |w|+1)[Len(Substring(w, 0, z)) = i A\ Even(z)])

23



(g) b=End B (i,w)<= (=Seq(w) Ab=0)0
(Seq(w) ANb = (pz < |w|)[SO < Len(Substring(w, Start3(i,w), z +2)) A Even(z)])

(h)a=B (i,w)<= (i=0Aa= Len(w))
(S0 < i A a = Decode(Substring(w, Start3(i,w), Endf(i, w))))

(i)c=alO O b= ¢ = b 2lal+Mod(a) 4 g
(j)c=al b<= a* (4 - Encode(b) + 1)
(k) c=Bound(a,b)«= (20 + 1)#(4- (2-a+1)?)y

Lemma 2.4.7 Let T be a sufficiently strong extension of ISL, and k(a,b) be an n+1-
place function symbol of T. Then there is an extension 7" of T by a X!"-definition of a
function m so that:
T' v k(a,b) < m(a,b
7'+ m(|ial, ' b) < ma, b).

(proof)In proof we abbreviate Trunc(a, i) as a;.
It is straightforward to prove in 7' by ¥¢* — PIND on a that:

Va(Ji < |a])(Vj < |al)[k(a;, b) < k(a;, b)),
Va(Ji < |a])[k(a;,b) = e A (Y < |al)k(a;,b) < d].

We prove that We can thus define the fl_l)nCtiOIl m:
(a b) =c < (Fi < la|)[k(a;,b) = c A (Vj < lal)k(a;, ) <.

Let A(a, b, ¢) be (Elz < lal)[k (az,ﬁ) =cA (Vj<lal)k (a],g) < ¢]. We need to prove
T + Vavb3c < tA(a, b, c)

T+ Yav¥bVe,Ves[A(a, by e1) A Ala, b, ) — ¢ = ¢

1) Tk Vavb3c < tA(a,b,c)
By the function k& which is X5"-defined in T
T+ 3e(c < t A k(ai,b) = c).
By Je(c < t Ak(ai,b) = ¢) and (Fi < |a|)[k(as, b) = e A (V) < |a|)k(a;,b) < ],
T+ 3e(c < tA(3i < al)[k(a;, b) = ¢ A (V] < |a))(k(aj,b) < ¢)]) .
Hence
T+ VYavb3e < tA(a, b, c).

2) T Va¥bVe,Veo[A(a, b, c1) A Ala, b, cy) = ¢1 = ).
Let T F A(a, b, c1) A A(a, b, cy).
By A(a, b, 1),
T+ Ju(u < |a| A k(au, b) = ¢1 A (Sla] < vV k(ay,b) < ¢1)).
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We number subformulas of the upper formula as follow :
u < |alis (1), k(ay,b) = c1 is (2) and (S|a] < vV k(ay,b) < c1) is (3).
By Ala, b, cs).
T+ Ju(v < |a| Ak(ay,b) = ca A (Sla| < uV k(ag,b) < ).
And same as
v < |al is (4), k(ay, b) = ¢5 is (5) and S|a| < uV k(ay,b) < ¢ is (6).
By (3),(4),(5),
TH Co S Ct.
By (1),(2),(6),
TFc <co.
By (B.5),
TH C1 = Co.
Therefore
T+ A(a, b)) A Ala, b, c3) = 1 = ¢
1

Theorem 2.4.8 Let T be a sufficiently strong extension of IS, and g, h, k be n-place,
n+2-place and n+1-place function symbols of T". Then there is an extension 7™ of T" by
»%*_definitions so that

=, -,

T+ f(0,0) = g(b)

-

T*Fa=0V f(a,b) = Lmin[h(a,b, f(|La],b)), k(a, b)].

(proof) First, we extend T by adding a X¢"-definition of a function m(a, E) for which the
theorems . . .
k(a,b) 4+ g(b) +1 < m(a,b)

=, -,

m(|3al,b) < m(a,b)

2
are provable. Lemma 2.4.7 guarantees the existence of such a definition. We abbreviate

Trunc(a,i) as a;. Now let B(w,a) be the following formula:

{Seq(w) A Len(w) = |a] + 1 A 5(0,w) = g(b)
A
(Vi < |a|)[B(i + 1,w) = Lmin(h(ais1, b, B(i, w)), k(ais1, b))]}-

The defining axiom for f is:
fla,b) = ¢ < (3w < Bound(m(a,b),a))[B(w,a) A B(|a],w) = d].
To justify this definition, we need to prove the existence and uniqueness conditions.
EXISTENCE
Let D'(a, b, c) be (Fw < Bound(m(a,b),a))[B(w,a) A 3(|a|, w) = ¢]. We need to prove
that
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T + VYavb3c < tD'(a, b, c).
By definition of Bound,
w < Bound(m(a,b),a) = Seq(w) A Len(w) < |a| + 1 A (Vi < Len(w))(6(i,w) <

-,

,b))-

D(a,b) be Jw(B(w,a) A (Vi < Len(w))(8(i,w) < m(a,b))). Then we prove
T +VYa¥bD(a,b) — YaVb3c < tD'(a,b,c)

as follows

m(a
Let

YavbD(a, b)

D(a,b) VavbD(a, b)
(Vi < Len(w))(8(i,w) < m(a,b)) D(a, b)
B(lal, w) < m(a, §) Jwlw < Bound(m(a, b),a) A B(w,a) A B(|al, w) = B(jal, w)]
B(lal, w) < m(a,b) A Jwlw < Bound(m(a,b), a) A B(w, a) A B(|al, w) = 5(la], w)]
(e < m(a, b) A Jw[w < Bound(m(a,b),a) A B

=,

(3¢ < m(a,b))(Fw < Bound(m(a,b), a))[B(w,
Va¥b3e < tD'(a, b, ).

Therefore we prove D(a,b) by " — PIND on a.

Basis Step: a=0. We wish to prove B(w, 0) A (Vi < Len(w))(8(i, w) < m(0,b)). By
def. 2.4.4(A), T + Seq(0) A Len(0) = 0. Let w be 0 x g(b). By def. 2.4.4(C), Len(w) = 1.
def. 2.4.4(F), 8(0,w) = B(Len(0),w) = g(b). By 3(0,w) < m(0,b),
(Vi < Len(w))(B(i,w) < m(0,b)). Therefore T + D(0,b).

Induction Step: Assume a < 0. We prove D(L%a],g) — D(a,b).

-

D(L%aj,l;) = Jw;[Seq(wy) A Len(wy) = |L%aJ| + 1A B(0,w) = g(b)A

(w,a) A B(la], w) = c])
a) A B(la], w) = ]

0 J 0 _
(¥ < 113 DIBG + 1,w1) = Lmin(b(|3a)ss, B, 80, 1)), k(| baliar, B)IA
¢
(Vi < Len(w))(B(i, wi) < m(|3a],5))].
(05
D(a,b) = Jw,[Seq(ws) A Len(wsy) = |a| + 1 A B(0,ws) = g(b)A
r 3 5 q
(Vi < |a|)[B(i+1,wy) = Lq?)nin(h(aiﬂ, b, B(i,ws)), k(a;y1,b))]A
(Vi < Len(wg))(f(i, wy) < m(a,b))].

Define u as Lmin{h(a, E,B(L%aj,wl)), k(a,b)} and let wy be wy * u. We prove that this
wo satisfies I'y A, ©, ® and ¥ from ~, 9,0, ¢ and .

(I') By def. 2.4.4(B) and (7).

(A) By def. 2.4.4(C) and (9), Len(ws) = Len(w,) +1 = (|[3a]] + 1) +1= la] + 1.
(©) By def. 2.4.4 (C) and (#),3(0,wy) = (0, w; * u) = F(0,w;) = g(b).
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(®) The case i < ||3a]l.
From def. 2.4.4(E), def. 2.4.5(4) and (¢).
The case i = || sa]

l\DI»—A

|
|[5all+ 1, ws)

(
(Len(ws), ws)
(L

en(w ), wy * u)

I
@QQ

= me{h(a b, B(15a), wn)), k(a,0)}
= Lmin{h(a, b, B(L%a],wl)) (a‘a| b)}
= Lmln{h’(al-i—lv (va2))v (G’H-la ))}
(®) The case i < Len(w). B B
From def. 2.4.4(E), m(|3a],b) < m(a,b) and ().
The case i = Len(w,)
B(i, ws) = B(Len(wy, wy * u))

= Lmin{h(a,b, (| 30),w1)), k(a,b)}
< k(a,b)
< mf(a, b)

UNIQUENESS

Let D'(a, b, 1) be (3w, < Bound(m(a,b), a))[B(wy, a)AB(|al,w:) = ¢,] and D'(a, b, c5)

be (Jwy < Bound(m (a b),a))[B (w2, a) A B(|a|, ws) = ¢;]. We need to prove

T+ D'(a,b,c1) A D'(a,b,¢) = ¢ = co.
For this, we prove

T+ D'(a,b,c1) A D'(a,b, cy) — wy = w.
Assume that T + D'(a, b, ¢1) A D'(a,b,¢5). Then T + (Seq(w;) A Seq(ws)) A Len(w,) =
Len(w,). If we prove (Vi < Len(w))(5(i, wy) = (i, ws)) then wy = wy by def. 2.4.4(G).
Let C(d) be the formula:

(Vi < |wi])[(i < Len(wy) A B(wy,a) A B(wa,a) Ni < d) — (i, wr) = B(i, ws)].
We prove C(d) by 4" — LIND on the variable d.

base step

For d =0, B(i,wy) = B(i,wy) = g(b).

induction step

Assume C(r). We prove C(r) — C(r + 1)
C(r) =Vi(S|wy| <iV[i < Len(wy) A B(wy,a) A B(wy,a) Ni < r — B(i,wy) = B(i, ws)]),
C(r+1) =Vi(S|lwi| <iV[i < Len(wy) A B(wy,a) A Blwe,a) Ni < r+1— B(i,w) =
B(i, wa)]).

The case » < 7. Obvious.
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The case ¢ < r. By induction hypothesis.
The case t = r + 1.
Bli,wy) = B(r+1,w) ) )
= Lmin{h(a,;1,b, B(a,w1)), k(ar+1,0)}
= B(Len(wy),w; * u)
Br+1,ws)
5(1} w2)

I

Hence C'(r) = C(r +1
Therefore - VrC(|r]). Hence = C(Jwy]|). Therefore & (Vi < Len(w:))(B(i, w1) = B(i, ws))
Hence w; = wy. Therefore ¢; = ¢5. By EXISTENCE and UNIQUENESS, the function f
can Y0 -define.

Finally, we prove that this function satisfies two conditions.
The equation

£(0,0) = g(b)

follows immediately from the definition of B(w,0). Next, we have:

-,

(Fw1)[B(wy, [3a]) A B(|L5a]l,wi) = f(L5a],b)]
(3ws)[B(ws, a) A B(Jal,we) = f(a,b)].

Let uw = Lmin{h(a, b, B(l3a), w)), k(a, b)} and ws = w; *u. Then it is easy to prove that
a =0V B(ws,a) so that w3 = wy. Thus:

Eitherg =0 or
f(a7 b) = ﬂ(|a|7w2)
= Blalws) )
= Lmin{h(a.5, 5(] al|.w)). k(a. F))
= Lmin{h(a,b, f(a,b)),k(a,b)} y

Definition 2.4.9 The class of polynomial time computable functions (class P) is defined
by Cobham as follows.
[0 Four initial functions are included in the class P.
00 The class P is closed under composition ( ordinary composition ).
0 The class P is closed under composition under a special recursion
(“Bounded Recursion on Notation”).

(1) Initial functions

0 (Constant)
oy = 21#1W (Smash function)

(a
(b
(c
(d

sopr =2-x, s;x =2-x+ 1 (Successor)

)
)
)
)

I"(wy, -+, wy,) = w; (Projection)
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(2) Composition
Let h,g be in P and f be defined as f(z) = h(g(z)). Then f is included in P.

(3) Bounded Recursion on Notation (BRN)
Let g, h and k be n-place, n+2-place and n+1-place function symbols, then the
function symbol f (defined as follows) is included in P.

=, -,

F0.5)=9(5) )
F(a,b) = h(a, b, f(|5a]. )
Fla,b) < k(ab

Corollary 2.4.10 If f(¥) is a polynomial-time computable function then f is
Y4 _definable in IS}

(proof)

For initial function,

(a) and (b) are obvious.

(c)spr=y<ry=2-zand ssr=y < y=2-x+ 1.

(d) 17(Z) =y «» B(i,7) = y.
For composition, let defining formulas and bounding terms of g and h be A(x,y),
B(u,v),s and t. Then g(z) = y + A(x,y),Vzdy < sA(z,y),h(u) = v < Yudv <

tB(u,v). Then defining formula of h(g(z)) is A(x,y) A B(y,v) Ay < s and bounding term
of h(g(x)) is t[y/u].

For B.R.N., theorem 2.4.8.
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Chapter 3

The System PV

In 1975 Cook [3] introduced an equation system PV (“polynomially verifiable”) of number
theory. The motivation for this work comes from two general sources.

The first motivation the basic open open question in complexity theory of whether
P = NP. His approach is to try to show they are not equal, by trying to show that the
set of tautologies is not in NP (of course its complement is in NP). This is equivalent
to showing that no proof system for the tautologies is “super” i the sense that there is
a short proof for every tautology. Extended resolution is an example of a powerful proof
system for tautologies that can simulate most standard proof system.

The second motivation comes from constructive mathematics. A constructive proof of
A for each value of x, but nothing is said about how long this proof is as a function of z.
If the function is exponential or super exponential, then for short values of x the length
of the proof of the instance of A may exceed the number of electrons in the universe.
Thus one can question the sense in which our original “constructive® provides a method
of verifying Vz A for such values of x.

Cook patterned after Skolem’s equational theory of primitive recursive arithmetic.
Whereas Skolem’s system has a function symbol for each primitive recursive function, PV
has one for each polynomial time computable function. The system PV was supposed to
capture an intuitive notion of “feasibly constructive proof”, a form of highly constructive
proof is to polynomial time algorithm.

The System PV is a logic-free equational calculus. The idea is that a proof in PV of
an equation ¢t = u provides a template for verifying each instance of the equation in time
polynomial in the length of the instance.

3.1 Definition of system PV

Definition 3.1.1 The function symbols and terms of PV are defined as follows:
(1) There are infinitely many numerical variables, and each such variable is a term.

(2) The constant 0 is a term.
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(3) If f is an n-place function symbol and t; - - - ¢, are terms, then (---(ft;)---t,) is
a term.

S0, $1, Parity, | 1] are 1-place function symbols.
—,E , § are 2-place function symbols.
Cond is a 3-place function symbol.

If t is a term and z; - --z,(n > 0) is a list of variables including all variables in ¢,
then [Azy - - - x,.t] is an n-place function symbol.

(8) If g, h and k are n-place, n+2-place and n+1-place function symbols respectively,
then R[g, h, k] is an n+1-place function symbol.

The term notation (---(ft;)---t,) in (3) is designed to fit the system PV* of Chapter
6. We shall depart from the formal definition above by employing the informal conventions

of writing ft;---t, or f(t;---t,) instead of (---(ft1)---t,), by employing infix notation

[z~y for ((=)y)] and writing |1z] for (|5]x).

The axioms of PV give either explicit or recursive defining equations for each function
symbol of PV except sy and s;, which are considered primitive.

Definition 3.1.2 The axioms of PV are defined as follows:
(0) 50(0)=0
(1a) Parity(sox) =0
(1b) Parity(s;z) =1
(2a) |ispz] =
(2b) [5s12] ==
(3a) Cond(0,y,2) =y
(3b) Cond(soz,y,z) = Cond(x,y, 2)
(3¢c) Cond(s1x,y,2) =z
(4a) z& sy = Cond(y, z, so(z & y))
(4b) x5 s1y = so(z & y)

(5a) x~soy = Cond(y, z, | 3(z~y)])
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(5b) z=s1y = [5(z~y)]
(6a) zisgy = Cond(y, 1, (zfy) & x)

(6b) zis1y = (aty) & =
(7)) [Mxy-- -z t](xg, - 2,) =t

(8) Rg,h,k](x,y) = Cond(x, g(¥), Cond(t=k(z,¥),t, k(x,7))), where
t = h(z, 7, Rlg, h, K)(| 52 ], 7))

From these axioms, the intended interpretation of the function symbols

S0, s1, Parity, L%xJ,EIP , =, 1, Cond, Rlg, h, k| is as follows:
Let © = (v, - - - ag)a. Then

sor = (ay - - p0)y = 2z,

s$12 = (ap - apl)e = 22 + 1,

Parity(x) = ay,

L%GJ = (ap -+ an)s,

=y = (- gy,

wty = 21= I,

Cond(z,y,z) = (if z = 0 then y else 2).

R|g, h, k] is Bounded Recursion on Notation.

Definition 3.1.3 The axioms of PV are defined as follows:
Ri.t=ulku=v
R2. t=u,u=vkEt=v
R3. tl :ul,---,tn:unl—ftl---tn :fulun
Rj.t =uttv/z] = u[v/z],  a variable, v any term
R5. t1[0/z] = 3]0/ x]
ti[sox/x] = wo[t1/a] ta]sox/x] = vo[ta/a]
t[s1x/x]) = vi[ti/a] ta]six/x] = vi[ta/a]

tl - t2
for any termstq, to, v9, v1 and any variable a.

The R5 is a form of induction on binary notation. The rule may be understood as
follows: if the term ¢, and t, satisfy the premisses of R5 for all z, then the functions
defines by the two terms satisfy the same recursion equations, and hence are the same
function.
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3.2 Development of PV

In the formal development of PV, the abbreviations “T”, “DR”, “D” are used for theo-
rems, derived rules and definitions. Most of the theorems proved below are derived using
induction on notation (R5). In such a case, the proof usually breaks down into three
steps, corresponding to the base of the induction, and the two induction step for the
successor functions sg and s;. In proving Theorem m we shall denote these three steps by
(m.0), (m.0), (m.1) respectively; the two equations constituting step (m.0), for example,
will be denoted by (m.0a) and (m.0b). In a case where the two steps (m.0) and (m.1)
can be treated simultaneously, this will be written as (m.i). In a statement of a derived
rules, the notation “t; = uy,---,t, = u, = v = w” should be read as an abbreviation for
“Urt,=uy,---,Ft, =u, then Fv =w".

The formal development of PV is very similar to that of primitive recursive arith-
metic, but is complicated by the fact that function symbols introduced by definition
contain a built-in bounding term. To make use of such a symbol in the later devel-
opment, it is usually necessary to show that the bound can be eliminated, so that the
recursion equations hold unconditionally. If f(x,%) is a function symbol introduced by
definition as R[g, h, k](x, %), the temporary abbreviation “(¢(f)” will be used for the term
“h(z,7, Rlg, h, k](|32],7))” defined in Axiom 8.

We omit proof of theorems and derived rules. But we prove T4 as an example of proof.

(proof)
Let t; = Cond(z,Cond(x, c,d), Cond(x, e, f)), to = Cond(x,c, f). Then we define v

d d
and vy as vy = a and vy = f.

(4.0 :) t1[0/z] = Cond(0, Cond(0, ¢, d), Cond(0, ¢, f)) = Cond(0, ¢, d) = t2[0/x].
(4.0a :) t1[sox/x] = Cond(sox, Cond(spx, ¢,d), Cond(soz, e, f))
= Cond(z,Cond(z,c,d), Cond(z,e, f)) =t
Uo[tl/a] = a[tl/a] = tl
Therefore t1[sox/z] = volt1/al
(4.0b :) to[sox/x] = Cond(soz,c, f) = Cond(x,c, f) = to
Uo[tQ/a] = a[tg/a] = t2
Therefore to[sox/z] = vylta/al
(4.1a:) ty[s12/x] = Cond(s 1z, Cond(s1z, ¢,d), Cond(s 1z, e, f)) = Cond(s1z,e, f) = f
vilti/a] = fltr/a] = f
Therefore t1[syz/z] = v1[t1/al
(4.0b :) to[s1z/x] = Cond(syz,c, f) = f
vilti/a] = flti/a] = f
Therefore to[sz/z] = v1[ta/al y

T1: Cond(z,y,y) =y.

T2: Cond(z, fy1---Yn, f21---2n) = fCond(x,y1,21)---Cond(x,y,, z,), f any n-place
function symbol of PV'.
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T3: Cond(x, fby, fb2) = fbCond(x,y1,21) - Cond(x, yn, z,), f any (n+1)-place func-
tion symbol, a any variable distinct from .

T4: Cond(z,Cond(z,c,d), Cond(z,e, f)) = Cond(z, ¢, f).

T5: Cond(z,0,z) = .

T6: Cond(r,ul0/x],u) = u, where u is any term of PV.

T7: Cond(z,u,y) = Cond(x,u[0/z],y).

T8: Cond(z,y,u) = Cond(z,y,u[Cond(z, z,a)/a)), for u any term of PV.
D9: “v# 0D t=u* abbreviates “ Cond(v,u,t) = u”, for any terms v, ¢, u.
DR10: t=uFv#0Dt=u.

T11: z # 0D Cond(z,t,u) = u.

DR12: v#0D>t=ukFv#0Du=t.

DR13: w#0D>t=u,w#0Du=vFw#0Dt=w.

DR14: v#0D>t;=u,i=1--nbFv#0D fty---t, = fur--upy.

DR15(Conditional proof principle):
t[0/x] = ul0/x],v #0 D t' =u' F ' =/, where ¢ = t[v/z] and v’ = uv/x].

DR16: t[0/z] =u[0/z],x #0Dt=ut1t=u.

DR17(Conditional Induction):
t1[0/x] = t2]0/x]
x # 0 D ty[sox/x] = wolt1/a] x # 0 D tofsox/x] = wylte/al
t1]s12/x] = w[t1/al to]s1z/x] = w[ta/al
tl - tQ.

T18: 0—-x =0.

T19: |2(s;z=y)| =x=y,i=0,1.

N[
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T20: For:=0,1,
y# 0D siw=s0y = T~y
Sir—=81Y = r—=Yy.
T21: |j(v~y)] = [32]~v.
T22: z-x=0.
D24(The successor function):
Sz = Cond(z,1,Cond(t(S)=s1x,t(S), s1x)),
where ¢(S) = Cond(Parity(z), s1|5z], 505 51]).
T25: Sx—sx=0.
T26: Sz = Cond(Parity(z), s3], 505 52]).
T27: 2-1=|ixz].
The abbreviation “z0” for “soz” and “x1”for“s;x” are employed below.
DR28: t[z0/z] = ulz0/z], t{xr]l/z] = u[zl/x] - t = u.
T29: z = Cond(Parity(z), |$z]0, |sz]1).
T30: Parity(Parity(x)) = Parity(z).

D31: sg(x) =

Cond(x,0,1).
D32: 5g(x) = Cond(z,1,0).

We shall write “~ z” for "sg(z)” .
D33: (x&y) £ Cond(z, sg(y),1).
D34: (zVy) < Cond(z,0,sg(y)).
D35: (z Dy) 2 Cond(z, sg(y),0).

D36: (z <) < Cond(z,sg(y),59(y))-

Note that we are employing the convention: 0 = true, 1 = false.

35



We define the class of Propositional terms as follows:
(a) 0,1,z,y, 2, - - are propositional term;

(b) if P, @ are propositional term, so are sg(P),~ P, (P&Q),
(PAQ),(PDQ)and (P& Q).

T37: Cond(sg(x),y,z) = Cond(x,y, z).

T38: Cond(~ x,y,z) = Cond(z, z,y).

T39: sg(sg(x)) = sg().

T40: sg(Parity(r)) = Parity(x).

T41: If P is a propositional term which is not a variable then P[sg(x)/z] = P .
T42: Cond(z,y,t[sg(x)/z]) = Cond(z,y,t[1/z]).

T43: If P and () are equivalent propositional terms and neither is a variable, then

P=Q.

T44: If P is a propositional term which is not a variable then sg(P) = P.
T45: If P is a propositional term which is not a variable then P—1 = 0.
DR46: Let P and @ be arbitrary terms. (P D> Q) =0,P=0F Q = 0.
D47: “t # 0”7 abbreviates “sg(t) = 0”.

D48: “P Dt = u” abbreviates “Cond(P,t,u) = u”.

DR49: PDOt=u,P=0F1t=u.

DR50: POt=u,QDOt=ukFPVQDt=u.

DR51: sg(t) =0kt =0.

DR52: For any function symbol f,
f0,9) =0,[f(z,9) > f(zi, )] =0,i=0,1F f(z,5) = 0.

D53:  For m fixed, I(m) is the term s;---5,0 with value 2™ — 1. I(m) serves as a
standard numeral of (binary) length m.
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D54:  Equl(x,m) < [(z=1(m))&(I(m)—=x)]. Equl(x,m) = 0 if and only if |z| (the
length of x in binary notation) is m.
T55: I(m)=x # 0D xi=I(m) = 0.

If © =20 then 0

else if t(Ly)~=I(m —1)=0 then t(L,,)
else I(m —1),

t(Lm) = Cond(I(m — 1)~ Lu([5(2)]),0, Ln(|5(x) 1)

D56: L, (z) =

T57: #(Ly)~I(m —1) = 0.

T58: z 405 (Equl(z, k) > Equl(zi k+1)) = 0.

T59: [Equl(Ly(x),0)V -V Equl(Ly(x),m — 1)] = 0.
T60: [Equl(Ly(x),m) D~ Equl(Ly(x),n)] = 0,m # n.

DR61(Bounded multi-digit recursion): For m > 0 and g, h, k n-place,
n+2-place, n+1-place functions, there is an n+1-place function R,,[g, h, k] so that:
If x=0 then ¢(9)
Ry[g, h, k|(z,9) = § else if t(Ry,)=k(z,§) =0 then t(R,,)
else k(x,7),
where t(R,,) = h(x, ¥, Rnlg, h, k|(x=1(m), 7)).

DR62: Let R,[g, h, k| be defined as in DR61. If
Wz, 7], Bm[g, h, k|(z=1(m), §)=k(z, 7)) = 0 and h(0,7, g(7)) = g(7) then
Rinlg, b, K](2,3) = Rinlg, h, kl(z~1(m), §).

D63: Bit,,(z) = Parity(x—=I(m)). Bity,(x) is the coefficient of 2™ in 2’s binary repre-
sentation.

D64: Tail(z,s) = sg®(Bity(x))&sg™ (Bit,(z))& - - - &sg® = (Bit,, 1(x)), for fixed s =

dm—1dy—o - -dy € {1,0}™, where sg° < sg and sg! < 5g. Tail(x,s) = 0 iff the last m bits
of 2’s binary notation (padded with leading 0’s if necessary) comprise s.

T65: Let sq,---,s9m be the number of {0,1}™. Then
[Tail(z,s1)V Tail(z, s3) V - - - Tail(z, sgm)] = 0.

T66: Tail(x,s) D (x=I(m))s = x, for each s € {0,1}™
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DR67(Proof by m-digit induction): For m > 0,if

t[0/x] = u]0/x]
" [rs/a] = w,lt/al

tlxs/x| = vs|t/a m

ulws 2] = vafu/a] }all s € {0,1}
then

t=u.
D68: z®y < Cond(y, so(x), s1(x)).
D69(Concatenation):

If y=0 then x
xxy =1 else if t(x)=(x1F y) =0 then t(x)
else (x1& y),
where t(x) = (z * [3y]) ® Parity(y).
T70: y#0Dzxy=(zx|3y]) ® Parity(y).
D71: 2PHW =153 25 y.
T72: zF yld z =& yo 21.
T73: zF y&F 2=z 2 y.
T74: 2=+l — olyl+lal
T75: z#0DxE y #0.
T76: 217+l £,
T77: (z2®y)~1=ux.
T78: Biti(x Q yr Q yp—1 Q@ -+ @ yo) = Parity(y,),l < k.
T79: Bit,((r=1) ®1i) = Bit,,(z),m > 0,1 =0, 1.
D80: For k£ > 0, we use DR61 to define
. If 2 =0 then 0
Puffe(z) = else if t(Puffy)=2#FW =0 then t(Puffi)
else 2=+l

T81: Puffr(x) = Puf fr(x=1(k)) ® Bity_1(x) ® - -+ ® Bity(x) ® 0.
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D82: For k > 1,

If =0 then 0

else if t(Shifty)—=(x*I(k)) =0 then t(Shifty)

else x x I(k),

where t(Shifty) = | $Shifty(z—1(k))] ® Bity(x) ® Bity_1(2) ®- - - @ Bit; (z) 0.

4

Shifty(z)

T83: Shifty(r)=xs =0.
T84: Shifty(x) = |3Shifty(z=I1(k))] ® Bity(z) ® Bity_1(z) ® -+ ® Bit;(z) ® 0.
D85: For k >0, 28l =13 2& ---& x(pad on k 2's).
T88: y#0D ((z=1)®i~y) =z-y,i=0,1.
D90: For k > 1,
If y=0 then Puffr_1(x)
4 ) else if t(Interleavey)~Puf fr—i(z) =25 =0
- then t(Interleavey)

else Puffr_i(x) * 2FW,
where t(Interleavey,) = [Shifty(Interleavey(x, 3y]))=1] ® Parity(y).

Interleave(z,y)

T91: y # 0 D t(Interleavey)~Puf fr_i(x) * 2FW = 0.
T92: For k >0, Shifty1(Puffr(x)) = Puf fe(x).
T93: For k > 1, Interleavey(x,y) = [Shifty(Interleave(z, L%yJ))—l] ® Parity(y).

T94: Fori,je {1,0},k>1,
[Interleavey(x,yi)=1] = Interleaveg(x,y7j).

T95: Bltl(Shthk(l‘)) = Bitl(l‘), 0<Il<k.
T96: Bito(Interleavey(z,y)) = Bity(y).
T97: Shifty(Interleavey(zs,y)) = Interleavey(x,y)s0,s € {0, 1}*1 k > 1.

T98: Interleavey(xiy - - ix_1,yix) = Interleavey(x,y)iy - - - ig_1.
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d
D99: <z >=u.
d
< xy, -, xp >= Interleaveg (< my, -+, ey >, xp), k > 1.

T100: <0,---,0 >=0.
T101: <x1i1,---,xkik >=< L1, , Tk > 41 .

T102: For k > 1:
If © =0 then 0

else if t(II?)=x =0 then t(II7)

else x,

where ¢t(IT7") = I (x=1(m)) ® Bit,, 1(z) ® - - - ® Bity(x).
If x=0 then 0

else if t(I})=x =0 then t(II})

else x,

where t(I1}}) = I (z~1(m)) ® Bity(x).

17 (x) <

2 (z) =

T103: T} (z) = P (v~1(m)) ® Bit,, 1(v) @ - - - @ Bit, ().
T104: 117 (z) = I7(z—I(m)) ® Bity(z).
T105: 17 ((z~1) ® i) = [I7(z).

T106: T2 ((z—1) ® i) = (2 (2)~1) ® .
T107: 17 (Shift,(z)) = I7(z).

T108: 17 (Shiftn(x)) = II7(z) ® 0.
T109: [P (v—1I(m)) = P (x)—I(m — 1).
T110: 117 (x~1(m)) = [ (z)~1.

T111: [P (Puffri(z)) = 2.

T112: 12 (Puff, 1(z)) = 0.

T113: IIP[Interleavey (z,y)] = z.

T114: [IF[Interleave,,(z,y)] = y.
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D115: I1l(z) =z,
7 (x) = I (I (x)) for 0 < k < m,
I (x) = g ().

T116: I (< @1, -, &y >) = xg, 1 < klem.

T117: For s € {0,1}" and 1 < k < n,
M7 (zs) = I} (x) sg.

DR118(Multi-variable induction: From

010/ =l 0]
u[g‘,‘lgl/xl . -'L'T;Snn/l'r;] — ;s[u/a] }VS € {O, 1}”7 S=81-"-8,

infer ¢ = u.
T119: <zy,---, 2, > =1(n) =< [321] - [52.] >.
DR120(Bounded multi-variable recursion):

If <wy,- -, 2, >=0 then g()
else if t=k(Z,y) =0 then t
else k(Z,7),
where ¢ = h(Z, 7, R™[g, h, k|([321] - - |520]. 7).
D121 (Equality):
If <x,y>=0 then 0
else if t(Equ)=1=0 then t(Equ)
else 1,
where t(Equ) = [Equ(| 52|, [ 3y])&(Parity(z) < Parity(y))].

d
Equ(z,y) =

T122: FEqu(z,z) =0.

T123: Equ(z,y) = Equ(y, x).

T124: [(Equ(x,y)&Equ(y,z)) D Equ(z,z)] = 0.
T125: Equ(z,y) Dx =vy.

DR126: FEqu(t,u) =0Ft=u.

DR127: ¢t =ut Equ(t,u) =0.
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T128: [Equ(r,y) D Equ(f(z,Z), f(y,2))] = 0.

DR129: From P[0/z;---0/x,] =0 and [P D Plzy1s1/x1 -+ xpSn/z,]] = 0,
Vs € {0,1})"P =0

D130: 2z Cy = Equ(x—y,0). This is the characteristic function of the relation |z| < |y|.
T131: [((z C y)&(y C 2)) D (vsqsubseteqz)| = 0.
T132: z#y D (S(z=1)~x) =0.

D133:
If © =20 then 0

else if S(H%x“)—x =0 then S(H%x“)
else x.

T134: z#0D S(|[3z]])=z = 0.

IIES

]

T135: |z| = Cond(z,0,S(|[3z]])).

D136:
Less(x,y) = { else Cond(t(Less)~1,t(Less), 1)

where t(Less) = [Equ(|3z], |sy])& ~ (Parity(z) D Parity(y)) V Less(|3z], |

N
<
[
N
Pt

£ [Less(z,y) V Equ(zx,y)].

D137: Lesseq(z,y)
T138: [Less(z,y)&Less(y,z) D Less(x,z)] = 0.

T139: [Lessequ(z,y)&Lessequ(y,z) D Lessequ(z,z)] = 0.
T140: Less(z,x) = 1.

T141: [Lessequ(x,y)&Lessequ(y,z) D Equ(z,y)] = 0.
T142: [Lessequ(x,y) V Lessequ(y,x)] = 0.

T143: x # 0D Less(0,z) = 0.

T144: Lessequ(0,x) = 0.

T145: Lessequ(Sz,y) = Less(z,y).

T146: Less(x,Sy) = Lessequ(z,y).
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T147: [Lessequ(z,y) D Equ(z,y)V Lessequ(Sz,y)] = 0.
T148: FEqu(z,Sz) = 1.

T149: Less(Sx,Sy) = Less(z,vy).

T150: Lessequ(z,0) = Equ(z,0).

T151: [Lessequ(z,y) D Lessequ(|z|,|y|)] = 0.

T152: y #0D (205 y) = 2 & y0.

D153 (Addition):
J If =y =0 then 0
r+y=< elseif t(+)=(1F 2 y) =0 then t(+)
else 13 x & y,
If Parity(z) =0 then (|iz] + [1y]) ® Parity(y)
else if Parity(y) =0 then (32| + [3y])1
else S(|3z] + |5y])0.

T154: ¢(+)~(1& & y) = 0.

t(+) L

T155: z+0=x.

T156: Sz =z+1.

T157: z+y=y+x.

T158: =+ Sy = S(z+vy).

T159: (z+vy)+z=2+(y+2).

T160: [Equ(x +z,y+ 2) & Equ(z,y)] = 0.
T161: Less(z+y,y+ z) = Less(z,y).

T162: Lessequ(x + z,y + z) = Lessequ(y,z)] = 0.
T163: y#0Dz—(yE 2) = (z—y)—=2.

T164: (zCz)=0.
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T165: z # 0D Equ(x,0) = 1.
T166: sg(x) = Equ(x,0).
T167: xCyDax—2Cy—z]=0.
T168: [z Cy D si(x) C s(y)] =0.
T169: [Equ(z0,0) D Equ(z,0)] = 0.
T170: [Equ(z& y,0) D Equ(z,0)] = 0.
T171: Equ(z#y,0)=1.
T172: 2= yl =20 y.
T173: sg(Sz)=1.
T174: sg(|z]) = sg(z).
T175: (x C y) = Lessequ(|x|, |y]).
T176: y#0Dz—(ylE 2) =x—(y& 2)L.
T177: y#0D (z+y)=(xE y) =0.
T178: Equ(Sz,0)=1.
T179: [Equ(z +y,0) D Equ(z,0)] = 0.
T180: z # 0D |z y| = |z| + |y|.
D181 (Multiplication):
d [ If y=0 then 0
s { else Cond(y(-)~(v1#ty), (), 148),

where ¢(-) = Cond(Parity(y), (z - [3y])0, (z - [3y])0 + z).
T182: [Equ(z-y,0) D (Equ(z,0)V Equ(y,0))] = 0.
T183: -y = Cond(Parity(y), (x- [3y])0, (z - [3y])0 + z).

T184: z-1=0.
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T185:

T186:

T187:

T188:

T189:

T190:

T191:

T192:

T193:

T194:

T195:

T196:

T197:

T198:

T199:

T200:

T201:

T202:

T203:

SoT =T +x =12
z-(y+1)=(x-y)+x
r-(y+2)=(r-y)+(x-2).
20 -y = (z - )0.

zl-y=(x-y)0+y.

0-z=0.

voy=y- .

[Lessequ(1,z) > Equ(|2- x|, S(|z]))] = 0.
S(2-2)| = S(Jal).

[z#y| = S(|=] - yl).

141 = 2.

04z = 1.

vi £ 0 D zidty = (ay) G v.

Ty = y#x.

(B y)-2=(z 2)Fy.

x# 0D (20 y)dtz = (v#2) - (y#2).

[Equ(|z|, ly|) > Equ(z#z, y#2)] = 0.

[Equ(|z], [u| + [v]) D Equ(z#y, (uity) - (vity))] = 0.

[Equ(z, |52] + [52]) V Equ(z, S([32] + [52]))] = 0.

45



If a=0 then sg(f(0,7))

else if t(f3)=1=0 then t(f7)
else 1,

where t(f7) = fE(L%aJ),g]) Vv f(lal, %)

. If a=0 then sg(f(0,7))
f(a,7) = < else if t(f")=1=0 then t(f")
else 1,

where t(fv) = fv(L%aJ)ay_’)&fUaLg)

DR205:
(1)£2(0,9) = sg(£(0,7)),
(2)f(a, ) = f(Lz0)),9) v f(lal, ),
(3)£7(0,9) = sg(£(0,7)),
() f"(a.5) = f'(15a]), &S (lal, )

T206: Let f be an n-place function symbol of PV. Then there are n+1-place function

symbol fM of PV for which the theorems are provable:
(1) Lessequ(f(xy, -, xn), Mz, -, 2,)) =0,
(2) [(Lesswqu(xy,y1)& - - - &Lessequ(xy, yy)) D
Lesseq(fM (1, mn), fM (Y1, -, yn))] = 0.
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Chapter 4

The System [PV

The system I PV arises by adding intuitionistic predicate logic of PV, together with a
form of induction on NP predicates. Because of availability of function symbols in PV,
the form of predicates used in the induction scheme is much more restricted than I.S].
This restriction will simplify the realizability interpretation in Chapter 8 and 9. Main
theorem of this chapter is that IPV is conservative extension of 15;.

4.1 Definition of [PV

Definition 4.1.1
(1) The predicate symbols of IPV are x =y and x < 3.
(2) The terms and function symbos of IPV are those of PV.

(3) Bounded quantifiers and the class of formulas I1%, %2 TI0+, ¥20+
are defined in Chapter 2.

(4)  Rules of inference of IPV are NJ and IR.
Definition 4.1.2 The nonlogical axioms of IPV are:

(1) All axioms of PV

2) x<vy<> Lessequ(z,y) =0

(2)
(3) x=solsz] Ve =sl52]
(4) Cond(z,a,b) =c<> (x=0ANa=c)V(~(z=0)Ab=¢)
(5) NP-Induction scheme
Any formula of the form:
[A(0) AVz(A([52]) = A(z))] = V2A(2)
where A is of the form (Jy < t)u = v, where ¢, u, v are terms of PV.

5

Of course, we can apply NP-Induction to the formula “u = v”.
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4.2 Conservative extension of 15,

Theorem 4.2.1 Any theorem of PV is a theorem of IPV.

(proof) A form of theorem of PV is “¢t = u”. We need to prove that axioms of PV are
provable in I PV and rules of inference of PV are derived rules in IPV.

(1) Axioms of PV
Assume t = u is an axiom of PV. Then ¢ = u is provable because axioms of PV
are contained I PV.

(2) R1
Let IPV -t = u. By (IR2), IPV Fu =t.

(3) R2
Let IPV Ft=wand u=wv. By (IR3), IPV -t =w.

(4) R3
Let IPV Ft; =uy,--,t, =u,. By (IR4), IPV & ft1 -ty = fuy- - uy.

(5) R4
Let IPV =t =wu. By (VI) and (VE), IPV F tjv/z] = u[v/z].

(6) R5

Let TPV t t1[0/x] = t2[0/z], t1[sox/x] = vo[t1/al], ta[sox/x] = volta/al,

ti[s12/x] = vi[t1/a] and t3[s1x/x] = volte/a]. Define A(x) as t1(x) = ta(x). Then

we prove I PV = A(z) by NP-Induction.

By t1[0/x] = t5[0/],
IPV F A(0).

By A(|La]).x = 5ol
IPV b =sy|iz] —

Similarly by t[s1z/z] =
IPV k2 =s|tz]| —

x|, t1[sox/x] = volt1/a] and ty[sox /x| = volta/al,
(A([32]) - A(@).
v1[t1/a] and ty[s1x/x] = volte/al,

o] - (A([2a)) — A(x).
By above and (z = so|3z] V o = s1[52])(Def. 4.1.2(3)),

IPV = A(|3z]) — A().
By NP-Induction,

IPV I A(x).
Therefore R5 is derived rule.

1

Theorem 4.2.2 The following are theorems of I PV:
(1)  Equ(z,y) =0+ (z =y).
(2) ~z=04 —(z=0)
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(3) z&y=0<«(x=0Ay=0)
(4) zVy=0+(x=0Vvy=0)
(5) zDy+ (r=0—-y=0)
6) zy=0< (z=0<y=0)
(1) f(a,9) =0« (3o <la|)f(z,9) =0
) fY(a,9) =0 (Vo <la])f(z,9) =0
(proof)
(1)  FEqu(z,y) is defined in D121.
By (T125),
IPV - Equ(z,y) =0 =z =y.
By (T122),

IPV Fx=y— Equ(z,y) =0.

(2) ~ x is defined in D32.
By definition,
IPVF~2=0— —(x=0).
By Def. 4.1.2(4),
IPVE =(z=0) 5>~z =0.

(3) &y is defined in D33.
Next two are obvious,
Fx=0As9(y)=0) = (x=0Ay=0)

and
F(~(x=0)A1=0)— (z=0Ay=0).
By (z&y=0)=(z=0Asg(y) =0)V (=(x =0)A1=0),
IPV - (2&y=0) = (t=0Ay=0

By definition,
IPVE (x=0Ay=0) — a&y =0.

(4) 2z Vyis defined in D34.
By (z1=0A0=0) = 2=0,(—(x=0)Asg(y) =0) -y =0 and
(xVy=0)=(x=0A0=0)V (=(x =0)Asg(y) =0),
IPVEzVy=0— (z=0Vy=0).
ByFz=0—=(zxvy=0),Fy=0— (zVy=0),
IPVE(x=0Vy=0)—zVy=0.

(5) x Dy is defined in D35.
By z =0Asg(y) =0,
Fxz=0Asg(y)=0) = (x=0—y=0).
Next is obvious,
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F(~(z=0)A0=0)— (z=0—y=0).
By (z2y=0)=(x=0Asg(y) =0)V (=(z=0)A0=0),
IPVEF(xzDy=0)— (z=0—y=0).
By —(z = 0),

Fa(z=0)—=[(zr=0—y=0)— (x Dy=0)].
By Def. 4.1.2(4),
Fe=0—=[(z=0—-y=0)— (zrDy=0)].
By z =0V —(x =0),
IPVEF(x=0—-y=0)— (x Dy=0).

(6) x <y is defined in D36.
Next is obvious,
Fx=0As9(y)=0) = (x=0<+y=0).
Next two are obvious,
F(=(z=0)A5g(y) =0) = (y=0—=2=0)
and
F(—(z=0)A5g(y) =0) = (z=0—y
Hence

I
=
‘v

Next two are obvious,
Fy=0—=[(z=0+y=0)— (z <y
and
Fay=0)=[(z=0cy=0)— (z&y)
By y=0V-(y=0)
IPVE(x=0+y=0) = (x & vy).

(7)  f3(a,7) is defined in D204.

i)(3x < Ja)f(x,5) = 0 F(a,7) = 0
Let B(a) be (z < |a| A f(z,%) = 0) = f3(a,y) = 0. By Def. 4.1.2(2)and this
theorem(3), (z < |a| A f(z,9) = 0) = [Lesseq(x, |a])& f(z,7)] = 0. Therefore we
can apply NP-Induction to B(a). Hence we prove B(a) by NP-Induction on the
variable a.
Basis step Assume z < [0| A f(z,%) = 0. Then 2 = 0 A f(z,7) = 0. Therefore
f(0,%) = 0. By D204, £3(0,%) = 0. Therefore
= B(0).

Induction step Assume b B(|3a]) and -z <|a| A f(z,7) = 0.
By o < Ja| = (z < ||3a]| v & = Jal),

=z <la[A fz,9) = 0] = [(z < [|3a][ V& = la) A f(z,5) = 0].
By (¢ < [[Ya]| A £(2,5) = 0) and B(|3a))

- P(Lal.g) 0.
Therefore f3(a,3) = [f*([zal,5) V f(lal, )] = [0V f(|al,7)] = 0.

1
2
a
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By = |a| A f(z, %) =0,
= flal,) =

Therefore f3(a, ) = [f (|30,
By hypothesis, - f(a, %) = 0.
Therefore

- B(|%a) — Bla).
By NP-Induction,

+ B(a).
Therefore

DV flal, )] = [ (L5al,9) v 0] =0.

IPV + 3z < |a|)f(z,7) =0 — fI(a,7) =0

ii)f¥(a,y) =0 — (Ix < |a))f(x,¥) =0
Let D(a) be (3z < |a])(f(z,7) = 0V f3(a, ) = 1). We prove D(a) by NP-Induction
on the variable a.
Basis step By f7(0,7) = Cond(f(0,%),0,1) and Def. 4.1.2(4),

= (f(0,5) = 0A f3(0,5) = 0) v (=(f(0,5) = 0) A f7(0,7) = 1)
By this and 0 < 0],

0 < 0] A Lf(0,7) =0V £(0,) = 1]
Hence

= 3w (z < JOIA [f(x,5) =0V £2(0,7) = 1)).
Therefore

= D(0).

Induction step Let - D(|a))(= Jz(x < |[5a]|A[f(z, ) = 0V fI([5a],7) = 1])).
By z < |L%CLJ|,f(x,gj) =0,

= (z < [[3al| A fa,5) = 0) =z < |d
= (z < |[[zall A fla,9) = 0) = (f(z,9) =0V f7(a,9) = 1).
Hence

F (@ < l5a)[A (@) =0) = (@ < |a| A[f (2, ) =0V f(a,5) = 1]).
By f3(l3al,%) =1 and f*(a,5) = Cond(f>(|5a],%),0, sg(f(lal, 1)),
L= [(f{lal, ) = 0AF3(a,5) = 0)V (=(F(al, §) = 0)Af(a,§) = D).

By (f(lal,5) = 0A f*(a,7) = 0),
= (f(lal,§) = 0A f(a,5) =0) = Ju(z < |a| A (f(|lal,7) =0V f3(a,) = 1)).
By (=(f(lal, %) = 0) A f3(a,7) = 1),

) A
= (=(f(lal,§) = 0) A f(a,§) =1) = Fu(z < |al A (f(|al, 5) =0V f3(a,) = 1)).
= (@ < |lzall A fA(lzal,9) = 1) = 3@ < |a| A (f(lal,§) =0V f3(a,§) =1)).

g
By (a),(8), and D(|3al),
= D(|3a])3z(z < la| A (f(lal,7) =0V f7(a, ) = 1)).
Therefore
= D(|3a]) = D(a)
By NP-Induction ,
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- D(a)
By z < |a| A f(lal, ) = 0,
= (o < lal A F(lah ) = 0) = [0, ) = 0 = 3u(z < Jal A f(lal, 7) = 0)].
By z < la| A f7(a,9) = 1,
(o < lal AP0, ) = 1) = [Pl ) =0 = (o < [a] A f(]al,7) = )],
By these and D(a),
IPV F f3(a,§) = 0 = (Bx < |a)) f(Jal,7) = 0.

(8)  fY(a,¥) is defined in D204.

Let E(a) be f¥(a,%) =0 <> (Vo < |a|) f(z,7) = 0. We prove E(a) by NP-Induction
on the variable a.
Basis step
By (£Y(0,7) = 0) > £(0,7) = 0 and (v < |a]) f(z,) = 0 & £(0,7) =0,

l_fv(oag):OHf(Oagj) 0
Therefore

= E(0)

Induction step Let IPV + E(|3a]).
Assume - f¥(a, ) = 0. By T205,

- £¥([al, )& (lal, ) = 0.
By this theorem (3),

= fY(Lzal,9) = 0A f(lal,7) = 0.
By E(|La])

- (e < |L2alDf () = 0 A F(lal, ) = 0.
In a word,

= (Vo < la]) f(, ) = 0.
Therefore

= f7(a,5) = 0= (Vo < |a]) f (2, §) = 0.
Assume (Vz < |a|)f(z,%) = 0. Then

- f(lal, ) = 0 A (Vz < || 2a))f (. ) = 0.
By E(|3a)),

= f(lal, ) = 0A f'(l3al,7) = 0.

By T205,

= f¥(a,7) = 0.
Therefore

= (Yo < a]) f(z,7) = 0 — f"(a,7) = 0.
Therefore

- E(L%a]) — E(a).
By NP-Induction,
IPV E f(a,§) =0 < (Vo < |a]) f(2,5) =0

Theorem 4.2.3 If A is a Sjformula of IPV then there is a term ¢4 of PV so that
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IPVEFAtY=0

(proof) We prove by induction on the logical structure of A
Let t; and ¢5 be terms.
1) If Aist; =to, then t; =ty <> Equ(ty,ts) = 0 by Th. 4.2.2(1).
2) If Aist; <ty then t; <ty <> Lessequ(ty,ty) = 0 by Def. 4.1.2(2).

For the remaining cases,assume that = B <+ t? = 0 and F C < t¢ = 0, where B and
C are ¥} formula and ¢ = 0 and ¢t = 0 are terms of PV,
3) If Ais BAC, then BAC < (t2 =0) A (t° = 0) < (tP&tY = 0) by Th. 4.2.2(3).
4) If Ais BVC, then BVC « (18 = 0)V(tY = 0) + (t®Vvt® = 0) by Theorem 4.2.2(4).
5) f Ais B— C,then B—C <« (t2=0)— (t“=0) < (t? >t° =0)
by Theorem 4.2.2(5).

For the remaining cases,assume that = D(xz, %) < tZ(x, %) = 0, where D(z,%) is ¥
formula and ¢?(z, ) is term of PV.
6) If Ais (3z < |a|)B(z, ), then (Iz < |a|)B(x,¥) < Tz < |a))t?(z,7) =0 <
(t2)3(z, ) = 0 by Theorem 4.2.2(7).
7) If Ais (Vo < |a|)B(z, %), then (Vo < |a|)B(z, %) <> (Vo < |a|)tP (2, %) =0«
(t2)¥(z, ) = 0 by Theorem 4.2.2(8). y

Theorem 4.2.4 If A is a Sformula of TPV then IPV - AV —A.
(proof) By theorem 4.2.2(2),(4),T1,T4,D31,D34,T38 and theorem 4.2.3. §

Lemma 4.2.5 The ¥} — PIND and X! — LIND are derivable in [PV, provided that
the formula A(z) is of the form (Jy < t)B, where B is 2.

(proof) By theorem 4.2.3, A = (Jy < t)t® = 0. So The X% — PIND scheme for A(x)
is equivalent to NP-Induction. Therefore the 3¢ — PIND scheme is a theorem of IPV.
The X% — LIND scheme for A(x) is provided exactly as in lemma 2.3.6. y

Theorem 4.2.6 There are functions Sz, |z|, |32], 2 +y, 2 -y and zfy definable in PV so
that all the BASIC' axioms of 1S} are provable in IPV.

(proof) Sz, |x|,x + y and z - y are defined in each D24,D133,D153 and D18]1.

B.1is by T122 and T148 . B.2 is by T122 and T148 .
B.3 is by D137 and T144 . B.4 is by T139 .

B.5 is by T141 . B.6 is by T142 .

B.7 is by D133 . B.8 is by T192 .

B.9 is by T193 . B.10 is by T151 .

B.11 is by T194 . B.12 is by T195 .

B.13 is by T198 . B.14 is by T202 .

B.15 is by T155 . B.16 is by T158 .
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B.17 is by T159 . B.18 is by T162 .
B.19 is by T184 . B.20 is by T187 .
B.21 is by T203 .

Theorem 4.2.7 I PV contains a set of efficient coding functions.

(proof) A sequence sy,- -, S can be encoded by replacing each digit in an entry in the
sequence by a two-digit sequence, then concatenating all the encoded entries with a two-
digit code as a separator. The result coding functions are fairly easy to define in PV, and
the theorems required by def. 2.4.4 may be established by using multi-variable induction
(DR118). g

Definition 4.2.8 The 5-replacement scheme is the family of formulas of the form:
(Ve < |t|)(Ty < s)A(z,y) < (Fw < Bound(s*,t))(Vx < |t])[A(z, Bz, w)) A Bz, w) < s].

where A(z,y)is a 38 formula of IPV and s* = sM[|t|/z], where now s™ is the monotone
upper bound on s obtained from T206.

Theorem 4.2.9 All instances of the Y5-replacement scheme are provable in IPV.

(proof) Let
L %(Vaj < [t])(Fy < 5) Az, ),
M = (dE!w < Bound(s*,t))(Vz < |t|)[A(z, B(z,w)) A B(z,w) < s,
N(u) = (3w < Bound(s*,t)) (Ve < |t])[x < u — Az, B(z,w)) A Bz, w) < s].
1)M — L
w < Bound(s*,t) A (Vo < |t))[A(z, B(z,w)) A Bz, w) < §]
Vo(STt] < x vV [Alx, Bz, w) A Sz, w) < s])
S|t <z V [A(x, Bz, w)) A Bz, w) < ]
Slt| <z Jy[A(z,y) Ay < ]
Sltl<x (Jy < 5)A(z,y)
Sit| <z Vv (Jy <s)A(z,y) Slt| <z Vv (y <s)A(x,y)
Slt| <z Vv (Jy < s)A(z,y)
Vo(Sft] < oV (Jy < 5)A(z,y))
M L
L (by (3E) for w)

2)L-M
For L — M, we prove L — N(u) by ¥t — LIND.
We first show A — N(0), that is ,

A — (Jw < Bound(s*,t))(Vz < |t]|)[x < u — A(0, 5(0,w)) A 3(0,w) < s].
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Assuming L, we have A(0,b) for some b < s[0/z]. Let w be 0 x b.
By def. 2.4.4(A,B,C).
F Seq(w) A Len(w) = 1.
Bymf244()
- B(0,w) =
By (0, w) = b § S[O/x] < sM0/z]) < sM[|t|/z] = s,
F (Vi < Len(w))(8(i, w) < s¥).
By def. 2.4.4(H),
Fw < Bound(s*, t).
By A(0,b) and (0, w) = b,
= A(0, (0, w)).
By A(0, 5(0, 1)),
Fa<0— A0,3(0,w)).
By z <0—x=0and 5(0,w) < s[0/x],
Fox<0— fz,w) < s[z/z].
So the proof of L — N(0) is complete.

Secondly, for to prove L — (N(u) — N(Su)) we prove L A N(u) A |t| < u — N(Su)
and L A N(u) Au < [t| - N(Su). L AN(u) A |t|] < u — N(Su) is easy because of
z < |t| = 2 < wand N(u). Therefore we prove L A N(u) Au < |[t| = N(Su). Assuming
the antecedent, we have :

N(u) = (Jw; < Bound(s*,t))(Vz < |t])[x < u — A(z, B(x,w)) A B(x,w;) < s].

N(Su) = (Jwy < Bound(s*,t))(Vx < |t])[z < Su — A(z, Bz, wy)) A Bz, ws) < s].

By L and u < [t|(= Su < |t|), we have A(Su,b) for some b < s[Su/z] (take Su as x). We
define wq to be wy xb. By def. 2.4.4(B), Seq(ws). By Len(w;) < |t|+1, Len(wg) < S|t|+1.
By b < s[Su/z] < s]|t|/z] = s*, N(u),and def. 2.4.4(E), (Vi < Len(ws))B(i, we) < s*. By
def. 2.4.4(H), wy < Bound(s*,t). By def. 2.4.4(E) and N(u),
Fr<u— Az, Bz, wy)) A Bli,w) < s*---- - ().
y A(Su,b) and b = B(Su, ws)
-z = Su— A(Su, 5(Su,ws)).
By 3(Su,ws)(=b) < s*,
Fx=Su— f(z,wy) < s*.
By (AI),
Fx = Su— A(Su, B(Su,ws)) A B(x,ws) < s*. ------ (B)
By (),(8) and z < Su — z < uVzx = Su,
Fao < Su— Az, B(x,ws)) A (i, w) < s*.
By these, we prove L A N(u) Au < |t| — N(Su). By ¥4 — LIND, L — N(|ul).
Therefore L — M is proved. y

Lemma 4.2.10 IPV F (Jy; < )Ty < tJu=v <> (Fz < s)u' =2’

(proof)
(1) (Fz<s)u'=v— Ty <t1))Fya < ts)u=v
(Fz<s)u' =0 = (0<0A (Fz < s)u =)
— dz(x <0A (Fz < s)u’ =)
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— (Fz <0)(Fz < s)u' =0

(2) Ty <t1)Fye <trJu=v— (Fz < 3)
Let A be (Jy; < #1)(Jya < t2)u = v. By definition of bounded quantifiers (def. 2.1.9),
y; does not occur in t;, i=1,2. If yy occurs in ¢; then we may avoid this occurrence by
renaming the variable in the second quantifier. However, y; may occur in ¢;. To eliminate
this occurrence, we appeal to T206 and th. 4.2.2 to find a term s, whose variables are
among those of ¢y such that bty < sy and F (y; < t; — s9 < $3[t1/y1]). Then
IPVFA+ (Hyl < tl)(ﬂyz < Sz[tl/yl])(yz <ty ANu= U)
< (T < 1) (Fye < softy/yn]) Lessequ(ya, ta) A Equ(u,v) = 0.

Thus we may assume that in the formula A neither y; or y, occur in ¢; or ts.

We use the pairing function < x,y > (D99) and projection function I1%, 113 (D115)
which have the which has the properties of I1?(yy, y2) = y1,I13(y1, y2) = vy and
(i <t Aya <ty) =< yr,yp ><< by, tg >,
By use of these functions,

(Fy <) Ty, < ty)u=v

= Iy (Fye((y1 <ttt Ay <) Apn <ti Ays <ty Au=0))

— Hyl(EI ((< Y1, Yo ><< tq, 1o >) VAN H%(< Y1, Y2 >) <t A

I5(< y1, 92 >) < to AulITZ(< g1, 52 >) /yi] = oI (< y1, 42 >) /i)

— Jz2(2 << ty,ty > AR (2) <t ATTE(2) < to AulTT2(2)/yi] = v[TT2(2)/yi]))
— (Fz <<ty ty >3 (2) <ty ATIE(2) <ty A/ =)
— (32 << ty,ty >)([Lessequ(T13(2), t; )& Lessequ(113(2), t2) & Equ(u'v')] = 0),
where ' and v are u[[1?(2)/y;] and v[[1(2)/yi]. u

Lemma 4.2.11 Every X" formula of I PV is equivalent in PV to a formula of the form
(Fy < t)(u =v).

(proof) We prove by induction on the complexity of ¥* formula A.

1) A=u=w

Assume v =v. Then by F0 <tAu=wv, F Jy(y <t Awu=wv). Therefore
IPVFA— (Jy <t)(u=w).

Assume (Jy < t)(u =v). Then by - ~(u =v) = ((Fy < t)(u=v

Fo(u=v) = ((Fy <t)(u=v) > u=v). By (u=v)V-(u=uwv), - u=wv. Therefore
IPV - (3y <t)(u=v) = A.

2) A=u<vw
Assume u <v. By 0 <t,F 0 < tAu < wv. Bydef. 4.1.2(2),F Jy(y < tALessequ(u,v) = 0).
Therefore

IPVEFA— (v < )(Lessequ(u v) = 0).
Assume (Jy < t)(u < v). —(u <v) = (Fy < t)(u =v) - u < wv). By
(u<v—u<w)and (ugv)\/ (u—v) Fu < v. Therefore

IPV - (3y < t)(u=1v) —
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For the remaining cases, assume that 5" formulas B and C are B < (Jy; < t1)(u; =
Ul) and C' < (Elyg < tz)(’LLQ = 7)2).

3) A= (Fy <t)B
Assume (Jy < t)B. By definition of B, - (Jy < t)(Jy; < t1)(uy = v1). By lemma 4.2.10,
- 3z(z < s)u’ = v'. Therefore
IPVEA— (z<s)u =1
By to reverse the method, we can prove (Jy < t)(u =v) — A.

1) A= (W < 1B
Assume (Vy < |t|)B. By definition of B, F (Vy < |t]|)(3y1 < t1)(u1 = v1). By th. 4.2.9,
= (Jw < Bound(t}, 1)) (Yy < [t]) (w1 [B(y, w) /1] = vi[By, w)/yi] A By, w) < t1) .
By th. 4.2.2(1),(3),(8) and def. 4.1.2,
= (3w < Bound(t},t))[(Equ(u}, v})& Lessequ(B(t, w), s))” = 0],
where v} and v] are ui[B(y, w)/y1] and vi[B(y, w) /1]
Hence

IPV = A — (3w < Bound(t;,t))[(Equ(u}, v})&Lessequ([(t,w), s))" = 0].
By to reverse the method, we can prove
IPV I 3w < Bound(t;,t))[(Equ(u}, v))&Lessequ(f(t, w), s))” = 0] — A.

5) A=BAC
Assume B A C. Then - (Jy; < t1)(Tya < to)(u1 = v1 A ug = v9).
By th. 4.2.2(1),(3),

F (Jyr < t1)(Jyz < t2)(Equ(uy, v1)&Equ(us, ve) = 0).
By lemma 4.2.10,

F(z <s)u' =1,
Hence

IPVEFA—= (z<s)u =1

By to reverse the method, we can prove (z < s)u’ =v" — A.

6) A=BVC
Assume BV C. Then = (Fy; < ¢1)(Fya < to)(ur = vy V ug = v3). By th. 4.2.2(1),(4),
F 3y < t1)(Jya < t2)(Equ(uy,vi)V Equ(ug,v2) = 0). By lemma 4.2.10, - (z < s)u' = v'.
Hence

IPVEFA— (2 <s)u =1
By to reverse the method, we can prove (z < s)u’ = v — A. y

Theorem 4.2.12 TPV is a conservative extension of 5.

(proof) We need to prove VA € L(IS;)[IPV F A = IS} F A]. We define the system T
which is extension of IS} by 1) ¥4 definition which is sufficiently strong and 2) function
symbol f by th. 2.4.8. To prove this theorem, we prove VA € L(IS})[IS;+ A= IPV -
Al and VA € LUPV)[IPV - A= T+ A] .
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1) VA€ L(IS)[IS) - A = IPV I A
By th. 4.2.6,

IPV FBASIC axioms .
Let A(z) be IPV + A(0) AVz(A([3z]) — A(z)), where A(z) is any X}"-formula. By
lemma 4.2.11, IPV - A + (Jy < t)(u = v). Let B(z) be (Jy < t)(u = v). Then
IPV + B(0) AVa(B(|3z]) — B(z)). By NP-Induction for B(z), I[PV + VzB(z). By
definition of B(x), IPV = VzA(z).
Therefore IPV + A(0) AVz(A(|3z]) = A(z)) — zA(x).
Therefore

IPV -4 — PIND.

2) VA€ L(IPV)[IPV A= Tt Al
Each basic function symbol of PV is either a function symbol of 1S3, or has a simple
defining formula in 755. Thus
so(x) =2 x
si(z) =2 -x+1
y = Parity(z) <>z =y +2- | sz
w=Cond(z,y,z) <> (x=0ANy=w)V (-(z=0)Az=w)
rBy =z (yil)
z:x—.y<—>(3w<x)(| | < |y|/\x:ZE[’ry+w)
Ay t](yr - yn) = tya /21 - - Y/ 20]
Lessequ(x,y) = 2 <—> (z<ynz=0)V(=(z <y)Az=1)).

We prove T+ PV axioms (0)-(7) (def. 3.1.2).
PV Axiom (0) s4(0) =2-0=0.

PV Axiom (1a)

By (B.21),

Fso(z) =2 [$s0x] V 2+ [5s0m] + 1.
Hence

F2-2=2-|isoz].
Therefore

= so(z) =2 [§s0z] + 0.
By definition of Parity,
= Parity(sox) = 0.

PV Axiom (1b)

By (B.21),

Fsi(z) =2 [3s12) V2 [3s13] + 1.
Hence

F2-x41=2-[3s0z] + 1.
Therefore

Fosi(z) =2- lexJ—l—l.
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By definition of Parity,
F Parity(s;x) = 1.

PV Axiom (2a) By la, 2.2 =2 |$soz]. Therefore bz = |$soz].
APV xiom (2b) By 1b, - 2.2 +1=2-[$sox] + 1. Therefore - z = [$soz].

PV Axiom (3a)
By (0=0)=[(0=0Ay=y)V(=(0=0)Az=y)],
(0=0)=[(0=0Ay=y)V(=(0=0)Az=y)]and (0=0)V~(0=0),
FO=0Ay=y)V(=(0=0)Az=y).
Therefore
= Cond(0,y,z) = y.

PV Axiom (3b)
By 2 =0 < spz =0 and
Cond(z,y,2) = w <>

—(x =0) > (spxr = 0),

(x=0Ay=w)V (~(xr=0)Az=w)

< (sor=0Ay=w)V (=(sox =0) A z = w)]
< Cond(soz,y,z) = w

——

PV Axiom (3c) By IPVF =(s12=0),F (six=0Ay=2)V (a(s;z =0) Az =

PV Axiom (4a)
By (y=0) > [(y=0Az=aC spy) V (=(y = 0) A so(z & y) = 2 & s0y)],
—(y=0)=[(y=0Az =2 soy) V (=(y = 0) A so(zF y) = 2 soy)]
and (y = 0) vV =(y = 0),
= Cond(y, z, so(z B y)) = x5 soy.

PV Axiom (4b)
= S1Yy =2x- (Sly#]-) =T 2|51yH1| =7 2‘y||1‘ .2 = S()("L' . (y#l)) = So(l‘Eﬂ— y)

PV Axiom (5a)

By ~(y =0) = [=(y = 0) A [5(z~y)] = 2~=s0y],

Faly=0) = ([y=0Az =2=s0y] V[~(y = 0) A [5(a~y) ] = 2=50y])
By (y=0) = [y =0Az = z=s0y],

Fy=0) = ([y=0Az=x=s50y] V [2(y = 0) A [5(z=y)| = z=509])
By (y =0) Vv ~(y=0),

Fly=0Az=x=s0y] V [-(y =0) A [5(z=y)] = z=s0y])

PV Axiom (5b)
z=r=51y v =2 s51y+w
S r=z- Q‘SI?JHH + w
o =59z - 20N 4
o x=(spzF y)+w
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SR =Ty
oz =3~y

PV Axiom (6a)
By (y =0) = [(y =0A 1= (z#s0y)) V (—(y
—(y=0) = [(y=0A1=(a#s0y)) V (~(y =
and (y = 0) V =(y = 0),
Flly=0A1= (v9s0y)) V (=(y = 0) A (a#ty) B = = (v4£s0y))].

= 0) A (z#ty) & = = (v#s0y))],
0) A (z#y) B = = (x#50Y))]

PV Axiom (6b) z#s,y = olzl-(lyl+1) — olzl-lyl . 9lzl . 1 — (z#y) B .
PV Axiom (7) [Azxy---azp.t](xy---2,) = tlxy/x] - - [xn /2] =t
We prove T+ IPV axioms (2)-(5) (def. 4.1.2).

IPV axiom (2)
By definition,
F(z<y) = (r<yn0=0)
= ([ <yn0=0]V[=(z <y) A0 =1])
— Lessequ(x,y) = 0.
By (z <yA0=0)—>2z<y,(neg(z <y)AN0=1) -z <y and
Lessequ(z,y) =0 —= (x <yA0=0)V (neg(x <y)A0=1),
= Lessequ(xz,y) =0 — x < y.

IPV axiom (3) By (B.21).
IPV axiom (4) By definition of Cond.

IPV axiom (5) Let A(z) be any formula of the form (Jy < t)u = v. Then A(z) is X"
formula. By 0% — PIND, - A(0) AVa(A(|2z]) — A(z)) — VzA(z). Therefore
T = NP-Induction .

We prove T+ PV Axiom (8).

PV Axiom (8) By definition of Lmin, = Lmin(z,y) = z — Cond(zx~y,z,y) = z. By
th. 2.4.8, there is an n+1-place function f which satisfies

£(0.5) = 9(b) ) o
a =0V f(a,b) = Lmin[h(a,d, f(|3a]),b), k(a,b)].
By f and Lmin, _ _ . .
F(a=0Ag(b) = f(a,b))V (=(a =0) ACond(t=k(a,b),t, k(a,b))),

Therefore

=, -, -,

T+ f(a,b) = Cond(a, g(b), Cond(t—k(a, b),t, k(a,b))).
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Therefore T+ PV axioms (8).
Therefore
VA e LIPV)IPV F A= T Al

By T which is conservative extension of 1.S],
3) VAe L(IS))[T+ A= IS) A].
By 1) and 2)
4) VAe L(IS))[IPVF A=TF Al
By 3) and 4) ,
VAe L(ISY)[IPV - A= 1S5+ Al
Therefore TPV is a conservative extension of 1.S]. g
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Chapter 5

The Typed )\ Calculus

5.1 Definition

In this section we introduce the basic concepts of the typed A-calculus which will be used
in later section.

Definition 5.1.1 The class of type is defined as follows:
(1) 0 is type.
(2) (0 — 7)is atype is o and T are types.

Definition 5.1.2 If 7 =0 = 0 — - -+ — 0, with at least one “—",
then 7 is a type 1 type.

Definition 5.1.3 Let F be a collection of function symbols (of any types). The collection
of A\-term generated from F | denoted A(F), is defined as follows :

(1) There are infinitely many variables X7, Y, Z7, - .- for each type o , and each such
variable is a term of type o ;

(2) Every function symbol in F of type o is a term of type o ;

(3) If T is a term of type 7 and X is a variable of type o , then (AX.T) is a term of
type (0 — 7) (abstraction);

(4) If Sis a term of type (0 — 7) and T is a term of type o , then (ST) is a term of
type 7 (application).

Definition 5.1.4 Subterm is defined as follows :
(1) P is a subterm of P.
(2) If P is a subterm of M or N, then P is a subterm of (MN).
(3) If Pis a subterm of M or P = x,then P is a subterm of (Az.M) .
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Definition 5.1.5 The free occurrence and bounded occurrence of a variable x in a term
t are defined inductively as follows :

(1) if ¢ is the variable , then the occurrence of z in ¢ is free ;
(2) ift = MN, then the free occurrences of z in ¢ are those of  in M and N ;

(3) if t = A\y.M, then the free occurrences of = in t are those of x in M,
except if x = y ; in that case, occurrence of x in ¢ is bounded.

Definition 5.1.6
A free variable in t is a variable which has at least one free occurrence in t.
A bounded variable in t is a variable which occurs in ¢ just after the symbol .
Let M be a term. Then FV (M) is set of free variables in M. BV (M) is set of bounded
variables in M. A term which has no free variable is called a closed term.

Definition 5.1.7 If S and T are terms of types ¢ and 7, and X is a variable of type 7 ,
then S[T'/X] is defined to be the terms of type 7 which results from S by substituting 7'
for all free occurrences of X in S. The rules of substitution are defined as follows ;

#[N/z] = N
y[IN/z]=y if 2 F#y
(PQ)[N/x] = (PIN/z])(Q[N/x])

(A2.P)[N/z] = Ae.P

(Ay.P)[N/z] = My.(P[N/z]) if y#x,and y ¢ FV(N) or x ¢ FV(P)
(\y.P)[N/a] = A\=.(Pz/y|[N/z]) if y % z,and y € FV(N) and = € FV(P)

Definition 5.1.8 A term of the from (AX.S)T is said to be a B redex, and the term
S[T/X] is its contractum. A term of the form (AX.7X) such that X has no free
occurrence in 7' is said to be an n redex and the term T is its contractum. A term
S contracts to a term 7" if T is obtained from S by replacing a [ or n redex in S by its
contractum. A term S reduces to a term T if T is obtained from S by a finite sequence of
contractions and changes of bound variable. The rules of fn-contraction(13n-reduction)
and (n-reduction are defined as follows ;

(1) AXMN Z MN/X]
2) OXTX)H T
(3) IMZYN, then ZM B ZN,MZ "X NZ and \X.M & \X.N

4) M3 M
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(5) M"Y N, then M BN
6) MBLLAN=MAN

P Q : P (n- contracts to Q (P (n-reduces to @) in one step)
P Q : P Bn-reduces to Q

Definition 5.1.9
(1) A term T is in normal form if T has no redex.

(2) NF(T) denotes a particular term in normal form such that 7" reduces to NF(T).
(The choice of NF(T) is unique up to changes in bound variables).

Definition 5.1.10 Rules of parallel Bn-reduction are defined as follows ;
1) 222
2) fPZQ, then \o.P X \2.Q
(3) If P 2 Q; (i=1,2), then PP, By Q1Q2
(4) I P2 Qi (i=1,2), then (\u.P) P 2 Q1[Qy/a]
(5) I P2 Qandx¢ FV(P), then \v.Pz 2 Q.

Definition 5.1.11 Rules of length of term are defined as follows.

(1) If z is a variable or constant 0, then lgh(z) =1
(2) lgh(MN) =Ilgh(M) + lgh(N)
(3) lgh(Ax.M) =1+ Ilgh(M)
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5.2 Some theorems

Next two theorems are used to prove Church-Rosser Theorem.
Theorem 5.2.1 If P, 22 Qi (i =1,2), then P,[P/y] & 1]Q2/y].

(proof) Assume P, 5y Qi (i =1,2). Then we prove by induction on length of term.

(1) Ilgh(Py) =1 (base step).
Then P, is constant 0 or variable z. P, = 0 is obvious. Therefore We assume
P, =x. Then @), = x, too.

(a) z=y
Then P1[P2/y] = P, and Q1[Q2/y] =@ By P, i’; Q2, P1[P2/y] i’; Q1[Q2/y]-
(b) z#y

Then Pi[Py/y] = x and Q1[Q2/y] = =.
By definition of 22, P, [Py/y] 2 Q1]Qs/y].

(2) Letif lgh(P]') = n and P” 4 Q" (i =1,2), then P{’[PQ”/y] Q7[Q%/y] (induction
step).

Assume [gh(P;) =n+ 1 and et 2 (i=1,2).

(a) P =\x.P|
Then Q; which satisfies P, By Q1 is Q1 = \x.Q), where P’ Q’
. =y
Then Pi[Py/y] = (Az.P))[Py/y] = (A\x.P]) = P; and
Q4] = (A @1)[Qu/8] = (M. Q)) = Q.
By induction hypothesis, P[Py /y] & 1]Q2/y].
ii. x#y,and y¢ FV(P,) or x ¢ FV(P)
By lgh(P]) = n and P, by @2, we can use induction hypothesis.
Therefore P| [Pg/y] & Q11Q2/y].
By definition of & )\x(P'[PQ/y]) Az(Q[Q2/y])-
Therefore (Az.P)[Ps/y] Z (A\2.Q")[Qs/y].
ii. y#ax,and y € FV(P,) and x € FV(P))
Then Pi[Py/y] = (Ax. P')[P2/y] = (/\Z-(P{[z/w])[%/y])-

By lgh(P]) = n and 2 ! 2, P’[z/x] & Q' [z/x].

By lgh(P|[z/x]) = n and Pg By @2, we can use induction hypothesis.
Therefore P|[z/x] [Pg/y] Q' [2/x][Q2/y].

Hence A\z.(P|[z/x] [Pg/y]) = Az.(Q1[2/7][Q2/y]).

Therefore P[P /y] & Q1[Q2/y].

65



(b) P = PP
Then Q; = Q,Q", where P! 22 @\, P" 22 Q" 1gh(P!) < n and lgh(P") < n.
Then Py[Py/y] = (P,P])[P/y] = (Pi[Ps/y))(P[P:/y))-
By these and Py 2 Qs, Pi[Po/y] 2 Q}Q2/y] and P[Ps/y] 2 QU[Qs/y)-
By definition of 2, (P{[Py/y])(P{[Ps/y]) 2 (Qi[Pa/y])(QY[P:/y)-
By (Q4[Pe/y])(QU[Pe/]) = (Q5QN[Po/y] = QulPa/y), PilPo/y] 2 QuQs/y).

Theorem 5.2.2 M 24 N and M i’; N are equivalent.

(proof)

(1) First we prove if M 5 N then M & N
We prove by induction on length of term M.
(a) Ilgh(M) =1 (base step).
Then M is a variable. Let M = x. Then by definition of @, N = x.
By x By x, M BN,
(b) Tet if Igh(M") = n and M 2% N7, then M" 22 N,
Assume lgh(M) =n+1 and M BN,

i. M= M\z.M,.
n+1=Ilgh(M) = lgh(Ax.M;) = lgh(M;) + 1. Hence lgh(M;) = n. And
N which satisfies M 2% N is Ax.Ny, where M, By Ni. By lgh(M;) = n and
induction hypothesis, M; i’; N;. By definition of @, Azx. M, @ Az.Nj.
Therefore M @ N.

ii. M= (\x.M;)Ms,.
Then N which satisfies M 23 N is under three patterns.

() N = (\.N,) My, where M; 22 N,

() N = (\.M;)Na, where M, 2% N,

CASE (&)
By lgh(M) = lgh(My) + lgh(M) + 1 = n+ 1, lgh(M,) < n

Hence by lgh(M;) < n, M, b1 N; and induction hypothesis, M; By Nj.
By definition of 22, (\z. M) My 2 (Az.N,) M,
Therefore M @ N.

CASE (¢)
Same as ().
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iil.

CASE (&%)
By lgh(M;) < n, lgh(Ms) < n, M by M, and M, b M,, we can use
induction hypothesis. Therefore M; i@ M, and M, i’; Ms. By these and
definition of 22, (Az. M) M, 5w, (M, /x].
Therefore M @ N.
M = M, M,, where M; % \x.M'.
Then N which satisfies M 2% N is under two patterns.
() N = N, M,,where M, % N,
(%) N = M, Ny where M, 2% N,

CASE (&)
By n+ 1 = lgh(M) = lgh(M;) + lgh(Ms) and 0 < lgh(M;), lgh(M;) <
n. By lgh(M;) < n and M, By N, we can use induction hypothesis.
Therefore M; @ N;i. By these and definition of @, My M, @ NiMs.
Therefore M @ N.

CASE (&)
Same as ().

(2)  We prove if M % N then M 22 N

(a) Ilgh(M) =1 (base step).
Then M is a variable. Let M = x. Then by definition of @, N =uz.
By z By x, M N

(b) Let if lgh(M") = n and M’ ZL N, then M" 24 N,
Assume lgh(M) =n+1 and M BN,

1.

il.

M = A\z. M.
n+1=Ilgh(M) = lgh(Ax.M;) = lgh(M;) + 1. Hence lgh(M;) = n. And
N which satisfies M 2L N is Ax.Ny, where M, By Ni. By lgh(M;) = n and
induction hypothesis, M; b1 N;. By definition of ’B—Z, Ax. M b Ax.Ny.
Therefore M 22 N.
M = (\z.M;) M.
Then N which satisfies M 2 N is under two patterns.
(A) N = (\2.N))Ny, where M; 2 N,
(%) N = N [Ny/z], where M; 2 N,
CASE (&)
By lgh(M) = lgh(M;) + lgh(My) + 1 =n+ 1, lgh(M;) < n.
Hence by lgh(M;) < n, M; By N; and induction hypothesis, M; By N;.
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By M, <t Ny, (Ax.My) M, b (Az.Ny) M.

By M, <t Ny, (Ax.Ny) M, b (Az.Ny)Ns.

By (\v. M) Mo 2% (\x.N)) My and (Az.Ny)Ms 22 (M. N ) Ny,
. M) Mo 2 (AN} Ny

Therefore M ﬂ—@ N.

CASE (&)
By same method as (W), (Az.M;)M, by (Az.N7)Ns.
By this and (Az.N\)Ny 2% N\ [Ny/2], (A M) My 25 N[Ny /a).
Therefore M 2% N.
iii. M = MM, where M; % \z.M'.
Then N which satisfies M 22 N is N, Ny, where M; 2L N;.
By n+ 1 =1Igh(M) = lgh(M) + lgh(Mz) and 0 < lgh(M;), lgh(M;) < n.
By lgh(M;) < n and M; i N;, we can use induction hypothesis.
Therefore M; @ N;.
By these and definition of 22, M, M, 22 Ny My, and Ny M, 22 Ny N,
Hence M; M, 23 Ny N,.
Therefore M 22 N.

Theorem 5.2.3 (Church-Rosser Theorem)
If S reduces to T and S reduces to 7" then there is a term 7" such that both 7" and T”
reduce to T .

(proof) First we prove that
for any term M there exists term M" such that

VM Gf M2 M then M7 2 M. e ()
We define M* as follows.

(1) If M =z, then M* =z,

(2) if M = Aw.M;, then M* = \z. M},

(3) if M = M, My and M; % \v.Ms, then M* = My M;,
(4) if M = (Ax.M;)M,, then M* = M [M;/z].

Then we prove that M* satisfies conditions of M” by induction on complexity of M.

(1) M=u.
Then by M' = o = M*, M’ B8 A1+ s obvious.
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(2) M = A\x. M.
Then there exists M| such that M’ = Az.M], where M, B M. Then by induction
hypothesis M/ 2 My, Ao M! 22 Az M.
Therefore M’ 2L M+,

(3) M = MM, where My % \z.Ms.
Then there exist M/ (i = 1,2) such that M' = MM} and M; & M]. Then by
induction hypothesis 1! 2L Mrr, MMy 22 My M.
Therefore M’ 22 M,

By definition of 2 there exist M} (i = 1,2) which satisfy M = M; such that
(N) M = (\z.M|)M,
or

(%) M= Mi[M;/x].

CASE (&)
By induction hypothesis M 22 M and definition of 22(4), M" 22 M (M} /x].
Therefore M’ 2L A+,

CASE (&)
By induction hypothesis and theorem 5.2.1, M’ B MM}/ z].
Therefore M’ 22 M,

Hence we proved (a). By («) and theorem 5.2.2, Church-Rosser Theorem is obvious. y

Next two definition, five notes and three theorems are used to prove
Strong Normalization Theorem.

Definition 5.2.4 strongly normalizable (SN) terms
A term M is strongly normalizable iff all reductions starting at M are finite. It is
normalizable iff reduces to a normal form.

Definition 5.2.5 strongly computable (SC) terms
For term, strongly computable is defined by induction on the number of occurrence of —
in the term’s type :

(1) A term of type 0 is SC' iff it is SN.
(2) A term M*>F is SC iff, for all SC term N¢, the term (M N)? is SC.

Note 5.2.6 Each type o can be written in a unique way in the form oy — -+ — o, — 0.
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Note 5.2.7 Let « = a; — -+ = «a, — 0. Then M® is SC iff, for all SC terms
M e MO (MM, -+ M,)° is SC iff it is SN. And (MM, --- M,)" is SC iff it is SN.

Note 5.2.8 If M* is SC, then every term which differs from M® only by changes of
bound variables is SC. And the same holds for SN.

Note 5.2.9 If M*# is SC and N is SC, then (M N)# is SC.

Note 5.2.10 If M is SN, then every subterm of M® is SN, because any infinite reduction
from a subterm from a of M gives rise to an infinite reduction M.

Theorem 5.2.11 Let a be any type.
(1) Every term (aM --- M,)®, where a is type 0 and My, ---, M, are all SN, is SC.

(2) Every SC term of type a is SN.

(proof) We prove by induction on the number of occurrence of — in a. And we define
|| as the number of occurrence of — in «a.
base step « is 0.

(1) Then (aM;---M,)" is SN because a is type 0 and M, ---, M, are SN. Therefore
(aM; -+ M,)° is SC because « is type 0 and definition 5.2.5 (1).
By a : type 0 and M,---, M, : SN, (aM;---M,)" is SN. By «a : type 0 and
definition 5.2.5 (1), (aM; --- M,,)° is SC.

(2) Let M be type 0 SC term. Then by definition 5.2.5 (1), M is SN term.

(induction step) Assume that if || < m then (1) and (2) are true. And |a| =m + 1
and v is  — 7.

(1) Let N be any SC term. By induction hypothesis of (2), N” is SN and so
(aM; - - M,N)"is SN. By |y| < m and induction hypothesis of (2), (aM; - - - M, N)”
is SC.
Therefore by definition 5.2.5 (2), (aM; - -- M,) is SC.

(2) Let term M® be SC and a variable m? which is not contained in M®. By induction
hypothesis of (1), m is SC. By this and Note 5.2.9, (Mm)” is SC. By induction
hypothesis of (2), (Mm)” is SN. Therefore by Note 5.2.10, M® is SN.

Theorem 5.2.12 If MP[N®/z%] is SC, then (Az®*.MP)N® is SC; provided that N is SC
if 2% is not free in M”.

(proof) Let B be By = -+ — B, — 0 and M-+ MP» be SC terms.
((IN/x]M)M; -+ - M,)° is SN because MP[N®/z%] is SC and by Note 5.2.7.
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(1) z is not contained in M.
By induction, N is SC. By theorem 5.2.11, N is SN. And subterms of
(([N/x]M)M; --- M,)° are SN. Hence M, M, -, M, and N do not have infinite
reduction.
Therefore ((Ax.M)NM, ---M,) do not have infinite reduction.

(2) x is contained in M.
Assume ((Az.M)NM; ---M,) has an infinite reduction.

(a) M M or NN or M; 22 M is infinite reduction.
Then we can construct an infinite reduction from (([N/z|M)M, --- M,):
((IN/2]M)My -+ My) 55 (N MM - M)
This contradicts that (([N/z|M)M, --- M,) is SN.

(b) M 2 M and N 28 N' and M; 2% M! are finite reductions. And z € FV (M).
Then by induction, there is an infinite reduction such that

(Ao M)NM; -+ M) 2 (Ao M')N'M! -+ M)
S (N2 M M -+ M)
Then there exists an infinite redugtion such that
((IN/a]M)My -~ - My) = (([N' /] M")M; - - My)
This contradicts that (([N/z|M)M, --- M,) is SN.
(c) M 2 M7 and N 23 N and M; 22 M] are finite reductions. And x ¢ FV(M).
(Ao M)NM, - - M,) 2 (Ao M)N'M! - - - M)
= (Ae.M'x)N'M; --- M])
BN M
Then there exists an infinite redugtion such that
(((N/2]M)M, -~ M) = (([N'/2]M") M - - - M)
This contradicts that (([N/z|M)M; --- M,) is SN.

Hence an assumption which ((Az.M)NM; - - - M,) has an infinite reduction, contra-
dicts. Therefore ((Ax.M)NM; --- M,) has no infinite reduction.

Theorem 5.2.13 For every term M?:

(1)  For all z{*,---,zn® and for all SC terms N, ---, Nn®, the term M* =
MI[Ny/x1] -+ [Nn/xy] is SC.
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(2) MPis SC.
(proof)

(1)  We prove by induction on the construction of M.

(a) M =z
Then M* = N;. By N; : SC, M* is SC.
(b) M is a variable distinct from zy,-- -, x,.

Then M* = M. By theorem 5.2.11, M* is SC.
(c) M = M, M,, where M; and M are SC.
Then M* = (M My)[Ny/z1] - - [Nn/ 4]
= (My[Ny/a] - -+ [Nn/2n]) (Ma[Ny 1] - - - [N /0]
= M;M;. By Note 5.2.9, M M; is SC. Therefore M* is SC.
(d) MP = \z7.M?, where M} is SC. Then
M* = Ao M
if we neglect changes in bound variables.
Let N7 be any SC term. Then M*N = (Az.M;)N By M{[N/z]. By M; and
N be SC, M{[N/z] is SC. By theorem 5.2.12, Az.M; is SC.

(2) By (1), (2) is obvious.
I

Theorem 5.2.14 (Strong Normalization Theorem)
Every sequence of contractions of a term 7" terminates with a term in normal form.

(proof) By theorem 5.2.13 (2), all terms are SC. By theorem 5.2.11 (2), all terms are SN.
Therefore we can prove Strong Normalization Theorem. 4

Theorem 5.2.15 Let F be a collection of function symbols of types 0 and 1. Let ¢ be a
term of type 0 in Lambda(F) in which all free variables have type 0. Then NF(¢) has no
occurrence of A\, and hence all subterms have type 0 or type 1.

(proof) Assume that NF(t) has a left-most subterm of the form A\ X.S.

(1) NF(t)=MX.S
Then type of NF(t) is & — . This contradicts that NF'(t) is type 0. There cannot
be this.

(2) NF(t)=(\X.S)U
NF(t) is normal form. Hence N F(t) should be the form of S[U/X]. Therefore there
cannot be this.

(3) NF(t) = \Y.(AX.9)
his contradicts that NF(t) has a left-most subterm of the form AX.S. Therefore
there cannot be this.

72



(4) NF(t) = U(AX“.5%), where U does not contain \.
Then type of U is (& — [3) — 0. Hence U cannot be only variable. If U contains
function symbols, one of function symbols has a type of --- — (o — ) — 0. This
type is distinct 0 and 1. Therefore there cannot be this.

Therefore NF'(t) has no .
I
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Chapter 6

The System PV¥

We now extend the system PV to a system PV by adding variables of all finite types.
We need only one constant in addition to these in PV, namely the recursor R. This is
used to introduce higher type functions by limited recursion on notation. Main theorem
of this chapter is to prove that PV“ is conservative extension of PV.

6.1 Definition

Definition 6.1.1 The function symbols of PV* are defined as follows:

(1) For each n > 0 each n-place function symbol of PV is a function symbol of PV*
of type 0 = 0--- — 0 (n+1 zeros).

(2) The Constant R is a function symbol of PV¥ of type
0—-0—-0—-0)—(0—0)—0—0.

Definition 6.1.2 The terms of PV* comprise the set A(F) (see Definition 5.1.3), where
F is the set of function symbols given in definition 6.1.1 .

Notation 6.1.3 S{T'} refers to a term with a distinguished occurrence of a subterm 7.
Then S{U} means S{T'} with the indicated occurrence of T replaced by U. In general T
and U may have free variables which become bound in S{T'} and S{U}.

Definition 6.1.4 The formulas of PV are all equations s = ¢, where s,t are type 0
terms of PV¥.

Definition 6.1.5 The azioms of PV¥ are defined as follows :
(1) All axioms of PV

(2) (HTLRN)
itf x=0 then y
Ry, Z,W,x) = else
Cond(t=W (z),t, W(z))
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where
d

Z(a,R(y, Z,W, | 3a])
and the variables

x,y : type 0

Z :type 0 - 0—0

W type 0 — 0

(3) (o) s{A\X.T} =s{\Y.T[Y/X]}, provided Y does not occur free in 7.

@ B)  SOXTIU} = S{TU/A])
(5) (n) s{(A\X.TX)} =s{T}, provided X does not occur free in T.
Definition 6.1.6 The rules of infernce of PV* are defined as follows :
(R1“)s=tkFt=s
(R2Y)s=t,t=uts=u
(R3¥)s =t Fu{s} = u{t}
(R4¥)s =t F s[T/X]| = t[T/X]
(R5%) t1]0/a] = 15[0/x]
ti[sox/x] = wo[t1/a] ta[sox/x] = vo[ta/a]
ti[six/x] = vi[ti/a] to]six/x] = vi[ta/a]

t1 =19
where 1, ty, vg and vy are terms of type 0.

6.2 Conservative extension of PV

Proposition 6.2.1
PVYE s{T} =s{NF(T)}
PV¥ s = NF(s)

(proof) We prove by induction on the complexity of the term T
(1) PVYEs{T}=s{NF(T)}

a)l =X

By NF(T) = X.
b)T = AX.AX

By NF(T) = A and (n), s{T} = s{\X.AX} = s{A} = s{NF(T)}.
c)T =) X.A

By NF(T)=AX.A=T and (), s{T} = s{\X. A} = s{NF(T)}.
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d)T = (A X.A)U

By NF(T) = A[U/X], s{T} = s{(\X.A)U} = s{A[U/X]} = s{NF(T)}.
e)T = AB, where A don’t contain A and s{B} = s{NF(B)}

By NF(T)= A(NF(B)) = NF(AB),

s{T} = s{AB} = s{A(NF(B))} = s{NF(AB)} = s{NF(T)}.

(2) PV¥Fs=NF(s)
s=xor s = (AX.A)U because the type of s is 0.
a)s=u
By NF(s) =z, s = NF(s).
b)s = (AX.A)U
By (@), (8), (n) and th. 5.2.14, s = (AX.A)U = A[U/X] = NF(A)[NF(U)/X].
By definition of NF, NF(s) = NF(A)[NF(U)/X]. Therefore s = NF(s). g

Theorem 6.2.2 (Conditional Proof Principle)
If PV t[0/2] = u[0/z] and PV¥ } 2 # 0 D¢t = u then PV¥ -t =u.
(proof) By DRI6.

Definition 6.2.3 Let 7 =7 — -+ — 7, — 0 (n. > 0) and W = (W, - -, W), where W;
is a variable of type 7;, 1 < i < n. Then

Cond.(z,Y, Z) = AW .Cond(z, Y (W), Z(W)).
In particular,
Condy(z,y, 2) < Cond(z,y, 2).
Lemma 6.2.4 PV¥ | Condy(x,t{S},t{T}) = t{Cond,(z,S,T)}

(proof) By th. 6.2.2, if we prove A[0/z] = B]0/z] and x # 0 D A = B, then PV¥ - A =
B. Let 2z’ be a variable not contained in Condy(z,t{S},t{T}) and t{Cond.(z,S,T)}.
Let Wy,---, W, be variables where each W; has type 7;. Define A(z') and B(z') as
Condy(z',t{S},t{T}) and t{Cond,(z',S,T)}.

(1) 2'=0
By (n),def. 3.1.2(3a) and def. 6.2.3,
A(0) = Condy(0,t{S},t{T})
=t{S}
= t{\W1.(AWo.(SW)Ws) }

N AW AWa. (- - - AWy (SW)Wa) -+ )W)}
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= t{AW.S(W)}

= t{AW.Cond(0, S(W), T(W))}
= t{Cond.(0,S,T)}
= B(0)

2) 2" #£0

By T11,

A(2") = t{T}

= t{\W,.TW, }
; t{)\W T(W)}

= t{\W.Cond(z', S(W),T(W))}
=t{Cond,(«',S,T)}

) and th. 6.2.2, - A(2") = B(2'). By (R4%),

By (1), (2
“F A(z) = B().

PV
1

Theorem 6.2.5 a) PV¥F t{Cond.(0,5,T)} = t{S}
b) PV¥ 2 # 0D t{Cond,(x,5,T)} =t{T}
(proof)
a) By lemma 6.2.4
b) By lemma 6.2.4
PV¥ = t{Cond,(z,S,T)} = Condy(z, t{S},t{T}).
By z # 0,
PV E Condy(x, t{S},t{T}) = t{T}.
Hence
PVY = t{Cond,(z,S,T)} =t{T}. s

Theorem 6.2.6 (Simultaneous Recursion)
For each n > 2 there are closed terms p, - - -, p, such that for 1 <i <n
if x =0 then y;
PV E pi(i, 2, W, x) = { else
Cond(< t> = < Wi(z) >, t;, Wi(z))
where . o
ti = Zi(x, p(§, 2, W, |52]))
and the variables
T, Yi : type 0
Zi:type 0 -0 — --- =0 (n+ 2 zeroes)
W; : type 0 — 0.

(proof) For 1 <i < mn, let
i < NJZW z.a™(R(s, T, U, x))

where ,
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s Z< U >,
T E£< Z(a! wp(2), - m(2)) >,
and

UL < W(z') >

(8) and (HTLRN) and equality reasoning we have in PV*
{ if =0 then <y >

Then form the axioms

R(s,T,U, x) else
Cond(<t> = <W(z) >, <t> < W(x)>)
where
e d —_
<U>=<Z(x, p§, Z,W, |3z])) >.

pi(§, Z,W,x) = 7*(R(s, T, U, z))

of ©=0 then 7' <y >

else
Cond(< t> = < W(x) >, 7" <i> 7" <W(x)>)
if ©=20 then y;

else 1

Cond(< > — < Wi(z) >, t;, Wi(z))

Definition 6.2.7 A term T is zero-order open if all free variables of T" have type 0. A
subterm U of a term 1" is free in T if no variable has an occurrence which is free in U
and bound in 7'.

Definition 6.2.8 The transformation ¢ ~ {t}”V takes a zero-order open type 0 term ¢

of PV¥ to an equivalent term {t}"V of PV. The following three cases partition the set

of such terms ¢ (we sometimes write tV for {t}*V | and @V for ufV ... ul'V).

’ N

Case 1. NF(t) is a term of PV. Then
PV L NF().

Case 2. NF(t) = f(ty,---,t,), where f is PV function symbol but not all of ¢, ---,¢,
are PV terms. Then ;
{t}PV = f(tfva Tt tTILDV) :

Case 3. NF(t) = R(s, T U,v). Then
{t}"V £ Rg, h,K)(u"", @)

d

where u; = s, and uo, - - -, u,, are the maximal type 0 subterms, listed in order
and not necessarily distinct, occurring free in T, U, and g, h, k are PV function
symbols defined as follows. Let ¥, ---,y, be distinct new variables, and let

78



T',U" be terms whose only type 0 subterms occurring free are the y/s such that

= T,[UQ/y27 T un/yn]

and

U= UI[“Z/yZ: T 7un/yn]
then

9= Myl
= [)\a:gj’z.T’(xl,Dé)PV]
k= ey.U' (z)" "]

where x and z are new variables.

Lemma 6.2.9 {t[u/x]}FV = t"'V[ulV /z], for all terms ¢, u in the domain of {-}*V and
all type 0 variables x.

(proof) By Church-Rosser theorem 5.2.3, NF(t[u/z]) = NF(t)[NF(u)/x]. We prove by
induction on the length of NF(t[u/z]).

(1) NF(tu/x]) is a term of PV.
NFE(t) =tV and NF(u) = ufV because NF(t) and NF(u) are terms of PV.

By hypothesis,
{tlu/z]}V = NF(tlu/x]) = NF(t)[NF(u)/x] = t"'V[ul" /z].

(2) NF(tu/z]) = f(t, -, tn), ,
where NF(t) = f(t,---,t),t; = t][NF(u)/z] and t/'V = t,"V[u"V /2]
{tlu/z]}V = f(Y, - 1))

= FEPV Y fa), -, PV [P )
= (f(thV, " tnPV))[UPV/x]
= tPV[UPV/ZU]

(3) NF(tlu/z]) = R(5,T,U, %), )
where NF(t) = R(s,T,U,v),5 = s[NF(u)/z|,T = T[NF(u)/z],
U=U[NF(u)/z],o = v[NF(u)/z] and {t}*V = R]g, h, k](v’PV,u'}_ﬁv),

where g = [M\7.y1], h = [Av172.{T" (21, 2)}FY] and k = Mo g7 {U (z1) } V],
where z; and 2z are new variables.
Then {t{u/z]}*V = R[¢', W, K'|(v" TV, u"}v), where ¢’ £ AG.y1],
B E Dy Gz AT (w1, 2) 3V K 2 D g {0 () YY),
PV L {v'[u/2]}7V =o'V [u"Y /2] and u; "V < {uffu/x]}7V = uPV[u"Y /).
By free variables of T"(x1, z) and U" (1) be only ya, -, yn,
T"(x1,2) = T'(x1, 2)[u/z] = T' (21, 2) and U"(z1) = U'(x1)[u/z] = U'(x1).
Hence g =¢',h=h" and k = k.
Therefore {t[u/z]}*V = R[¢', b', K'|(v"FV,u"PV)
= Rly, K™ ™ ] PV )
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Theorem 6.2.10 PV¥ t =tV for each type 0 term ¢ in the domain of {-}V.

(proof) We prove by induction on the length of NF(t).

(1) NF(t)is a term of PV,
By prop. 5.2.14, t = NF(t). Therefore t"'V = NF(t) =

(2) NF(t)= f(t1, -, tn), where tF'V =
V= FY ) = f e )
Therefore t = tFV. v

t;.
= NF(t). By prop. 5.2.14, t = NF(t) = tF'V.

Assume v = vV and u; = ulfV.

(3) ( [U/SC]) R(5, L , 0).
zf v = 0 then s
R(s, T,U,v) = else
{ Cond(t,=U(v),t1,U(v)),

?T‘

where

t £ T(v,R(s, T, U, | 1v])).

B if vV =0 then g(a"")
R[g, h, k](v"V ulV) = else

Cond(ty~k(vtV, atV), to, k(WY V)

Y

where ;
t = h(v"V, @™, Rlg, h, k]([ 50" ], @"")).
(a) v=0
vV = v = 0. Therefore g(a"") = g(@) = uy = s.
Therefore v =0 D R(s,T,U,v) = R|g, h, k](v"Y, uV).
(b) v#0

Assume R(s,T,U, |sv]) = R[g, h, k]([ 30"V |, @""). By (6) and lemma 6.2.9
ts _h( PV kv R[ h k]( %’UPV ,UPV
— e T (2, )} ] (0F ﬁPV Rlg, h, k]([30"" ], d""))

={T (", Rlg, h, k](| 5v
=T(" R[gah k L%
=t

—_
—~

E(wPV, @PV) = D {U (2)YPV] (0P, @V
={U@)}""
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= Uf(v)
Therefore Cond(t~U (v), 11, U(v)) = Cond(tz=k(u"", @"V), to, k(u", @™)).
Therefore v # 0 D R(s, T,U,v) = R[g, h, k](vT", uﬁv).

By (a),(b) and th. 6.2.2, R(s, T, U,v) = R[g, h, k] (v, uP").
Therefore t = NF(t) = R(s,T,U,v) = R[g, h, k](vFV, uPV) = tFV.

Definition 6.2.11 Let S,T be terms of PV*. We say that (S',7") is an instance of
(S, T) iff there is a common substitution of terms of free variables which yields S’ from S
and 7" from T, and (S',T") is a zero-order open instance of (S,T) if in addition S’ and
T' are zero-order open.

Definition 6.2.12 Suppose S,T are terms of type 0y — 05 — -+ — 0, — 0. We write
S T iff PV {S"($)}FY = {T'(§)}*V for all zero-order open instances (S, T") of
(S,T), and all ¢ = ¢, -, ¢, such that ¢; is zero-order open of type o;, 1 <i < n.

Definition 6.2.13 Let S, T be zerg—order open terms of PV of type oy - 09 — -++ —
oy — 0. Then S ~ T iff PV F {S(¢)}'V = {T(¢)}V for all ¢ = ¢y,---, ¢, such that ¢,
is zero-order open of type o;, 1 < i < n.

Thus for S, T any terms of PV, S R TifE T S' =~ T for all zero-order open instances
(S, T") of (S,T).

Definition 6.2.14 The properties G,(7') are defined by induction on the type o.
(1)  Gy(t) iff t is zero-order open of type 0.

(2) Ifo=o0y— - — 0, = 0, then G,(T) iff T is zero-order open of type o and

T((/_)') ~ T(@E) for all gz;E G1,++, Pp, and 1/75 1, -+, 1y, such that G,.(¢;), G, (V5),
and o; &~ ¢;, (1 <i <n).

Definition 6.2.15 For any term T of PV¥, G*(T) iff G(T[¢/X]) and T[¢/X] ~ T[¢/ X]
for all 55 1, , On, and 1/75 Wy, , Y, such that

(1) G(:), G(¥i),0i = ¥
(2) T[¢/X] is zero-order open.
Lemma 6.2.16 G*(T) for all terms T of PV¥.

(proof) We prove by induction on the definition 6.1.2 of term 7. Assume that ¢ =
1y oy and =ty -y are (1) G(ey), G(¥r), ¢ & i , (2) T[¢/X] be zero-order

open.
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(1) T is a type 0 variable X.
(a) X=X,(1<i<n)
By T[¢/X] = ¢; and definition of ¢, G(T[p/X]).
By T[6/X] = ¢, T[(}/X) = ¢ and ¢; ~ v, T[¢/X] ~ T[1/X].
(b) X is not in the list X.
By T[¢/X] = X and def. 6.1.2, G(T[¢/X]).
By T[¢/X] = X, T[¢)/X] = X and X ~ X, T[¢/X] ~ T[4/ X].

Therefore G*(T).
(2) T is a variable X not type 0.

(a) X =X;(1<i<n)

By T[¢/X] = ¢; and definition of ¢, G(T[¢/X]).

By T[¢/X] = ¢;, T[t/X] == 1; and ¢; ~ 1y, T|¢/X] ~ T[1p/X].
(b) X is not in the list X.

We don’t need to think this case. Vi(X # X;) is impossible. T[¢/X] =

But this condition is contradiction to def. 6.2.15 (2).
Therefore G*(T).

(3) T = f, where f is a function symbol of PV.
By ¢; ~ ;, PV F ¢V = ¢PV. By this and NF(T|(
{T(GYY = F(7, -, F") = FWV, - V) =
Therefore G(f).
By f be not contained free variable, T[(E/)?] =T
Therefore G(T[¢/X]). ) )
By T[¢/X)=T,T[¢/X]| =T and T =~ T, T[¢/X] =~ T[/ X].

_))) _) (¢17 ';d)n)a
{T@)}"".

Therefore G*(T).
4 T=R

(a)  We prove G(T[¢/X]).
By R has no free variable, T'[ Z)Z']

. Hence we prove G(T') for G(T [(f)/
v

T=X.

Assume s =~ §,T ~ T,U ~ U an d ~ 0. Then we prove R(s,T,U,v)
R(s,T,U,9) for to prove G(T'). We prove o
PV - {R(s,T,U,v)}"V = { R(5,T,U,0)}" for R(s, T,U,v) ~ R(3,T, U, 7).
By hypothesis, PV  sPV = gPV PV = PV,

Log@V) = ufV =PV =8P =PV = (@ ).
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(b)

ii. k@Y, a"v) = Azg {U'(2)}V](PY, alv)

={U' @)} "™ [a][d" /4]

= {U'[v/a][ii/§)((x)[v/=][i/i]) }

= {U'a/7((z)[v/=])}"

= {U( )
U@)}"™"
DTN
Az (@)} ] a )

)
iii. Same as h(v"V, @, R[g, h, k|(| 30TV ], @) =

{R(57 1,0, U)}PV = [g‘a h, k](UPV, ﬁPV)

R
if vV =0 then g(a"V)
= else
Cond(t=k(v"V,a"v),t, k("
if 9PV =0 then g(ﬁpv)
= else
Cond(i~k(@"V, 3 ), i, k(5"

where ¢t £ h(v"V iV, Rlg, h, k(| 20"V ], "))
PLhP i Rlg b B[0PV ], 0 )
We prove T[¢/X] ~ T/ X].

By R has no free variable.

By (a) and (b), G*(T).

G*(TU), where G*(T') and G*(U)

Define 7", T", U’ and U" as T[¢/X],
and G*(U)

()

(b)

- =

Tlv/ X,

TII Ul UII ( l), ( ),
We prove G(TU[¢/X)).

By G(17), T'(U", 1) = T'(U,

of zero-order open. Then T'U'(7]) ~ T'U'(ji).

G(TUl¢/X]).

We prove TU[¢/X] ~ TU[p/X].

—'PV))

Ul¢/X] and U[y/X]. Then by G*(T)
(U') and G(U").

i), where 77 and [i are any suitable sequences
Hence G(T'U").

Therefore

By T" ~ T", PV = {T'(U, )}V = {T"(U',7)}"V, where 7] is any suit-
able sequences of zero-order open. By def. 6.2.13, T"(U’, 7))

def. 6.2.14, T"(U", i) =~
U, T'(U, )

T(U", 7). By T'(U",ij) ~
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PV {T'U"()}*V = [T"U"(i)}*V. Hence T'U" ~ T"U".
Therefore TU[¢/X] ~ TU[/X].

By (a) and (b), G*(TU).

(6) G*(A\X.T'), where G*(T)
Let ¢; ~ 1, G(¢), G(¢;) and T' = T[¢/Y] and T" = T[4) /Y], where X is not among
the components of Y. Let any 77 and /i such that G(n;), G(1;), 7 & p;. Assume any
U and V such that zero-order open, U =~ V' and same type as X.

(a)  We prove Gj(éX.T) [0/ ]).
By G(T), T[¢/Y,U/X]| ~ [QS/Y V/X]. Hence T'U/X| =T'[V/X].
Therefore Vij(PV = {T'[U/X](7)}"V = {T'[V/X](7)}"Y).
By type of T'[U/X](7f) be 0, T'[U/X](i7) ~ T'[V/X](1])-
By G*(T), G(T'[¢/Y,V/X]). Therefore G(T"[V/X]).
By G(I'(V/X1), Gn), G () and s ~ i, TV/X () ~ T'[V/X ().
By T'[U/X](7) ~ T'[V/X)() and T'[V/X](7) ~ T'[V/X](7),
TU/X|7) ~ T'V/ X)),
Therefore PV = {T'[U/X](f)}V = {T"[V/X](ji)}*V.
By NF(T'[U/X](7)) = NF((AX.T")(U, 7)) and
NF(T'[V/X](i) = NF(OXT)(V, ),
PV E {OAX.T) (U} = {(OXT)(V, i)},
Hence G(AX.T").
Therefore G((AX.T)[¢/Y]).

/
(b)  We prove ()\3(2“)[ /Y] ~ ()\X T)[1/)/Y]
By G*(T), T[$/Y,U/X] ~ T[¢/Y,U/X]. Hence T'[U/X] ~ T"[U/X].
Therefore Vij(PV = {T'[U/X](7)}V = {T"[U/X](7)}"V).
By NF(T'U/X](fi)) = NF((AX.T")(U, ji)) and
NF(T"U/X](fi)) = NF((AX.T")(U, i),
VU, HPV = {AXT)U, @)} = {AXT")U, [@)}"™).
Hence (AX.T") ~ (AX.T").
Therefore (AX.T)[¢/Y] ~ (AX.T)[¢/Y].

By (a) and (b), G*(AX.T).
[ |

Lemma 6.2.17 If § %' T then (AX.S) ¥ (AX.T).

(proof) Let (S’,T") be zero-order open instance of (S,7") and X be free variable of (S’,T")

and (S, 7). Assume S T, We need to prove that for any suitable zero-order open terms

¢ and ¢, PV {(AX.5")(¢, )}V = {AX.T') (¢, 6)}"" 3 )
Define A, A’, B, B as (AX.S")(¢, ¢), S'[¢/X]|(¢), AX.T") (¢, ¢) and T'[¢p/ X]().
By NF(A) = NF(A') and NF(B) = NF(B'), A"V = A"V and BV = BV,
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By S’ and T” be zero-order open, S’[¢)/X] and T'[1)/X] are zero-order open. By (S',7")
be instance of (S,T), S’ = S[¢/Z] and T" = T[v/Z]. By S'[v/X] = S[v/Z,1/X] and
T'wW/X]|=T[v/Z,¢/X], (S'[¢/X], T/ X]) is zero-order open instance of (S,T).

By S X T,

PV {S'l/X)(#)}" = {T'[WX]( 6}

Therefore PV = APV =

Therefore PV = APV = BPV

Lemma 6.2.18 If § ¥ T then (SU) 'V (TU).

(proof) Let types of T, S be 0y — ---0, — 0 and U be ;. Assume (S'U’,T'U’) be
any zero-order open instance of (SU,TU), where S',T" and U’ are S[v/¥], T[¢/0] and
U[v/9]. Then S',T" and U’ are zero-order open because S'U’ and T'U’ are zero-order
open instance. Define a set ® as

o< {q? | [55 b1, -+, Onl, ach ¢; is zero-order open of type 0,1 < i < n}.
By S W T, V(S’,T’)Vd_f € B(PV + {5 (&)} = {T"($)}FV). Define a set " as

o < {¢7’ | [¢" = ¢!, -, ¢!"_], each ¢ is zero-order open of type o,,1,1 < i < n}.

For any o e D" deﬁne a sequence ¢ as
¢ Z U and Then ¢ € &. By ¢ € ® and S X T, PV I {S'(¢)}PY = {T"(§)}FV.
Therefore

PV EAS @)™ = {(--(5'91)0) - )}
= {(--(STU), - 1)}V
(- (ST -G}
= {(ST")(@")}.

Same as PV F {T"(¢)}"V = {(T'U")(¢")}"".
Therefore PV {(S’U’)(gzi”)}PV = {(T’U’)(qﬁ”)}P:/. )
Therefore ¥(S'U', T'U")67 € ®'(PV F {(SU)(@)} = {(TU)(G)}).
Therefore (SU) (TU)
Lemma 6.2.19 If § X' T then (US) 'V (UT).
(proof) By lemma 6.2.16, G*( )_) o
Hence V¢, v, PV = U7/ X))} = {Ul/ X)),
(

By S W T, Vo, PV F{S [ﬁ/X] ﬁ)}PV {T[U/X](ﬁ)}w)-
Therefore we take S[7/X](¢ ) and T777/X](¢ ) as ¢' and 1/)' .

Then Vg, 1), (PVF{U[n/X']( [/ ]@)}fv {U[n/X]( [/ X ](zl))l}PV)-
Therefore Vg, 1/), (PVI—{U[ﬁ/ XS[7/ X))}V = {U]ii/ X]T[i7

7/ X](0)}"Y).
Therefore (US) '~ (UT). y

Lemma 6.2.20 If § ¥ T then U{S} X U{T}.
(proof) By lemma 6.2.17, 6.2.18 and 6.2.19. 4

85



Theorem 6.2.21 If PV¥ + t = u, then PV  tI'V = uPV where ¢, = u, is any zero-

order open substitution instance of ¢ = w.

(proof)
We prove induction on the PV proof of PV.

(1) t=wis an axiom of PV.
By lemma 6.2.9 and (R4), PV =tV = V.

(2) ¢ =wis an instance of («), () or (7).

Let t = s{\X.T} and u = s{\Y.T[Y/X]}. Then t*V = {s{AX.T}}*V and ufV
(sOVTY/X]PY. By th. 5.23, NF(#Y) = NF(u").

instance of x = z.

(3) t=wis an instance of (HT'LRN).
if v=0 then s
Let t =R(s,T,U,v) and u = else
Cond(w=U (v),w,U(v)),
where
w = T(w, R(5,T,U, [30]).
Then "V = R[g, h, k](v"V,7"V)
if vV = 0 then g(Fv)
= else
Cond(w' k(" 7"V) W', k(v"V,7V)),
where
rPv 4 sPV T =T ry/ya, 10y, U = U'lra)yo, -+
h=\egzT (x,2)" V], k = Ny {U"(2)}V] and
w' £ ™ 7Y Rlg b K30 ].7).
uf UPV_O then stV
And u”V = else
Cond(w"f{U(UPV)}PV, w//, {U(UPV)}PV),

where

w" £ TV {R(s,T, U, | Lo])} "V},

By PV F g(7"V) = [V = PV,
PV = w' = h(PY, 7V R[g,h

E](L50"V ], 7))
={T(w"", Rlg, h, ](L%v "

VJ V) PV
)

7))
PO

- {T(Upva {R(Sa ) L%'U
=w".
and
PV = k(PV, V) = Mg {U' (x)} V] (7Y, 7PY)

= {U()).

Therefore PV F £V = 4PV,
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(4) ¢t = wis an instance of (R1¥).
Assume PVY =t =u = PV "V ="V,
Then we need to prove that PV - u =t = PV - ufV =PV,
This proof follows from (R1“), hypothesis and (R1).

(5) t=wis an instance of (R2%).
Assume PV Ft=s5s= PV FtP'V =5V and PV¥ s =u = PV I sV =PV,
Then we need to prove PV¥ Ft=35,s =u= PV 'V =",
This proof follows from (R2¥)hypothesis and (R2).

(6) t=wis an instance of (R3%).
Assume PV¥ -t =u = PV "V =4V,
Then we need to prove PV“’ Fs{t} = s{u} = PV F {s{t}}"V = {s{u}}"".
By lemma 6.2.20, s{t} ~ s{u}
Hence by definition of '~ , PV I {s{t}}"V = {s{u}}"V.

(7) t=wis an instance of (R5").
Assume PV¥ -t =u = PV "V =47V,
Then we need to prove PV¥ Fu =1t = PV {sul¢/z]}"V = {st[¢p/z]}"V.
This proof follows from lemma 6.2.9, th. 6.2.10 and hypothesis.

(8) t=wis an instance of (R5Y).
Assume
PVY = t[0/x] = u[0/x], t[sox/x] = vo[t/a], u[sox/x] = vo[u/al,
t[s1x/x] = vi[t/a], u[s1z /2] = v1[u/al
=
PV i {t[0/=]}"™" = {u[0/]}"",
{t[sox/x]}"" = {wo[t/a]}"", {ul[sox/x]}"" = {vo[u/a]}"",
{tls12/2]}7V = {o[t/a}7V {u[siz/a]}7Y = {vi[u/a]}7V.
Then we need to prove PV¥ & t[0/x] = u[0/z], t[sox/x] = vo[t/a],
u[sor/x] = vo[u/al, t[s1x/x] = vi[t/a], u[six/x] = vi[u/a] = PV =tV = uFV.
This proof follows from lemma 6.2.9, th. 6.2.10,(R4), (R5) and hypothesis.

Theorem 6.2.22 PVY¥ is a conservative extension of PV.

(proof)
By th. 6.2.21,

V(t =u) € L(PV)[PV*Ft=u= PV 'V =uV].
By t =u € L(PV), t*V =t and u”Y = u. Hence

V(t=u) € L(PV)[PV¥Ft=u= PV Ft=u.
Therefore PV¥ is a conservative extension of PV.
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Chapter 7

The System IPV¥

The system I PV* is a quantified version of PV, employing intuitionistic predicate logic.
Main theorem of this chapter is to prove that I PV is a conservative extension of IPV.

7.1 Definition

Definition 7.1.1
(1) The function symbols and terms of IPV* are same as PV¥.
(2)  The predicate symbols of IPV* are = and <.

(3) Bounded quantifiers are same as defined in Chapter 2.

Definition 7.1.2 The formulas of IPV* are defined as follows:

(1) The atomic formulas are all formulas of the form ¢t = u or t < u,
where ¢ and u are any type 0 term.

(2) If A and B are formulas , then AV B, AA B and A — B are formulas.

(3) If Aisa formula and x is a variable with type 0, then V2 A and 3z A are formulas .

Definition 7.1.3 The rules of inference of IPV* are defined as follows:
(1) NJ and IR which understood to apply to the many-sorted predicate calculus.

(2) A—s=tkA—u{s}=u{t}
where every free variable of s or ¢ which becomes bound in u{s} or u{t} has no free
occurrence in A.

Notice that we have placed all theorems of PV¥ as axioms of I PV*, rather than just
the axioms of PV (just the axioms of PV are needed as axioms for /PV'). The difficulty
lies with the powerful PV* rule R3“. The analogous rule R3 of PV is a derived rule in
I PV because of the identity axioms, but R3“ does not follow from the identity axioms
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because s and t may have free variables which are bounding u{s} and u{t}. We cannot
translate the rule as an axiom scheme, say s = t — u{s} = u{t}, because this is not
sound. We could incorporate the rule R3“ as a rule of ITPV*, but then the deduction
theorem would not hold in 7PV*. To preserve the deduction theorem, we could add the
more general rule
A—s=tkA—u{s}=u{t}

subject to the restriction that every free variables of s or ¢ which become bound in u{s}
or u{t} has no free occurrence in A. This rule is sound, but (because of HT LRN) it
would considerably complicate our proof that I PV* is a conservative extension of IPV.

Definition 7.1.4 The azioms of IPV* are defined as follows:
(1) The theorems of PV¥.
(2)  The non-logical axioms of IPV.

(3) PIND“ axiom :
(A]0/z] /\V:U(AH%:L‘J Jz] = A)) — Vz A,
where A has the form
(Fy <thu=wv
with ¢ zero-order open.

Notice that in the formula A of the PIND“ scheme the term v and v may have
free higher variables, but free variables of ¢ must have type 0. The reason for the latter
restriction is that we will require that each bounding term ¢ is bounded by a monotone
term. On the other hand, to prove the results on realizability the terms u and v must
have free occurrences of higher type variables.

7.2 Conservative extension of I[PV

Notation 7.2.1 A{S} refers to a formula with a distinguished occurrence of a term S.
Then A{T} means A{S} with the indicated occurrence of S replaced by 7. In general S
and T may have free variables which become bound in A{S} and A{T'}.

Theorem 7.2.2

a)IPVY 2 =0— (A{Cond,(z,S,T)} <» A{S})

L IPVY -z #0— (A{Cond,(z,S,T)} < A{T}),
provided the indicated occurrence of x on the right are free (not bound by quantifiers or
A-terms in A{}).

(proof) We prove by induction on the logical structure of A{}.
a)
(1) A{}isu=w.
Then A{S} = u{S} =v{S}.
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By th. 6.2.5, u{S} = u{Cond,(0,S,T)} and v{S} = v{Cond,(0,S,T)}.
Hence u{S} = v{S} > u{Cond.(0,S,T)} = v{Cond,(0,S,T)}.
Therefore = 0 — (u{S} = v{S} <> uw{Cond.(z,S,T)} = v{Cond,(z,S,T)}).

(2) A{}isu<w.
Same as (1).

For the remaining cases, assume that
IPVY 2 =0— (B{S} +> B{Cond (z,S,T)}) and
IPVY oz =0— (C{S} +> C{Cond,(z,S,T)}), where B and C are formulas.

(3) A{}is B{} v C{}.
Then A{S} = B{S} Vv C{S}.
By hypothesis, B{S} Vv C{S} <> B{Cond.(0,5,T)} v C{Cond.(0,5,T)}.
Therefore z =0 — (B{S} v C{S} +» B{Cond, (z,S,T)} v C{Cond (z,S,T)}).

(4) A{}is B{} AC{}.
Same as (3).
(5) A{}isVzB{}.
By (VI), (VE) and hypothesis,
VzB{S} <» V2B{Cond,(0,S,T)}.
Therefore © = 0 — (VzB{S} <> Vz2B{Cond.(z,S,T)}).

6)  A{}is 3B}

Same as (5).

B)
Same as A). y

Theorem 7.2.3

If Ais a X formula of IPV*, then there is a term t* of PV* so that
IPVY - A & t4 = 0.

(proof) We prove by induction on the logical structure of A.

a)

(1) Aisu=wv.
By u = v > Equ(u,v) =0, and Fqu(u,v) =0 is a term of PV*.

(2) Aisu<w.
By u < v > Lessequ(u,v) = 0, and Lessequ(u,v) =0 is a term of PV¥.

For the remaining cases, assume that B < tf = 0, C + t¢ = 0 and D(x,¢) +

tP(x,3) = 0.
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(3) Ais BVC.
By BVC & (tP =0VvtC =0) < (tP vt =0).

(4) AisBAC,
By BAC + (t2 =0At° =0) < (tP&t° =0).

(5) Ais (Vz <|a|)D(z, 7). |
By (Vo < la|)D(z, %) > t” (a,9) = 0.
)
(z,

(6) Ais (Fz < |a D( 7).
By (3z < |a|)D

Theorem 7.2.4 If A is a ¥f formula of IPV* then IPV¥ F AV —A.

(proof) For any Y% formula A, PV¥ + A — ¢4 = 0 by th. 7.2.3. Then
PVY | C’ond(tA 0,0)=0, byTl
PV* F Cond(t* Cond(tA 0,0),Cond(t*,1,0)) =0, by T4
PV¥ F Cond(t*,0,Cond(~ tA 0,1)) =0, by T38
PV¥ F Cond(t,0,s9(~ t*)) =0, by D31
PVYFtAv ~t4 =0, by D3L
Therefore
IPVY AV ~ t4 = 0,
IPVY FtA =0V ~t4 =0, by th. 4.2.2(4)
IPVY =tA =0V =1 =0), by th. 4.2.2(2)
IPV¥ = AV —-A, by th. 7.2.3. 4

Proposition 7.2.5 For each type 0 zero-order open term s and all type 0 variables z,y
there is a term ¢ of PV whose free variables are among those in a such that

(a) IPVYFs<t
and

(b) IPVYFax<y—t<tly/x].

(proof) Assume that s is an any zero-order open type 0 term.
By th. 6.2.10, IPV¥ - s = sV,
By T206 and s be a term of PV, there is a term s”V" in PV such that
(1)Lessequ(s” (z), s"V™ (z)) = 0
(2)[Lessequ(z, y) = Lessequ(s™V" (z), s"V™ (y))] = 0
Then
IPV = Lessequ(s®V (x), SPVM(x)) =0 and
- [Lessequ(z,y) = Lessequ(sPVM(x), sPV (y))] =0 by th. 4.2.1.
IPV EsPV(z) < sP"M(@)=0and 2 <y — "M (2) <s"V™M(y) by th. 4.2.2.
Therefore
IPVY - sPV(z) < sPVM(z) =0 and 2 < y — sV (2) < sPVY ().

91



TPV s(z) < s"VM(z)) =0 and z < y — s"VM(2) < sPYM(y) by s=s"V.
Therefore if we take s”V"" as ¢, then satisfies (a) and (b). y

Recall that (37 < 1) stands for (Jy; < t1)--- (Fyn < ta).

Theorem 7.2.6 Each instance of the PI N D“ axiom scheme is a theorem of I PV“ when
A has the more general form

(Fg<tHu=v
with each ¢; zero-order open.

(proof) By prop. 7.2.5 and T206, we can prove
IPVY F (Jy <t1)(Fye <ty)u=v <+ (Fz<s)u' =v" ------ (a)
by a method same as lemma 4.2.11. By (a), we can prove
IPVYF (37 <thu=v e (2 < s)u' =v'.
Therefore We can apply PIND* to a formula which has a form (37 < t)u = v. y

To apply cut elimination, the system I PV and [PV are reformulated in terms of
Gentzen’s sequent system L.J. In L.J, each node in a proof tree is a sequent of the
form Ay,---, A, — B, where possibly n=0 or B is missing. The logical rules are those
described later. In particular we divide cut rule into high cut and normal cut. If cut
formula A has higher type quantifiers then the cut rule is called high cut , where higher
type quantifier is one of the form VX or 94X, where X is a variable not of type 0. The
logical axioms are all those of the form A — A, where we require that A be atomic.
The set of axioms must be closed under substitution in order for cut elimination to work,
so we take as a nonlogical axiom in the old formulation. It is important that no axiom
involve higher type quantifiers, so we take as identity axioms every instance of any sequent
r =y — (A< Aly/x]), where A is atomic.

Since L.J is equivalent to the logical system /N.J which is given in Chapter 2, it is not
hard to see that the resulting sequent systems for /PV and IPV* are equivalent to the
original systems, in the sense that — A is a theorem of the sequent system iff A is a
theorem of the original system.

For the rest of this section we assume that I PV and I PV* have their sequent formu-
lations.

Definition 7.2.7 L.J is given by the following rules of inference:

1) Structural rules:

AI:F—;AA (weakening left) FF—>——>A (weakening right)
AATSA o DABIGA
ATSA (contraction left) F.BAISA (exchange left)
PoA  AIISA

TIISA (normal cut), where A has no higher type quantifier.

r—-A ATl—A
— T1I _>’ A—> (high cut), where A has higher type quantifiers.
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2) Logical rules:

Aj\l}_g,—?—%A (A leftl) ﬁ—?ﬁA (A left2)
b Eon L AT B
% (V right1) %(\/ right2)
FXSXB,F%E%C (5 left) FA;FT_;%(D right)
%(ﬁ left) AT vight)

3) Quantifier rules
TarRR e A e
MYXIDD 31y L2AT (3

where Z does not occur in the lower sequent, and 7' is an arbitrary term.The variable
Z is called eigenvariable.

Definition 7.2.8
Mixture rule
r—A I[1—A
=AY

where II; contain the formula A, and II, is obtained from II; by deleting all the occurrence
of A.

We call A the mizing formula. If A has higher type quantifiers then mixture rule is

called higher mixture, else mixture rule is called normal mizture.

Mixture rule is equivalent to cut rule.

Lemma 7.2.9 If I' — A has a proof in IPV¥ which has no high cut, then every substi-
tution instance of I' — A has such a proof.

(proof) We prove [I'(z) — A(z)] = [['(t) — A(t)] (where ¢ is a term) by induction on a
proof P .

(a-1) P is an only logical axiom A(x) — A(z).
By A(t) — A(t) be a logical axiom, too.

(a-2) P is an only nonlogical axiom — A(zx).
By only nonlogical axioms be closed under substitution.
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For the remaining cases, assume that every substitution instance before last inference
has such a proof.

(b) The last inference rule of P is structural rule or logical rule. We prove the rule
(normal cut) as an example.
Let P be
M(z) — M(z) N(z) = N(z)

['(z) — A(x) A(z),II(z) — B(x)
['(x),II(z) — B(z)

By hypothesis,

M(t) — M(t) N(t) = N(t)

f and f
L(t) — A(t) A(t),TI(t) — B(t)

are provable. Hence by (cut),

M(t) — M(t) N(t) — N(t)

(t) . A A®),TI() . B(t)
T(7),1(1) — B

(c) The last inference rule of P is a quantifier rule.

Assume that a variable z is the eigenvariable. We prove the rule (V right) as an example.

(1) aterm t is a variable b and z is the eigenvariable.
Let P be

' — A(x)
' — VyA(y)
By hypothesis and (V right),
M(b) — M (b)

' — A(b)
' — VyA(y)
By t =,
M(t) — M(t)

r— A:(t)
' = VyA(y)

(2) aterm t is a variable b and x is not the eigenvariable.
Let P be
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['(z) — Az, 2)
I'(z) = VyA(z,y)
By hypothesis and (V right),
M (b) — M (b)

['(b) — A(b, 2)
['(b) — YyA(b, y)
By t = b,
M(t) — M(t)

(t) . Alt, 2)
U(t) — VyA(t, y)

By (1) and (2), if P is a proof which contains a variable z, then P" which obtains
from replacement x in P a variable b is a proof, too.

(IPVY FT(z) - A(z) = IPV¥ - T'(b) — A(b), where = and b are variables).

We call this property (é).

(3) x # z and z is not free variable in ¢.
Let P be

[(z) — Az, 2)
I'(z) = VyA(z,y)
By hypothesis and (V right),
M(t) — M(t)

(t) . Alt, 2)
[(t) — Yy A(t, y)

(4) x # z and z is free variable in ¢.
Let P be
M(x,z) — M(z,z)

[(z) — Az, 2)

[(z) = VyA(z,y)
By (&),

M(z,b) — M(z,b)

I(z) . Az, b)

95



['(z) — VyA(z,y)
where the variable b is not contained in P and ¢.
By hypothesis and (V right),
M(t,b) — M(t,b)

(1) . A(t,)
I'(t) = VyA(t, y)
By (&),
M(t,z) — M(t, z)

) . Alt, 2)
t) — VyA(t,y)

I(
I(
(5) x =1y (i.e. z is the eigenvariable).

Let P be

' — A(x)
[' = VzA(z)
Then z is not free variable in ' because of condition of (V right). Therefore by

hypothesis,
M(t) — M(t)

r— fi(t)
' — VzA(t)

Definition 7.2.10 We define grade, thread and rank for next theorem “high mix elimi-
nation”.
Let P be a proof which contains a mix only as the last inference:

I'=A 1 =A
T A W)

The grade of a formula A (denoted by g(A)) is the number of logical symbols contained
in A. The grade of a mix is the grade of the mix formula. When a proof P has a mix as
the last inference, we define the grade of P (denoted by ¢g(P)) to be the grade of this mix.
We refer to the left and right upper sequents as S; and Ss, respectively, and to the lower
sequent as S. We call a thread in P a left(right) thread if it contains the left(right)
upper sequent of the mix. J. The rank of a thread T in P is defined as follows : if T is
a left(right) thread, then the rank of T is the number of consecutive sequents, counting
upward from the left(right) upper sequent of .J, that contains the mix formula, the rank
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of a thread in P is at least 1. The rank of thread T in P is denoted by rank(T; P). We
define

rank;(P) = max(rank(T; P)),

where T ranges over all the left threads in P, and
rank, (P) = max(rank(T; P)),

where T ranges over all the right threads in P. The rank of (P) , rank(P), is defined as
rank(P) = rank;(P) + rank,(P).

Notice that rank(P) is always > 2.

Lemma 7.2.11 If [ — A is a sequent of /PV and a theorem of IPV*, then I' — A has
a proof in IPV* which does not involve higher type quantifiers.

(proof) Since I' — A has no higher type quantifier, it suffices to find a proof of ' — A
which has no high mix. Therefore we need to prove high mix elimination.

proof of high mix elimination

Let P be a proof which contains a mix only as the last inference. We prove by double
induction on the grade d and rank r.

(1) r=2i.e. rank;(P) = rank,(P) =1

(a) The left upper sequent S; is an initial sequent.
In this case assume P is of the form

A=A TL=A
Ay eyl G
We prove A, Il; — A without a mix.
H1 — A

some exchanges
A - AT — A
some contractions

A,H2—>A

(b)  The left upper sequent S, is an initial sequent.
Same as (a).

(c)  Neither S; nor S, is an initial sequent, and S; is the lower sequent of a
structural inference .J;. Since rank;(P) = 1, the formula A cannot appear in
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the upper sequent of .Ji, i.e., J; must be a weakening : right, whose weakening
formula is A :

[ — J
r A4t H1—>A(A)
F,H2—>A

We prove I', Il — A without a mix.

[ —
some weakenings

I, I' —

some exchanges
I, —

I, — A

(weakening right)

(d)  Neither S; nor S, is an initial sequent, and S is the lower sequent of a
structural inference J,. Same as (c).

(e) Both S; and S, are lower sequents of logical inferences.
In this case, mixing formula has the form BAC, BV C,B D C and =B, where
bounded quantifiers are contained in B or C' always. We prove B A C' as an
example. Since rank;(P) = rank,(P) = 1, assume P is of the form

r>B I'>C I, - A
' -=BAC BAC,II; - A

F,H2—>A

(BAC)

We prove ', Il — A without a mix.

H2 — A
some weakenings
I, — A

(f) Both S; and S, are lower sequents of quantifier inferences.
In this case, mixing formula has the form VX B(X) or 3XB(X). We prove
VXB(X) as an example. Since rank;(P) = rank,(P) = 1, assume P is of the

form
' = B(Z) B(T),1I, — A

[ SVXB(X) VXB(X),1 — A
I, — A

(VXB(X))

By eigenvariable condition, Z does not occur in I' and B(X). By lemma 7.2.9,
we can prove I' — B(T) from I' — B(Z) without high mix. Using this, We
prove I', Il — A without a mix.

T - B(Z)
I'—- B(T) B(T),II A
- (F)H LL’ 27 (normal cut)
y 12
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(2) rank,(P)>1

(a) T (in Sy) contains A.
We prove I', Il — A without a mix as follows.

I, - A
some exchanges and contractions
A, I, - A
some weakenings and exchanges
LI, — A

(b) S is the lower sequent of an inference .J,, where .J; is not a logical inference
whose principal formula is A. The last part of P looks like this:

- U
r—A II, - A
F,H2—>A

Jo
(A)7

where the proofs of ' -+ A and & — ¥ contain no mixes and ® contains at
least one A. Consider the following proof P':

high miz T o — 0

Then rank;(P’) = rank;(P) and rank,(P’) =rank,(P) - 1. Thus by the induc-
tion hypothesis, [', ®* — W is provable without a mix. Therefore

o — v
some exchanges
o I' - ¥
L, I' — A
some exchanges
I, — A

Jo

(c) T contains no A’s, and S5 is the lower sequent of a logical rule or quantifier
rule whose principal formula is A. Although there are several cases according
to the outermost logical symbol of A, we prove two examples.

i. Ais B D C, where bounded quantifiers are contained in B or C always.
The last part of P is of the form:

®, - B C,(I)2—>A

' = B>C BDOC,®,9—> A
o105 — A

Jo

J (BD>CO).

If BD Cisin ®; and ®,, then we consider the following proofs P, and P,:

r-B>C &, — B
I,o] > B

P (BD>C),
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r-B>C C&, —A
[0, 85 - A

else if B D C'is not in ®; or ®,, then ®; and &, are defined as follows :

P, (B> (),

) — B
weakenings and exchanges
re; —-B

Py

C,dy — A
weakenings and exchanges
[0, 85 - A

Py

Note that g(P,) = g(P,) = g(P), rank;(P;) = rank;(P,) = rank;(P) and
rank;(P;) = rank;(P,) = rank;(P) - 1. Hence by induction hypothesis, the
end sequents of P, and P, are provable without a high mix (say by P and

P}). Consider the following proof P’ :
P] P,
I, ot — B C,I,& — A

I' sB>C BOCIL,0LL,0, — A
T,T,®,T,0; — A

J

(B> CO).

Then g(P') = g(P), rank;(P') = rank;(P), rank,(P') = 1, for T' contains
no occurrences of B O C' and rank(P') < rank(P). Thus the end-sequent
of P’ is provable without a mix by the induction hypothesis, and hence so

is the end-sequent of P.
ii. Ais IXF(X).
The last part of P is of the form:

F(T),®; — A
I 5 3XF(X) IXF(X), 0 — A
S Ty AXF(X)).

Let Y be a free variable not occurring in P. Then the result of replacing T
by Y throughout the proof ending with F(T'), ®; — A is a proof, without
a mix, ending with F'(Y'), ®; — A, since by the eigenvariable condition, Y

does not occur in ®; or A.
Consider the following proof :

I > 3XF(X) FY),& — A
L,F(Y), o — A

(IXF(X)).
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By the induction hypothesis, the end-sequent of this proof can be proved
without a mix (say by P’). Now consider the proof

Pl

T, F(Y),® — A
some exchange
: FY),T,® — A
[ > 3XF(X) 3IXFX),L,e — A
I I 1,0 — A

(FXF(X)),

where Y occurs in none of IXF(X),T", ®;, A This mix can then also be
eliminated by the induction hypothesis.

rank,(P) = 1 and rank;(P) > 1
Same as (2).

Definition 7.2.12 The transformation t ~» {t}*V takes a zero-order open formula A of
IPV* with no higher type quantifiers to an equivalent formula {A}/”Y of TPV, and is
defined inductively as follows:

d [PV PV

{t =u}tV = =u
d

{t S U}IPV
{AcB}PYV L APV eBIPY “where ¢ is —, V or A
(Vo A}IPV £ Yz AIPY
{Fz APV L gy APV

d
wpv L 4rpy %
{Aq, - AP =AY AL

tPV < UPV

For every zero-order open type zero term t of PV

{S[t/=]} = STPVIEEY [,

where S is a sequent or formula of 1PV,

Lemma 7.2.13 If a proof P of IPV¥ does not involve higher type quantifiers, then
IPV F {S"}'"V for every zero-order open instance S’ of any sequent S in P.

(proof) We prove by induction on the length of the longest path S to a leaf in P.

base step S is an axiom.

S is an axiom of IPV.

By IPV F S and {S}/FV = 5, IPV F {S}FV.
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(2) S is a theorem of PV¥.
Let S = (u=wv). By th. 6.2.21, PV¥ t=u= PV -]V =ul"V.
By th = U{DV = {tl = ’LLI}IPV, IPV {tl = ’LLI}IPV.
Therefore [PV + {S'}HIV.

(3) Sis PIND.
By S = A(0) AVz(A([32]) = A(z)) — VzA(z),
{SHPV = {AO)TV AVe({A(L52])}TY = {A@)}TY) — Va{A(x)}T.
This is NP-Induction of IPV. Hence TPV + {S}FV.

induction step S is the consequence in P of appling a rule of LJ. Then we define S’ as
upper sequent of S. We need to prove for each rule. In here, We prove the rule (A left) as
an example. Define S= AA B, I' - A and S'"= A, = A. Then we need to prove that
[IPV E {AYPY ATHPY — {AVPY] = [IPV F {AA B}PYV ATHPY — [A}PV]
Assume [PV = {AEPV {THEV — [AMPV,

By (A left), IPV = { APV A{BYEYV {THEV 5 [AVPY,

By definition of {}/"V IPV = {A A B}V ATHPY — [A}PV.

Theorem 7.2.14 [PV¥ is a conservative extension of IPV.

(proof)
By lemma 7.2.13,

V(I' - A) € LUPV)[IPVY FT — A = IPV = {THPV — {A}PV]
By (I' = A) € L(IPV), {T}H"V = {A}PY) =T — A. Hence

V(I - A) e LUPV)[IPVY T - A= IPV T = Al
Therefore IPV* is a conservative extension of IPV . y
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Chapter 8

Realizability

Realizability by numbers was first introduced by S.C.Kleene in 1945 [7], and was intended
as a kind of reinterpretation of intuitionistic arithmetic, so as to bring out more explicitly
the intended constructive interpretation of the logical operators. As such, it may be
viewed as a variant of the abstract interpretation scheme first introduced by Heyting. As
we shall see from the definition and results in the sequel, Kleene’s notion is not just a
variant of , but essentially differs from the interpretation intended by Heyting. Hence, it
cannot be said to make the intended meaning of the logical operators more precise. As
a “philosophical reduction” of the interpretation of the logical operators it is also only
moderately successful ; i.e. negative formulae are essentially interpreted by themselves.

On the other hand, realizability possesses some nice formal properties, which provide
it with some mathematical interest of its own ; but more important, realizability and he
many variants deriving from it turn out to be very convenient tools in the development
intuitionistic proof theory.

Modified realizability was first introduced and used in Kreisel. Modified realizability
in its abstract form provides interpretation s of the various H A“-versions into themselves
; the interpretation may be specialized (to an interpretation in (a subsystem of) a version
of another system) by specifying a model for the objects of finite type.

One of its most distinctive properties is that Markov’s principle is no validated by
modified realizability ; this was already noted and used by Kreisel to show underivability
of Markov’s principle in systems of intuitionistic analysis.

On the other hand, modified realizability validates

(nA — JyB) — Jy(—A — B), where y is not free in A.
This fact is connected with its invalidating Markov’s principle.

This property was used for proof-theoretic applications(“derived rules”).

In this section we present a form of Kreisel’s modified realizability for the system
IPV¥. As applications, we show that decidable formula represent polynomial time pred-
icates, prove a version of Buss’s main theorem for I5? relating existence proofs and
polynomial time functions, and prove two of Buss’s conjectures concerning IS?.

Our version of realizability is a translation of /PV* a formula X ®A (read X realizes
A) of IPV*¥, where X is a sequence of zero or more variables of types determined by
the variables X help to explain why A is true. Our definition follows that presented in
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[10]. The main difference is the conjunct A — B in clause (iv) below, which assures
that provably realizable formulas are provable, and allows us to prove theorem 8.1.6 and
Buss’s conjectures. In standard realizability, a suitable version of the axiom of choice is
provably realizable but not provable [10].

Main theorem of this chapter is to prove that if TPV + VZ3yA(Z, y) then there is a
PV function symbol f such that [PV = VZA(Z, f(Z)).

8.1 Definition

To apply realizability, the system IPV and [PV are reformulated in terms of Hilbert
Style system. Hilbert Style is very similar to N.J. N.J has some rules which of hypothesis
are struck out, (— I), (VE) and (3E). But Hilbert Style has no such a rule. This property
is very useful of realizability. And Hilbert Style is equivalent to the logical system N.J.
Therefore in this chapter and next chapter we assume that logical rules and axioms of
IPV and IPVY are Hilbert Style.

Definition 8.1.1 Hilbert Style of intuitionistic predicate logic is given by the following
axioms and rules of inference:

Axiom Schemes

. A= (ANA) 2. (AVA) — A 3. (ANB)— B
4. B— (AV B) 5. (ANB) — (BAA) 6. (AVB)— (BVA)
7. VzA — Alt/z] 8. Alt/z] — JzA 9. (0=1)— A
Rules of Inference
10 A A—B 1 A—B,B—C 19 (AAB)—C 13 A—(B—C)
' B ' A-C " A—(B—0C) " (AAB)—C
14 A—-B 15 A—-B 16 B—+A
" CVA—CVB " A—-VaB " dzB—A
Identity axioms
17. z=x 18. z=y— (A Aly/z])

In axiom schemes 7 and 8, A[t/z] stands for the result of substituting the term ¢ for
all free occurrences of x in A; t must not contain an occurrence of a free variable which
becomes bound in A[t/x]. In rules 15 and 16,  must not occur free in A.

Notation 8.1.2 We use the notation X for Xy, X, and Y for Yi,--, Y, n,k >0,
and Y (X) for Y1(X), -+, Yr(X), etc. Also A stands for the empty sequence of variables,

and Y(A) 2 V.

Definition 8.1.3 (Kreisel’s modified realizability)
X®) A is defined by induction on the logical structure of A. We assume that no variable in
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the list X occurs free in A. T® A < (X@®A)[T/X]; that is X® A with the simultaneous
substitution of T; for X; (1 < i < n).

(i) A®A = A, if A is atomic.
(i) X,V®(AAB) =
(iii) 2, X, Y®AVB) = (z=0AX®A)V (2 0 AY@®B).
(iv) Y®(A = B) 2VX(X®A — Y(X)®B) A (A — B).
(v) X@VYAZw(X(YV)®A).

(vi) Z, X®IVAZ X®A[Z/Y].

Proposition 8.1.4 A®—-A =VY (~(Y®A)) A A

=1)), by def. 8.1.3 (iv)
AY)®(0=1))A(A— (0=1)), by def. 8.1.3 (i)

=VW(Y®A—
=VY (Y®A — (0=1)) A4,
= VY (=(Y®A)) A -A. §

Proposition 8.1.5
a)Each free variables of X®) A is either free in A or in the list X.

b)If Y is not in the list X, then X@®A[T/Y] = (X®A)[T/Y].

(proof)

a)We prove by induction on the logical structure of A.

(1) A is atomic.
There are only free variables in A. Therefore variables in X® A are only free
variables in A or in the list X.

For the remaining cases, we assume that free variables of X ® B are either free in
B or in the list X and free variables of Y®C' are either free in C or in the list Y.

(2) Ais BAC.
By def. 8.1.3 (ii), X,Y®(BAC) = (X®B) A (Y®C).
Hence each free variables of X, )7®(B A C) is a free variable of X®Bor Y®C.
Therefore each free variables of X, Y® (B A C) is in the list X, Y orin B A C.
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(3)

Ais BV C.
By def. 8.1.3 (iii), 2, X,Y@(BVC) = (2 =0AX@B) V (z 0 A Y®C).
By hypothesis,
each free variables of z, X, Y® (B V C) is z or free variable of X®B or Y®C.
Therefore each free variables of z, X, }7®(B vV C) is in the list z, X,Yorin BVC.

Ais B— C.
By def. 8.1.3 (iv), Y®(B — C) = VX(X®B — Y(X)®C) A (B — C). Hence free
variables of Y® (B — C) are free variables of (B — C) or B or Y (X)®C without
X. Therefore each free variables of Y® (B — C) is in (B — C) or in the list V.

AisVZB.
By def. 8.1.3 (v), X®VZB =VZ(X(Z)®B).
Hence free variables of X @VZB are free variables of X (Z)® B without Z.
Therefore each free variables of X ®VZB is in the list X orin B.

Ais 3ZB.
By def. 8.1.3 (vi), W, X®EIZB X®B[W/Z).
Hence free variables of W, X@3ZB are free variables of X ®B (W/Z].
Therefore each free variables of W, X®EIZB is in the list W, X or in 3ZB.

b) By Y be not in the list X, X = X[T/Y].
Therefore X® (A[T/Y]) = X[T/Y|®A[T/Y] = (X®A)[T/Y]. »

Theorem 8.1.6 For every formula A of IPVY¥

I[PV F3IX(X@A) — A

(proof) We prove by induction on the logical structure of A.

(1)

A is atomic.
By A— A, A®A— A. By A@A — A, IX(X®A) — A

For the remaining cases, we assume that 3Y(Y®B) — B and 3Z(Z®D) — D.
Let variables a, U, V, W, W' and W" are not contained in B, D and in the list }7 7.

Ais BAD.
By U®B - U®B, U®B — 3Y (Y®B).
By this and Y (Y®B) — B, U® B — B. Hence U® B AV®D — B.
Same as U'@B A V@D — D. Hence U'@B A V@D — BAD.
Therefore 3Y3Z(Y, Z® (B A D)) — (B A D).

Ais BV D.
By same method as (2), U®B — B. Hence a =0AU®B — BV D.
By same method as upper, a # 0 A U@D — BV D.
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Hence (a =0AU®B)V (a #0AU@D) — BV D.
Therefore 323Y3Z(2,Y, Z® (B V D)) — BV D.

(4) Ais B— D.
By (B— D) — (B— D),YW(V®B — U(V)®D) A (B — D) — (B — D).
Hence U® (B — D) — (B — D).
Therefore 3X (X® (B — D)) — (B — D).

(5) Ais YIVD.
By same method as (2), U(W"\®D — D. Hence YW (U(W)® D) —
By this, VIV (D(W)®D) — VIV D. Hence @YW D — YWD.
Therefore 3Z(Z@YW D) — YW D.

(6) AisIWD.
By same method as (2), URA[W'/W] — A[W'/W].
Hence U@ A[W' /W] — IWD.
By def. 8.1.3 (vi), W, U®3IWD — IWD.
Therefore IW"3IZ(W", Z&3IW D) — IWD.

Corollary 8.1.7 IPV¥ - (A®—A) + —A.

(proof)

(1) A®—|A — —A.
By th. 8.1.6, X (X®—-A) — —A.
By A®—-A — A®—-A. By this and X (X@®—-4) — -4, A®-A — —A.

(2) -A — A®—|A.
By =A — =4, 7A = (A®A — AM)@®(0 = 1)).
Hence A = VY (Y®Y — AY)®(0 = 1)).
By this and =4 — =4, A = VY (Y@Y = AY)®(0 =1)) A (4 = (0 =1)).
Hence =A — A® (A — (0 =1)). Therefore -4 — A®—A.

8.2 Soundness of Realizability

Theorem 8.2.1  (Soundness Theorem)

If IPV® = A then TPVY - f@A for some sequence T of terms whose free variables
are among the free variables of A.

(proof) We prove by induction on the IPV* proof of A. We first consider the logical
axiom and rules.
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(1) Axiom scheme 1

74

Define as REZ V.0 and sz )\17.}7; Then by (Z@A — [7®A,
U®A— (R(U) —OAS(U)® ) (Rﬁ(U)jiO/\T(U)@A).

By def. 8.1.3(iii), U® A — (R(U), S(U), T(U))®A V A.

Hence VX[ X®A — (R, S, f)()?) AVAA(A— AV A).

Therefore (R, S, 7:)®( — AV A).

(2) Axiom scheme 2
By (2 =0AX®A)V(z£0AY®A) = (2=0AX®A)V(z£0AY@®A)
and th. 7.2.2,
(z=0AX®AV(z#0AY®A) = [(XR®AA (X®A — Cond, (2, X,Y)®A)) V
Y®AA(Y®A— Cond,(z,X,Y)®A)).
Hence (z = O/\)?@A)\/(z + O/\?@A) — Cond,(z, X ?)@A\/CondT(z, X, ?)@A
By def. 8.1.3 (iii), (2, X,Y)®(AV A) = Cond, (2, X,Y)®A. Hence
VzXY[(z, X, V)®(A V A) = (\uST.Cond(u, S, T))(z, X, V)@®A] A (AV A — A).
By def. 8.1.3 (iv), (AuST.Cond(u, S, T))®(AV A — A)

(3) Axiom scheme 3
By X@AAY®B - Y®B,
VXVIX,Y®AA B — WST.T)(X,V)®B] A (AA B — B).

—» —»

Therefore by def. 8.1.3 (iv), (AST.T)® (A A B — B).

(4) Axiom scheme 4
Define as R = AV.1 and § =

—

X®B — [(R(X)=0AS5(X)
By def. 8.1.3 (iii), X®B — (

£ \V.Y. Then by X®B — X®B,
AV (R(X) # 0AT(X)@B)).

= (R(X),S(X), T(X))®AV B
Hence VX[ X®B — (R, S,T)(X)®AV B] A (B — AV B).
By def. 8.1.3 (iv), (R,S,f)@(B%AvB).

(5) Axiom scheme 5
By X®AAY®B — Y®BAX®A and def. 8.1.3 (i),
X, Y®AAB =Y, X®BAA. Hence X, Y®AAB — (AST.(T', 9))(X,V)®BAA.
Therefore VXV [X, Y@A A B = (AST.(T, 9))(X,Y)@B A A| A (AN B — BAA).
By def. 8.1.3 (iv), (AST.(T, S))®(A A B — B A A).

(6) Axiom scheme 6
Define as R = \uVW.s g(u), S = L \uVW.IW and T = \uVW. V.
By D47, z—0<—>sg( )#Oandz#OHsg( ) =0.
By (: =0A @A)V (2 £ T@B) = (- £ Y®B) v (= = 0 A S @A),

(z=0AX®A)V (: £Y®B) — (59(z) # Y®B) V (54(2) = 0 A X®A).

By def. 8.1.3 (iii), (2, X, Y®AV B) — ((R S, T)(2,X,Y)®BV A).

Hence V2XY [z ,X’,?@ VB) = ((R,5,T)(z,X,Y)Y®BVA)]|A(AVB — BV A).
By def. 8.1.3 (iv), (R,S,T)®(AV B — BV A).
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(7) Axiom scheme 7
By W (X()®4) > (S(@A)T/Y], W (R(1)®A) - (X(T)@AT/Y].
Hence VX (VY (X (Y)®A) = AW V(THX®A[T/Y]) A (VYA = A[T/Y].
By def. 8.1.3 (iv), (A\V.V(T))®VY A — A[T/Y].

(8) Axiom scheme 8
Define as R % MV.T and S % A
By X®A[T/Y] = X®A[T/Y] and def. 8.1.3 (vi), X®A[T/Y] — T, X®3IY A.
Hence VX[ X®A[T/Y] — (R, S)(X)®IYA] A (A[T/Y] — TV A).
By def. 8.1.3 (iv), (R, S)®(A[T/Y] — Y A).

(9) Axiom scheme 9
By (0=1) = R®A and def. 8.1.3 (i), A®(0 = 1) = R(A)® A.
Hence VX (X®(0=1) = R(X)®A) A (0=1) = A.
By def. 8.1.3 (iv),E® (0 = 1) — A.

(10) Axiom scheme 17
By def. 8.1.3 (i), A®z = x.

(11) Axiom scheme 18

Define as S =T < AW.W. And assume that variables = and y are not
contained in the list Y. _
Byz=y— (Y®A—= (Y®A)y/7),

r=y = (Y®A - AWI)Y)®Aly/]).
By Rule 15 andﬁA}jiom 8,

v =y = V(T @A > (W) (P)®Aly/a]) A (A — Aly/a).
By def. 8.1.3 (iv), z =y — (AW.W)® (A — Aly/z]).
Therefore 2 =y — S® (A — Aly/z]).
Therefore z =y — S(A)® (A — Aly/x])------ ().
Sameasz =y — T(AN®(Aly/z] = A)------ (B).
Byrz=y—z=yAz=uy,(x),(F) and def. 8.1.3 (i),

A®z =y = (SN®(A = Aly/z]) NT(A)®(Aly/z] = A)).
By 8.1.3 (ii), A®@z =y — S(A), T(N)® (A — Aly/z] A Aly/xz] — A).
Hence 0 =0 - (A®@z =y — (S,T)(A®A < él[y/x])
By Rule 15, 0 = 0 = VX (X®z =y — (S, T)(X)® A < Aly/z]).
By 0=0 and def. 8.1.3 (iv), (S, T)®(x =y — (A <> Aly/z])).

(12) Rule of inference 10
We need to prove that if §®A and f@A — B then there exists W which satisfy
W®B. Assume §®A and f@(A - B).
By T®@A = B=YX(X®A = T(X)@B) A (A = B), S@A = T(S)®B.
By this and S®A, T(S)® B. Therefore we take S(X) as W.
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(13) Rule of inference 11
We need to prove that if S® (A — B) and T® (B — C) then there exists W such
that W@ (4 — C). Assume S®(A — B) and T® (B — O). By hypothesis,
U®A - SO)@B and S()®B — T(S(U))@C. Hence U®A — T(S(T))®C.
By this, A — B and B — C, VU(U®A — AW.T(S(W)))(T)®C) A (A — ).

- =

Therefore (AW.T(S(W)))® (A — C). Therefore we take \W.T(S(W))) as W.

(14) Rule of inference 12

We need to prove that if S® (A A B — C) then there exists 7 which satisfy

T® (A — (B — C)). Assume S@®(AA B — C).

S®(ANB = C) =YXV (X,Y®AAB = S(X,Y)®C)A(AAB = C)
=VXYV(X@AAY®B = S(X,Y)Y®C)A (AN B = O).

Hence X®AAY®B — S(X, ?)@C’

By Rule 12, \®A — (Y®B - S(X,Y)®C))

By Rule 15, X®A = VY (Y@®B — A\W.S(X, W) (Y)®C).

By def. 8.1.3 (iv), X®A — A\W.S(X,W)®(B — O).

By Axiom 7, Rule 11 and (AN B — C),

By def. 8.1.3 (iv), ( AV 5(17
Therefore we take (A\V v,

(15) Rule of inference 13

We need to prove that if S@(A — (B — C)) then there exists T’ such that

T®(AAB — C). Assume S® (A — (B — C)).

S®(A = (B—0)=YX(X@A = S(X)®(B = C)) A (A= (B = C))
=VX(X®A - VWE®B - S(X(Y)) A (A= (B—0)).

Hence V@A — (W®B — SVIWV)H®O).

By Rule 13, V®AAW®B) — (

By Axiom 7, Rule 11 and A — (B — C’)

VXV (X, Y@AA B — (A S(M(N)))(X,Y)®C)A (AAB = C)
By def. 8.1.3 (iv), ()\MN 5( Vi (N)))@(A AB = C)
Therefore we take (AMN.S(M(N))) as T

(16) Rule of inference 14
We need to prove that if T®(A — (B — C)) then there exists W such that
W®(CVA— CVB). Assume T® (A — (B — C)) . We define P, R and S as
pL )\uVW.u, BL\VW.V and § = )\uVWT(W) By hypothesis,
Y®A - f(?)@B Hence z Z0AY®A — 2z £ 0 A f(?)@B By Rule 14,
(z=0AX®C)V (z#0AY®A) = (z=0AX®C)V (2 £ 0AT(Y)®B).
By def. 8.1.3 (iii), z, X, Y®CV A — 2, X, T(Y)®C V B.
Hence z, X,Y®C V A — (P, R, §)(z,)?,§7)®0 V B. By this and A — B,
VzXY[2, X,Y®CV A — (P, é S)(z, X,Y)Y®CV B]A(CVA—CVB).
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By def. 8.1.3 (iv), (P, R, S)®(C V A — C'V B). Therefore we take (P, R, S) as W.

(17) Rule of inference 15
We need to prove that if T® (A — B) then there exists & such that R® (A — VY B),
where Y is not contained in A. Assume T® (A — B).
By hypothesis, §®A — T( ﬂ)@B where S not contain Y. By Rule 15,
S®A = VY (AV.T(S))(Y)®VY B), where V is not free variable in T/(S).
By def. 8.1.3 (v), S®A — ()\VT( S))®VY B.
Hence S®A — (AWV.T (W) (S)®VY B.
By Axiom 7, Rule 11 and A— B,
VX(X®A = AWV.IT(W ))()Z')@WB) A (A = VY B).
By def. 8.1.3 (iv), AW V.T(W))® (A — VY B).
Therefore we take N\WV.T(W) as R.

(18) Rule of inference 16
We need to prove that if T® (B[Z/Y] — A) then there exists B such that
R®(IYB — A). where Y is not free variable in A. Assume T® (B[Z/Y] — A).
By hypothesis, X® B[Z/Y] — T(X)®A. By def. 8.1.3 (vi),
Z, X®3IY B — A\VW.T(W))(z, X)®A, where V is not free variable in T'(X).
By B[Z/X] = A, VZ, X(Z,X®3IYB — A\VW.T(W))(z, X)®A) AIYB — A.
By def. 8.1.3 (iv), A\WVW.T(W))®(3Y B — A).
Therefore we take (A\VW.T(W)) as R.

(19) Theorems of PV* (def. 4.1.2(1))
Theorems of PV¥ are form of v = v. Therefore A®u = v.

(20) x <y <> Lessequ(x,y) =0 (def. 4.1.2(2))
x <y and Lessequ(z,y) = 0 are atomic formulas. Therefore
(x <y <> Lessequ(z,y) =0) <> (A®x <y <> A(AN)® Lessequ(x,y) = 0)
& (VX(X@®z <y« X(A)® Lessequ(z,y) = 0))
< (A®(z <y <> Lessequ(z,y) = 0)).

(21) x=so[3x]Vx =s1[3x] (def. 4.1.2(3))

By z = so|sz] Vo = leéxJ,

(Parity(z) = 0A (A®z = so|32])) V (Parity(z) # 0 A (A®z = s1[32])).
By def. 8.1.3 (iii), (Parity(z), A, A)®(z = so| 32| V & = 51| 32]).

(22) Cond(x,a,b) =c+ (x=0Aa=c)V (~(x=0)Ab=c) (def. 4.1.2(4))
By same method of (21),
(x, A, N)® (Cond(z,a,b) =c— (x=0ANa=¢)V (=(x=0) Ab=rc)) and
ST A®((z =0Aa=c)V (=(z =0)Ab=c) = Cond(z,a,b) = c). Therefore
(z, A, A), AuST N)®Cond(z,a,b) =c > (x=0Aa=¢c)V (=(z =0)Ab=c).

(23) PIND* (def. 4.1.2(5))
We use the notation B(z,y) for the equation u = v of PV¥, where z,y are type 0
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variables, and B(s,t) denotes u = v with the simultaneous substitution of s,¢ for
x,y. Then a PIN D" axiom has the form
1L ((3y < t)B(0,y) AVaJ) — Va(3y < t)B(z,y)
where .
J=((3y <t)B([32],y) = 3y < t)B(x,y)),
" = t[0/z] and t' = t[| x| /x],
and t is zero-order open with no free occurrence of y.
We need to find a term S of PV* for proof such that IPV¥ F S®I.
S®I=YyY[(y <t"ANB(0,y) AVz(Y(x)®J)) —
Vo (S(y,Y,z) <t A B(x,S(y,Y,z))) | AT
and
V(z)®J =Vyly <t AB([3z],y) = Y(z,y) <tAB(z,Y(z,y))| AJ.
We hope that S satisfies under conditions.
1)S(y,Y,0) =y
If z =0, then B(z,S(y,Y,z)) = B(0,S(y,Y,0)). And the hypothesis of S® I
contain the condition “B(0,y)”.
2)S(y,Y,x) =Y (2,8(y, Y, [52]))
Assume z # 0. Then B([5z],8(y,Y, [3z])) = B(z,Y (2, S(y,Y, |52]))) by
Y (z)®.J. And one of result of S®1I is B(z,S(y, Y, z)).
3)S(y,Y,r) <t
This is obvious.

Therefore we define S by HT'LRN as follows

s< AyY . R(y, A\e'2.Y (¢!, 2), \a' .2 - t[z' [x], x).
Then

IPVY = S(y,Y,x) = Cond(x,y, Cond(u=2 - t,u,2-t))------ ®,
where u = Y(x,S(y,Y, [52])).
We would like to prove S® I in IPV¥ by induction on z. In order to apply a
suitable PIND* axiom, we must transform S®I to be of the form Jy < t(u = v).
First we drop the conjunct I from S®)I, since [ is already an axiom of IPV¥, and

we strengthen the assertion S® I by dropping the conjunct J from Y (z)®.J. The
result has the form

VyY[(C ANVzyD) — VaE]------ @D,
where .
C=y<t"AB(0,y)
D=y<tAB(4ly) = Y(@y) < tAB@Y(xy)
EZ£S(y,Y,2) <tAB(z,S(y,Y,z)).
Note that C', D and F are quantifier-free.
Let .
Alz) =3’ <23y <u(CAD — E)
where

us t[|32']/z] and D’ < Diz'y' /xy].
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This is a suitable formula for a PI N D“ axiom by theorem 7.2.3 and theorem 7.2.6.
We use this fact to prove below that IPV* = A(z). First note that using Theorem
4.2.2, the truth-functional connectives in A(z) can be re-interpreted as the usual
connective A, V-, — in IPV*“. Next, the bounds on the existential quantifiers in
A can be dropped (they only strengthen the assertion) and standard intuitionistic
reasoning then yield (), and hence IPVY - S®I.

It remains to prove A by PIN D% induction.

1) base step

By C — y < t[0/x] A B(0,y) and y = S(y,Y,0),

C — S(y,Y,0) <t[0/x] A B(0,8(y,Y,0)). Hence C — E[0/x].
By this and C' A D[00/xy] — C, C' A D[00/xy] — E[0/x].
Therefore 0 < 0A (0 < t[|50]/z] A (C A D[00/zy] — E[0/z])).
Hence 3z'(z' < 0 A Jy' < t[|32'|/2](C A D[z'y' [zy] — E[0/z])).
Therefore 3z’ < 03y’ < u(C' A D" — E[0/z]).

Therefore We can prove A(0) in TPV,

i

2) induction step
Assume A([3z]). For any 2’ and y' IPV¥ = (C AD') vV —(C A D') because C A D'
is Yb-formula.
i) The case “—~(C A D')”.
A(x) is obvious.
ii) The case “C'A D",
By A(|32]), E[|52]/x] is provable. E[|3z]/2] = S(y. Y, |52]) < t[|5z]/2] A
B(13z],8(y,Y, [3z])). We define 2’ and y' as 2’ £ 7 and y' £ S(y, Y, [3z]).
Then y' < t[|52']/z] A B([32'],y")(= ¥y <uA B([32'],y')) is provable, too.
And IPVY = (C' AND'")V =(C A D') for these 2’ and y'.
i’)The case “—~(C A D')”.
C A D" — E is obvious.
ii’) The case “C A D".
By C, D’ and E[Ll "1/x], Y(2',y') <t A B2, Y(z',y'")). Therefore
Y(z,8(y, Y, [52])) < tAB(x,Y (2, 8(y, Y. L% )))). By this and @,
u <tA B(z, u) Hence (u <t A B(z,u)) ANu=2-t=0Az #0.
By @, (u <tAB(z,u)) ANu=S8(y,Y,z).
Therefore E.
By i’ and ii’, if C'A D' then E.
By i and ii, if A([1z]), then A(z).

By 1 and 2, A is provable.

By (1)-(23), Realizability is soundness.
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8.3 Main theorem

Proposition 8.3.1 If IPV¥ - A(z) V - A(x), where A(x) has only the type 0 variable
occurring free, then there is a PV function symbol f such that

IPVY | f(z) =0 < A(x).
The same holds with /PV¥ replaced (twice) by IPV.

(proof)Assume TPV - A(z) V =A(z). By soundness theorem, There exist 7, U and A

such that T, U, A@Vz(A(z) V ~A(z)), where T, U, A®Vz(A(z) V ~A(z)) =

T, U, A®Vz[(T(z) =0ANU®A(x)) V (T(x) # 0 AA®-A(z))], where T is closed and has

type 0 — 0. Then {T'(z)}"V is term of PV because a term of [PV is a term of PV¥

and T'(z) is zero-order open. We define f as f < [Az.{T(x)}FV]. Then f is a function

symbol of TPV because f is a function symbol of PV by definition 3.1.2(7). Therefore
1PV = f(z) = AT (x)}"V](x)

={T(=)}""
= T'(x), by theorem 6.2.10.

(1) Alz) = fz) =0

(i) (T(z) =0 AU®A(z)) = T(z) =0

— f(z) =0.

(ii) (T'(z) # 0 A A®~A(x)) — —A(z)
— (A(x

By (i),(ii), (T(z) = 0 AU®A(z)) V (T(x) # 0 A A®—A(z)) and (VE),
IPVY = A(z) — f(xz) =0.

(2) f(z)=0— A(x)

(i) (T(2) =0 AT®AW) = (f() =0 A@).

Assume T'(z) = 0 ANU® A(z). By theorem 8.1.6, IX (X® A(x)) — A(z).
By this and U@A(z) = IX (X@A(2)), UDA(z) — A(x).

By (T'(x) =0 ANU®A(x)), U®A(z). By this and UR® A(x) — A(z), A(z).
Hence f(z) =0 — A(x)ﬁ.

Therefore (T'(z) =0ANU®A(z)) — (f(z) =0 — A(x)).

(ii) (T'(z) # 0N A®-A(2)) = (f(z) = 0 — A(z)).

Assume T'(z) # 0 A A®—A(z). Then T(x) # 0. Hence f(z) # 0.
If we assume f(z) = 0 then this contradict to f(x) # 0.
Therefore f(z) =0— 0= 1.

Hence f(xz) =0 — A(x).
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Therefore (T'(z) # 0 AN A®—A(x)) — (f(x) =0 — A(x)).

By (i) and (ii), IPVY - f(z) = 0 — A(x).
By (1) and (2), if IPV¥ I A(z) V —A(x) then IPVY F f(z) =0 <> A(x). »

Theorem 8.3.2 Let VX3V A(X,Y) be a closed Theorem of IPV¥. Then there is a
closed term S of IPV* such that .
IPV* FYXA(X, S(X)).

The same is true with 7PV replaced (twice) by IPV.

(proof)

(1) IPV¥FVYXAX,S(X)).
Assume [PVY V)?E!YA()?, Y). By theorem 8.2.1,
there exist closed terms S, T such that I[PV¥ S, T@VXIYV A(X,Y).
This means [PV - VX(T(X)®A(X, $(X))).
By theorem 8.1.6, IPV¥ - VX A(X,S(X)).

(2) IPVF VXA(X, S(X)).
Same as [PV,

Theorem 8.3.3 Let VZ3yA(Z,y) be a closed theorem of IPV* such that the variables
Z,y have type 0. Then there is a PV function symbol f such that

IPVY = VZA(Z, f(X)).
The same is true with IPV" replaced (twice) by IPV.

(proof)
(1) IPVYEVZA(Z, f(Z)).
Assume [ PV¥ = VZ3yA(Z,y). Then by theorem 8.3.2, then there is a type 1 closed

term S of IPV¥ such that TPV¥ + VZA(Z, S(Z)). Then {S(Z)}"V is a term of PV
because S(Z) is a term of PV¥ and zero-order open. We define f as

[)\x {S(Z)}"V]. Then f is a function symbol of PV. Therefore

PV E f(@) = MA{S(2)}](x)

= {5(2)}

= {f(#)}.

Therefore f(Z) 2 S(f) By lemma 6.2.20, A(Z

Therefore PV = {A(Z, f(2))}7V = {A(Z, S(f)

By theorem 6.2.10, IPV¥ - A(Z, f(Z)) =
)

Pé ) N A(F, S()).
1PV A(Z, S(&
By 1PV b VEA(F, S(#)), IPV® F VEA(, f

)
S(7).
).

z,
(7
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(2) IPV FYZA(Z, f(T)).
Assume [PV - Vi3yA(Z,y). Then IPVY F VZIyA(Z, y).
By same method as (1), IPV¥ = VZA(Z, f(Z)). Then A(Z, f(Z)) is a IPV formula
because A(z,y) is a IPV formula and f is a function symbol of PV
Therefore by theorem 7.2.14, IPV F VZA(Z, f(Z)).

The next result proves Conjecture 1 of Buss [2].

Theorem 8.3.4 If 1S} - JyA(F,y), then there is a 5" formula B(Z,y) such that 1.5}
proves the following formulas:

(1) Vavy(B(Z,y) — A(T,y))
(2) V&VyVz(B(Z,y) A B(Z,z) = y = 2)
(3) VZTyB(Z,y)

(proof)

(1)  Assume ISy - JyA(Z,y). Then IPV F JyA(Z,y). Hence TPV + VZIyA(Z,
By theorem 8.3.3, IPV = VZA(Z, f(Z)). By theorem 7.2.14 and theorem 4.2.
IS} EVZA(Z, f(Z)). Then there is a IS} formula B(Z,y) such that
IS} + f(Z) =y + B(Z,y) because f is a PV function symbol and corollary 2.4.10.
By this and 1S3 - VZA(Z, f(T)), IS; + B(Z,y) — A(Z,y).

Therefore 1S - V&Vy(B(Z,y) — A(Z,y)).

Y).
12,

(2) By definition of 4" -definition for f.

(3) By IS = A(Z,y) «» A(Z, f(Z)) and (2), IS; F f(Z) = .
By this and IS5 - f(Z) =y <> B(Z,y), IS) + B(Z,y).
Therefore 1S4 = VZ3yB(Z,y).

We think about Felmat's “Little Theorem as an example of use of realizability.
Felmat's “Little Theorem” is that if 0 < a < n and n is prime, then ¢"~! mod n =1.
Since a"~! mod n is a polynomial time computable function of a and n, the conclusion is
an atomic formula of PV which has the form a" ! mod n =1.

We let the formula B be the following form of the contrapositive:

Vavn[(0 <aAa<nAa* " modn#1)— JddnAd#1ANd#n)]
where d|n is the polynomial time predicate “d divides n”. Then if B is provable in IPV*,
by the soundness theorem there is a term D such that = D® B. That is , the formula
Va¥n[(0 <aAa <nAa" ' modn#1)— (D(a,n)n A D(a,n) # 1A D(a,n) # n)]
would be a theorem of IPV¥. For “most” composite numbers n a random number a such
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that 0 < a < n will satisfy the antecedent. Hence such a realizing function D might well
provide a practical method for factoring large numbers. In any case the existence of such
a polynomial time function D would represent a surprising and major result in complexity
theory. B is conjectured not a theorem of IPV“.
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Chapter 9

The Dialectica Interpretation

The Dialectica interpretation and translation were first introduced in 1958 Gdodel, for
intuitionistic arithmetic. The purpose was to provide a consistency proof for intuitionistic
arithmetic (and hence for classical arithmetic ) by elementary “logic” (i.e. quantifiers
especially) by an interpretation of an arithmetical statement by a quantifier-free formula
in a theory of objects of finite type, where the concept of a constructive object of finite
type was to be regarded as primitive and intuitively evident.

Hence logic was to be eliminated in favor of a suitable basic concept of object of finite
type. It seems that a concept with decidable equality at all types as a primitive was
intended.

In 1959 Kreisel applies the interpretation to intuitionistic analysis, only equality be-
tween objects of type 0 is taken as a primitive ; equality between higher type objects is
interpreted as extensional equality.

A characterization of Dialectica interpretable formula of WE-H A was first given
explicitly by Yasugi in 1963, after Kreisel already noted that (weakenings of) AC, IP, M
implied the equivalence of a formula with its interpretation and showed the interpretability
of M, where AC' = Va,3y, A(2s,y:) — F265:V2,A(To, 20 5725), IP = V(A V —A) A
(VtA — JyB) — Jy(VoeA — B) and M =Vz(AV -A) A -—3zA — Iz A.

We define a second translation from IPVY into itself which follows the functional
interpretation of Heyting arithmetic in Godel [5]. The translation differs from that of
the previous chapter in the treatment of implication. The more radical translation of
implications in Godel’s interpretation allows elimination of logical operators.

The translation associates with each formula A of IPV“ a formula 32Vit, = 0, where
Z and ¢/ are finite sequences of variables of finite type and ¢4 is a term of PV“. The types
of Z and ¢/ depend only on the logical structure of A; the free variables of A are included
in the free variables of ¢ 4.

First we prove that “over IPV¥, (M P) and A <+ AP are equivalent”, M P is defined in
next section. This chapter has two main theorems. One is to prove same as realizability
by Dialectica interpretation that if TPV F VZ3yA(Z,y) then there is a PV function
symbol f such that IPV  VZA(Z, f(¥)). Another is to prove that [.5? is equivalent to
IS?B.
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9.1 Definition

Notation 9.1.1 In definition 1.1.2, the following notational conventions are used:
1. If s =0 and ¢t = 0 are equation of PV¥, we write:

(s =0&t=0) for (s&t=0);

(s=0Vvt=0) for (sVit=0);

(s=0D>t=0) for (s Dt=0);
s#0 for ~s=0.

2. Z,y,u,v are finite sequences of distinct variables of finite type, while z is
a numerical variable.

3. Uis a sequence of variables whose number and types are determined by the fact
that each of them can be applied to ¥ as an argument sequence and that the sequence

U(f) so obtained agrees with the sequence u with respect to the number and type of its
numbers. If @ is the empty sequence then U is empty; if & is empty then U = 4.

4. One-element sequences are identified with their only elements.

Definition 9.1.2 If A is a formula of IPV¥, the Dialectica translation of A, AP, is
defined by induction on the logical complexity of A:

(1) If Ais an equation u = v, then AP is Equ(u,v) = 0;

(2) If Ais an inequality u < v, then A” is Lessequ(u,v) = 0;

For the remaining cases, assume that
d
AP = 3Vt a(Z, §) = 0,
d
BP = 3uvitg(i, ) = 0.

(3)  (AAB)? £ 3zaviulta(f, 7) = 0 & ty(d,7) = 0];
(4) (AVB)P £ 37avii](z = 0 & ta(T,§) = 0) V (2 # 0 & t5(i, §) = 0)];

(5)  (FwA)? £ Jwivita (T, 7) = 0;
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9.2 Soundness of Dialectica Interpretation

Definition 9.2.1 We denote by M P(Markov's Principle) the scheme =—37A — 37 A,
where A is an atomic formula.

Theorem 9.2.2  (Soundness of Dialectica interpretation)
If A(Z) is a formula of ITPV*, whose free variables are contained in Z, such that
IPV¥ 4+ MP = A(?) then there is a sequence S of closed terms of PV¥ so that

PV¥ F t4(S(2),7,7) =0,
where AP £ A7Vt A(Z, 7, Z) = 0.

(proof) We prove by induction on the IPV¥ proof of A. We first consider the logical
axiom and rules.Let R RI,RQ,S 5’1,52,T TI,TZ, U X Y 7 be terms of PV,

(1) Axiom scheme 1
Define as S (&) = S5()
)i

£ 7 and for 1 < i < k where § =y, -, yr, Ti(Zy113)

5)i). By theorem 6.2.5,

Cond(ta(T142), (41)s, (92):)- By
PVEE1A(T,52) = 02 ta(@, T (TG142)) = ta(F,41) - - @
PV ta(@,53) # 0D ta(@, T(2142)) = ta(, g3) - - )
By T43,
PV“’I—tA(f j2) = 0V ta(Z,y2) # 0.
i)The case “tA(%,y2) = 0"
By @, ta(,T(% ?f?f))—ODtA( yi) =0 & ta(,52) = 0.
ii) The case “tA(Z,95) # O’
By @, ta(Z, T(Zy195)) = 0 D ta(Z, 1) = 0 & ta(Z, 92) = 0.

By i), ii) and ¢ A@, U2) =0V ta(Z,95) #0

PVY EtA(Z, T (Zy195)) =0 D ta(Z,71) =0 & ta(Z,95) =0
Hence . .

IPvVv F tA(f,T(f_'yﬁ)) =0D> tA(Sl( ) ) =0 & tA(SQ(f),yg) =0
Therefore

IPV* - 381 S, V55 ) )
[ta(@ T(Zgi93) = 0D ta(S1 (), 41) = 0&ct a(S5(2), ) = 0],
Therefore If IPVY + MP = A — AA A then IPVY - (A — AN A)P.

(2) Axiom scheme 2
Define as X (ii7) = Cond(z, i, ), Y (i)
PV¥F 2= 0D to(X(d0), d) = ta(il, &)
and
PVY F 240D to(X(@0),d) = ta(7, D).
Hence

L. By theorem 6.2.5,
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PVWFZZO&ISA(I_L),U_J)) =0 DtA(X( _’),
(7, @) = 0.

=0> tA(X(ﬁ

and
PVY E 2 2 0&t A(U, W)
Hence
PVYE (2 = 0&ta(t, W) = 0) V (2 # 0&t 4(T, W) =0
Hence
IPV® = 3 XY ZViid
[(z = 0&t (U, W) = 0) V (2 # 0&t 4 (¥, W) =
Therefore IPVY F (AV A — A)P.
4
= .

Axiom scheme 3

(3)
Define as X (@7 = 7, Y (i
By PV¥ I~ tB(g ’LU) =0D> tB(ﬁ,tU) =0,

PV b ty5(7, Z(0@)) = 0 D t5(X (@0), @) = 0.
By T43,
PV¥ b t (@, Y (@) = 0&t 5(7, Z(017)) = 0 D t5(X (@0), @) = 0
Hence
IPV* - 3XY ZVuuw
[t4 (@, Y (@) = 0&t (7, Z(7F)) = 0 D tx(X (@), @) = 0]
Therefore IPV* + (AN B — B)P.
(4) Axiom scheme 4
Define as X (i) = @, Y (@) £ 7 and AG) L 5.
By PV¥ I~ tB(ﬁ 117) =0D tB(ﬁ,u?) =0,
PV¥ & ty(it, Z (@) = 0 D (1 # 0&t (Y (D), @) = 0)
By T43,
PV¥ b ty(i, Z(@00)) = 0 D
(1= 0&tA(X(@),7) = 0) V (1 £ 0&tp(Y (@), d) = 0).
Hence
IPV¥ - EIz)_??ZVﬁ ij )
[ts(d, Z(1vw)) =0 D (2 = 0&ta(X (), ) = 0)V (2 # 0&tp(Y (i), @) = 0)]
Therefore IPV* + (B — AV B)P.
(5) Axiom scheme 5
Define as B(Z77) = §, S(7§0) = 7, T(@) = @ and U(7) = #
By T43,
PV Ft4(Z, ) = 0&t 5(iZ, 0) = 0 D t5(i, §) = 0&t 4(Z, ) = 0.
Hence
PV¥ - t (%, R(Z§7)) = 0&tp(d, S(TF7)) = 0 D
tp(T (1), v) = 0&ts(U(Z),4) =0
Hence
IPV* - ARSTUVEjiiv ) 3 3
[t4(Z, R(Zy0)) = 0&t (7, S(T0)) = 0 D t5(T (@), 7) = 0&t 4(U(Z), 7)
Therefore IPVY + (AAB — B A A)P
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(6) Axiom scheme 6
Define as R(Z77) = 7, S(zyw) = 7, T() £ 7 and U(z) Lz
By T43,
PV F (0 = 0&t 4(Z, 7) = 0) V (0 # 0&t (i, 7) = 0) D (0 # 0&t (i, 7) = 0)
Hence
PV¥ (0 = 0&t4(Z, 7)) = 0) V (0 # 0&t (i, 7) = 0) D tp(id,7) = 0
Therefore
PV F (0 = 0&t 4(Z, 7) = 0) V (0 # 0&t (i, 7) = 0) D (0 = 0&t (i, 7) = 0)
Hence
PV¥ (0 = 0&t 4(Z, §) = 0) V (0 # 0&t (@, ) = 0) D
(0 = 0&t (i7, 7) = 0) V (0 # 0&tA(Z, ) = 0)
By definition of R S f [7,
PV¥ F (0 = O&tA(f R(ZJ0)) = 0) V (0 # 0&t (i, S(Z7)) = 0) D
(0 = 0&t (T (@), 7) = 0) V (0 £ 0&tA(U(), §) = 0).
Hence
IPV¥ + 3RSTUV it
[(z = 0&t 4(Z, R(Z7)) = 0) V (z # 0&t 5 (iZ, (7)) = 0) D
(z = 0&t (T (@), 7) = 0) V (2 # 0&t o (U(E), ) = 0)].
Therefore IPV¥ (AV B — BV A)
(7) Axiom scheme 7
Define as X (w) = 7, X(t) = 7, V(X (0)7) £ 7, Z(X (1)) £ X (w)
By PV = ta(X (w), ) = 0D ta(X(w),§) =0,
PV (X (w), Y (X(w))) =02 ta(Z(X(1)),7) =
Y(X(w)ﬁ)) =02 t4(Z(X(?)),7) = 0]

Hence
[PV - AXY ZYwilta (X (w),
Therefore IPVY = (VwA — Aft/w

Let 2/ be replacement w in the list 2 to ¢

(8) Axiom scheme 8
Let free variables of A(Z),#,2) b
Define as R() L J and S(z) Lz

By PV b t4(Z,§,2) — ta(Z,7,7) and definition of R and S,
PV - ta(Z, R(Z7), #') — ta(S(Z),7, ).
) = t(S(@), 7, 2))-

Hence
IPV* v JwRSVE[tA(Z, R(T7), 2
Therefore IPV¥ & (Alt/w] — JwA)P
(9) Axiom scheme 9
By PV¥ F Equ(0,1) = 1 and T43
PV b Equ(0,1) = 0D t4(U(Z),7) =0
Hence
IPV* - 3UVZT Equ(0,1) = 0 D t4(U(&), 7) = 0).
D

Therefore IPVY - (0 =1— A)
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(10) Axiom scheme 17
PV¥ + Equ(z,z) = 0. Therefore IPVY + (z = z)".

(11) Axiom scheme 18

Define as ﬁl(fg) < i, ﬁz(f?j) = y, T1(7)
u in the list 2" to v.
By IPV¥ F Equ(u,v) =0 D
[(ta(Z,9,2) =0 D talZ, 7, 2') (
[PV & Equ(u,v) = 0 D [ta(#, R1(7§),2) =0
(ta(TA(E), 7, 2 t
Hence
IPV* + 3R, Ry T\ ToVTjZ
(Equ(u,v) =0 D [(ta(Z,

(12) Rule of inference 10

Assume PV¥ & t4(Z,7) = 0,t4(Z, R(&7)) = 0 D tp(Q(Z), %) = 0. Then we need to
find X and Y such that PV* F t5(X,Y) = 0. By t4(Z,7) = 0 and R4,
PV = ta(, §) [R(70) /5] = O[R(77) /7).

This is
PV¥ b t4(Z, R(T7)) = 0.
By this and hypothesis,
PV¥ F t5(Q(7),7) = 0.
Therefore it is good to take Q(%) and 7 as X and Y.
Therefore If TPV + (A)” and (A — B)?, then IPV¥ + (B)".

(13) Rule of inference 11
Assume PV¥ b t4(Z, R(Z7)) = 0 D t5(Q(Z),7) = 0 and
tp(, T(72)) = 0 D tc(S(@),2) = 0. Then we need to find N and P such that
PV¥ b (2, P(Z2)) = 0 D to(N(&), 2) = 0.
By R4,

—

and
Pve i tg(u, T(az))[Q(F)/d] = 0 5 ta(S(d), 2)[Q(F) /4] = 0.
By this and Rulg 11, oL
PV t4(2, R(ZT(Q(%)Z))) = 0 D te(S(Q
Therefore it is good to take N < AZ.S(Q(Z))
Therefore If IPV¥ + (A — B)P and (B — C)P, then IPV¥ (A —

(14) Rule of inference 12
Assume PV = (@, Y (iti)) = 0t (¥, Z(5)) = 0 D te (X (@0), @) = 0.
Then we need to find M N P and @ such that
PV & ty(it, M (i) = 0 D (tg(N (@), P(N



By hypothesis and R12,

PV¥ bt (i, Y(ﬁu7)) =0D (tB(ﬁ, Z(50)) = 0 D te(X (@7), ©) = 0).
Therefore it is good to take ML Y, N L \i.@, P L 7 and Q L 17)?(6*)
Therefore If TPV (AAB — C)P, then IPVY - (A — (B — O))".

(15) Rule of inference 13
Assume
PV¥ & t (i, M (i)
Then we need to find
PV b (t4(@, Y (@)
By hypothesis and R12,
PV¥ & (t(it, M (i) = O&tB(N( i), P
Therefore it is good to take X = L \iw. Qv),Y
Therefore If IPVY I (A — (B — C))P, the

0> (1 (N (@), BV (@)) = 0 > te(G(N (@), @) = 0).
,Y and Z such that
0&t (7, Z(T@)) = 0) D te(

[N
}51
&
&

[

)

(16) Rule of inference 14

—

(2 = 0&to(, M(:E’gjﬁ))ﬁ: 0) V (= # 0&tA(, N(@57)) = 0) D
(Z—O&tc(P(f),?Z) =0)V (2 #O&tA( J(@), N(7)) = 0)].

1
1

NZ \TiJT.R(7), P = )\f.f an
By hypothesis,

PV¥ b (1 # 0&t (7, R(ii7)) = 0) D (1 # 0&t (T (i), 7) = 0).
By Rule 14,

PV (0 =0&tc(Z,9) =0) V(1 # 0&t (U
By definition of ]\Z/ ]\7 Pa

PV¥ F (0= O&tc(f M (#j0)) = 0) v (0 # 0&t (i@, N(@g)) = 0) D
(0 = 0&tc(P(7), ) = 0) V(0 # 0&ta(Q(), N(7)) = 0).
Therefore If IPV¥ + (A — B)P, then IPV*+ (CV A— CV B)P.

(17) Rule of inference 15

Assume PV¥ b t4(Z,Y (7)) = 0 D tp(U(%),7) = 0. We define X = 2\
By this and hypothesis,

PV¥ - t4(Z, Y (27)) = 0 D tp(X (w),7) = 0.
Hence

IPV* - AXYVwZiltA(Z,Y (27)) = 0 D t(X (&), 7) = 0].
Therefore If IPVY + (A — B)P, then IPV¥ I (A — VaB)P.

g1
]l
5

(18) Rule of inference 16
Assume PV¥ = tg(Z, R(ZY)) =0
IPV¥ = JwRSVZY[tp (% R(:EH)) O D ta(S(Z),7) = 0].



is obvious.

Therefore If IPVY + (B — A)P, then IPV¥ & (3B — A)”.

(19) 1)theorem of PV* and 2)axioms of [PV
These are forms of ¢ = u. Therefore TPV¥ = (¢t = u)” is obvious.

(20) PIND*
Induction scheme has the form :
(A[0/z] AVz(A[|32] /2] — A)) — VzA
where A has the form (Jy < t)u = v, with ¢ zero-order open. We shall write s as an
abbreviation of the term (Lessequ(y, t)& Equ(u,v)); we write s(p, q) for s[p, q/z, y].
With this convention, we need to prove that
TPV 3138, TV Z[{5(0,40) = 0&s(|18,(2)], Ti(Z)) = 0 D
s(51(2), Ya(51(2), T1(2))) = 0} > s(z, T5(2)) = 0],
where Z abbreviates the vector YoYor.
Hence we need to find terms 73, S; and 77.
We define three terms, 73, .57 and an auxiliary term U by simultaneous recursion,
using Theorem 6.2.6:

If =0 then yo

T;(x) = else
Cond(< F,G,H > = <t x,1>0,F,t)
. If © =0 then 0
Si(z) = else

Cond(< F,G,H > = <t z,1>0,G,x)

Ti(z) £ Ty(|32))

If © =0 then s(0,yo)

else
Cond(< F\G,H > - <t',x,1>0,H,1)
where F, G, H are defined as:

UL

if s(x, Ya(aTs(
If U(liz]) =0 then  then Yy(aT3(|32]))
else T5(|32])

IIES

F
else T3(|1z])

IIES

G = Cond(U(|1z)),x, 8, (|z]))

H £ Cond(U(| ). 5(z, Vo aT5(|2)))). 1),

where suppressed the free parameters y, and Y5 in the definitions of 73, S; and U,
to simplify notation. And the term t’ stands for a term which can be proved to
obey the properties t < ', yo < t',x <y D t'(x) < t'(y) in PV*. Such a term can
be proved to exists by T206.
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In remaining proof, we use the predicate symbols of I PV and classical proposi-
tional calculus, as we are entitled to do by T43 and Theorem 4.2.2.

We first prove < F,G,H > — < t',xz,1 > 0 = 0. By definition of G and H,
G <z and H < 1. To prove F' < ', for z > 0, we first prove T3(x) < t', which holds
by the definition of T5. Now for z > 0, if U(|1z]) = 0 and s(z, Va(2T3([52]))) =0
then Y5(2T3(|22])) < t, so F <t; in other case, F = T3(|3z]) < t'([3z]) < t'(2).
It follows that < F,G,H ><<t',z,1 >so< F,G,H > - <t z,1>0=0.

Hence
T3(x) = Cond(x, yo, F)
Si(z) = Cond(x,0, Q)
U(z) = Cond(zx,s(0,y0), H)

By definition of T3, Sy and U,
(A) Ux) = 05 U(|4a)) =0
(B) U(x) =0V U(z) =
(C) U(l32)) =05 Si(x) =«
(D) U(z) =12 Tx(w) = T5([52]))
(E) U(z) =0 > sz, Ty(x)) =0

(F) U(z) =12 s(0,y0) =1V
[s(L5S1(2)], Ti(2)) = 0 A s(Si(2), Ya(Si(2)T1())) = 1].

o>
wn
wn
=
E
[¢]
[Va)
—
o
Neayd
o
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(@]
o
=
o
[Va)
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—
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o
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—
95!
A
—~
\N1
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!
95!
A
—
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e
—
— Ny
N—
N—
N—
Il
(@]

(
And we define H as this hypothesis formulas. By (B),U(z) =0V U(x) =
1) Assume U(x) =0

By (E), if U(z )—Othen’HDs(x Ts(z)) = 0.

2) Assume U(x) =

By (F), 5(0,50) =1V [s([5S1(2)], Ti(2)) = 0 A 5(Si(2), Ya(Si(2)Th(2))) = 1].
1)s(0,y0) =1

By s(0,y0) = 0 of hypothesis, D 0 = 1. Therefore H D s(x,T3(x)) = 0.
ii)s([3S1(x) ], T1(x)) = 0 As(S1(x), Ya(S1(x)T1(x))) = 1 }
By s(|351(x)], Ti(x)) = 0 and hypothesis, 5(S1(Z), Y3(51(Z), T1(Z))) = 0.
By this and s(Sy(x), Y2(S1(z)T1(x))) =1, H D0 =1.
Therefore H O s(z, T3(x)) = 0.
By i) and ii), if U(z) = 1 then H D s(z, T3(z)) = 0.
By 1),2) and (B),
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PYUE (0 O BS N T2 <00
S(S1(2), V2(8:(2), Ti(2))) = 0} > s(z, To(2)) = 0.

Therefore IPV¥ = ((A[0/z] AVz(A[|32] /2] — A)) — VzA)P

(21) MP
An instance of the scheme has the form ——37A — d¥A, where A is an atomic
formula of IPV¥. Then (-=—3#A)P has the form 37 ~~ t = 0, while (I7A)P
3#t = 0. Therefore By T43, [PV¥ I (=374 — 37A)P.

We think about Felmat's “Little Theorem as an example of use of Dialectica Inter-
pretation.

We formulate Felmat’s “Little Theorem” as the formula A:

Vavn[Vd(1 #dANd#n — —dn) - (0 <aAa<n—a" modn=1)]

The Dialectica translation A” is essentially A with Vd removed and the remaining occur-
rences of d replaced by the term D(a,n), where D has type 0 — 0 — 0. Thus if TPV - A,
then by theorem 9.2.2 a polynomial time function D(a,n) can be found which satisfies
AP This function supplies the same information as the term D in D®B. Thus for
Felmat’s theorem, the Dialectica translation is interesting for both the statement itself
and its contrapositive, while the realizability is interesting only for the contrapositive.

The Dialectica interpretation shows follows.

Proposition 9.2.3 [PV - Aiff IPV - B.
(proof)
By standard intuitionistic reasoning we have IPV = B — A. Conversely, if IPV F A,
then by theorem 9.2.2, PV¥ = AP (D) for some closed term D of TPV¥. Tt is easy to see
that

IPVY+ AP(D) — B
and hence /PV* - B. By theorem 7.2.14, IPV - B. y

9.3 Equivalent to the systems 57 and 1S?B

Theorem 9.3.1 IPV¥ + MP is a conservative extension of PV*.

(proof) Theorem of PV* has the form of v = v. Assume IPV¥ + MP  u = v for
any PV¥ formula v = v. Then by theorem 9.2.2, PV¥  Equ(u,v) = 0. By T126,
PV Fu=w.

Therefore V(u = v) € L(PVY)[IPVY + MPFu=v = PV¥F u=uv]. y

Theorem 9.3.2 [PV is a conservative extension of PV¥.
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(proof) IPV* is an extension of IPV. Hence VA € L(IPV)[IPV - A= IPV¥F A].
And L(PV) C L(IPV) because IPV is an extension of PV.

Hence VA € L(PV)[IPV - A= IPV* |- A].

By theorem 9.3.1 and theorem 6.2.22, I PV“ is a conservative extension of PV. Therefore
VA € L(PV)[IPV F A= PV I A]. y

Definition 9.3.3 Let A be a formula of IPV or of IPV“. The negative translation
of A, A77, is defined by induction on the complexity of A as follows:

(1) If Ais atomic, A™ = A;

(2) (AAB)™Z (A~ AB™);
(3) (A— B2 (4™ = B™);
(4) (VoA Zved,

(5) (AVB)™Z-~(4"VB™);
6) (FwA)™ £ ——FpA.

Theorem 9.3.4 Let A be an any formula of ITPV. Then IPV + MP F ——=A™ — A™".
Same as IPV"¥.

(proof) We prove by induction on the complexity of A.

A) IPV

(1) A is atomic formula.
By MP, [PV + MPF ~=A — A. By A= A", [PV + MP b =—A"" — A"

The remaining cases, assume I[PV + MPF -—-B"" — B"" and =—D™"" — D™

(2) A=BAD
Then A ¥ =B " AD™.
By IPV+ MPF (B ADT)A=-B™ — 1,
IPV+MPF =B —=(B"AD™).
By this and F =——(B™" AD™")A=B™7" — 1,
IPV+MPF (B AD")— =B,
Same as
IPV + MP - —l—l(Bﬁ_' A\ Dﬁ_') — D7,
Therefore
IPV + MP - —l—l(Bﬁ_' A\ Dﬁ_') — BT A =D
By hypothesis,
IPV+MPF—-—=(B""AD")— B " AD™.
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(3)

(6)

A=B— D

Then A ¥V =B — D™
By IPV+ MPF[BA(B™ =D ")A-D"| — 1,

IPV+MPF (B A-D™")— (B —= D).
Therefore

IPV+MPF[B"A-D"TA==(B™ = D) — L.
Hence

IPV+MPF (B A(—(B""—= D)) — D™
By Rule 12,

IPV + MP - —l—l(Bﬁﬁ — Dﬁﬁ) — (Bﬁﬁ — —|—|Dﬁﬁ)
By hypothesis,

IPV+MPF—-=(B™ - D)= (B — D)

A=VzB
Then A" =VzB™.
By IPV+ MPF (VeB™™ A=B™") — L,
IPV + MPF—-B™ — =VaB™".
Hence
IPV +MPF (-B™" A—==VaxB™") = L.
By Rule 12,
IPV + MPtF —~—V2eB™"™ — ——~B™".
By hypothesis,
IPV + MPtF —-—VxB™™ — B™.
By Rule 15,
IPV +MPF ——=NVzB™"™ — VYzB™.

A=BvVD
Then A7 = —|—|(Bﬁﬁ \% Dﬁﬁ).
We can prove IPV + MP t =—(==M) — (== M) where M is any formula.
Therefore IPV + MP - ——(—~(B™"V D)) = =~(B~" v D).

A=3zB
Then A™" = ——dxB.
IPV + MP F =—=(=—(3zB)) — ——(3zB) is obvious.

B) IPV¥
Same as I[PV .y

Definition 9.3.5 We shall denote by CPV the system obtained from PV by adding
all instances of the law of excluded middle AV —A (axiom 20). CPV" is obtained from

IPV¥ in the same way. C' PV is a conservative extension of Si, by Theorem ?7 .
is equivalent to S3(PV) in Buss [1].)

Lemma 9.3.6 If CPV - A then IPV + MP+ A™". If CPV¥ - A then IPVY + MP -
AT
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(proof) We prove by induction on the length of the proof of A.

A) CPV

(1) Axiom scheme 1

IPV+MPHF A" — A7 ANA"" is obvious. Therefore IPV+MPF (A— ANA)™.

(2) Axiom scheme 2
By theorem 5.2.14, == A™" — A™". By this and =—(A™7"V A7) — =A™,
IPV+MPF —-—(ATVAT) > A
Therefore IPV + MPF (AV A — A)™.

(3) Axiom scheme 3
IPV4+MPEF A""AB™" — B™is obvious. Therefore IPV+MP + (AAB — B)™.

(4) Axiom scheme 4
By B~ — AV B, IPV + MP+ B~ A—~(A"VB™) - L.
Therefore IPV + MP+ B™™ — ——=(A""V B™).
Therefore IPV + MP+ (B — AV B)™.

(5) Axiom scheme 5
IPV+MPFATANB™ — B™ AN A" is obvious.
Therefore IPV + MP - (AANB — BANA)™.

(6) Axiom scheme 6
By IPV + MP - A~V B~ — B~V A,
[PV + MP F (A V B™) = ~(B™ v A™).
By this,
[PV + MP F ——(A"V B™) = ==(B"V A™).
Therefore IPV + MP+ (AV B — BV A)™.

(7) Axiom scheme 7
IPV + MPFVzA™™ — A™[t/x] is obvious.
Therefore IPV + MP F (VoA — Alt/x])™.

(8) Axiom scheme 8
By IPV+MPF A™[t/z] A =FzA™ — L,
IPV +MPF A7 [t/x] » ——JzA™" — L.
Therefore IPV + MP F (A[t/z] — JxA)™.

(9) Axiom scheme 9
IPV +MPFO0=1— A" is obvious. Therefore I[PV + MPF (0=1— A)™".

(10) Axiom scheme 17
IPV + MP F x = z is obvious. Therefore IPV + MP F (x = z)™".
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(11) Axiom scheme 18
IPV+ MP F z =y — (A7 — A7 [y/z]) A (A" [y/x] — A™7)) is obvious.
Therefore IPV + MPF (x =y — (A < Aly/z])) ™.

(12) Axiom scheme 20
By axiom 4,
IPV + MPFAT™ — A7 VAT,
Hence
IPV+MPFATA=(ATV-AT) — L.
Therefore
IPV+MPF (A" V-AT) - —A™.
Hence
IPV+MPF (AT V-AT) = (AT V—A™).
Hence
IPV +MP + —|(A_'ﬁ V —|A_'ﬁ) A\ —l(Aﬁ_' V —|Aﬁ_') — 1.
Therefore
IPV+MPF (A" V-A"T) — L.
Hence
IPV +MP + —l—l(Aﬁ_' V —|A_'ﬁ).
Therefore IPV + MP = (AV —A)™.

(13) Rule of inference 10
Assume IPV + MPF A" and (A — B)™.
Then by (A — B)"" = A™" — B~ and Rule 10,
IPV +MPF B™.
Therefore If IPV + MP+ A" and (A — B)™, then I[PV + MP+ B™".

(14) Rule of inference 11-16
Same as Rule of inference 10.

(15) Definition 4.1.2(2)-(4)
Non-logical axioms of I PV have the equivalent formula which have the form v = v.
Therefore
IPV + MP + (Non-logical axioms)™".

(16) NP-Induction
Since —dzF' and V—z F are equivalent in intuitionistic logic, the negative translation
of NP-Induction scheme is equivalent in / PV to a formula of the form:
[7=A(0) AV (~=A(|32]) = —=A(2))] = VammA(2),
where A is of the form (Jy < t)u = v.
By theorem 4.2.2, (Jy < t)u = v is equivalent in PV to the formula
dy(Lessequ(y, t)&Equ(u,v) = 0), so that =—A <> A by M P. Therefore the negative
translation of NP-Induction scheme is derivable in IPV + MP.

B) CPV¥
Same as C'PV. 4
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Theorem 9.3.7 For each X2} formula A, if CPV + 37 A then IPV  37A, and if CPV¥
37 A then IPV¥ |- 37A.

(proof) Let A be any Y8 formula of CPV. By theorem 4.2.3, there is a term ¢4 such that
IPV = A <ty = 0. Therefore if CPV F 3% A, then CPV - 3%(t4 = 0). By lemma 9.3.6,
[PV + MP+ (3&(t4 = 0))™"

By MP
IPV + MP & (3Z(ta =0)) <> ==y (Tzg, - -+, 2, (t4 = 0))
< Jry——Twg(Faz, - -, 2, (ta = 0))
< Hf(tA = 0)

Therefore IPV + MP F 3#(t4 = 0).

By theorem 9.2.2, there exists § of zero-order open term of PV* such that

PV¥ = t4]5/7] = 0. By theorem 6.2.10, PV¥ - t4[§"V /Z] = 0. By theorem 6.2.22,
PV 1437V /%] = 0. Hence IPV + 37(t4 = 0).

Therefore TPV = JZA.

For CPV* and IPV*, same as CPV and I[PV .,

Theorem 9.3.8 C PV is a conservative extension of PV.

(proof) Theorem of PV has the form of u = v. Assume CPV + u = v for any PV formula
u = v. Then by theorem 9.3.7, PV I u = v. By this and theorem 9.3.1, PV - u = v.
Therefore V(u =v) € L(PV)[CPV Fu=v= PV u=ul 4

Theorem 9.3.9 CPV"¥ is a conservative extension of PVY.

(proof) Same as theorem 9.3.8. y

Theorem 9.3.10 (First main theorem) The system .57 and IS?B are equivalent.

(proof) We have already shown in theorem 2.3.11 that HX? — PIN D scheme is derivable
in IS}, Thus it suffices to show that the remaining axioms of IS?B are derivable in
IS%. Let (A — B) be a theorem of S?, where both A and B are HX? formulas. By
lemma 2.3.10, we may assume that A and B are both 4", Now if IS? = A — B then
CPV F A — B, and by lemma 4.2.11 and theorem 4.2.2, A and B are provably equivalent
in IPV to formulas of the term (Jz < ¢)(u = 0) and (Jy < t)(v = 0). Thus

CPVE(z<tAu=0)— Ty <t)(v=0)
so by classical logic,

CPVEIy(z<tAu=0)— (y<tAv=0).
By theorem 9.3.7,

IPV Iy <tAu=0)— (y<tAv=0).
Therefore

IPV +-A— B.
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By theorem 4.2.12,
IS; - A— B.
Hence
if A and B are HY-formulas and (A— B) is theorem of S},
then (A— B) is axiom of I5,.
Therefore
VA € L(ISIB)[IS;B+ A = IS] F Al.
Conversely, BASIC' axioms are provable in 151 B.
And By L(X) C L(HX?), 2% — PIND scheme is provable from HX — PIND
Therefore
VA€ L(ISY)[IS; - A= ISiBF A].,

Theorem 9.3.11 (Second main theorem) Let A be a 3¢ formula such that CPV
V#3yA(Z,y). Then there is an n-place function symbol f of PV so that IPV = A(Z, f(Z)).

(proof)
Assume C'PV + VZ3yA(Z,y). Then CPV F JyA'(Z,y), where A'(Z,y) is POS(A'(Z,y)).

By lemma 4.2.11, A'(Z, y) is equivalent in I PV to a formula of the form (32 < ¢)(u = v).
By theorem 9.3.7, IPV + VidyA'(Z,y). By lemma 2.3.2, [PV + Vi3yA(Z,y).
By theorem 8.3.3, IPV = A(Z, f(Z)). »
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Chapter 10

Concluding Remarks

10.1 Results

In chapter 2 we defined arithmetic systems of Buss’s 1.5 B and Cook’s IS5. And we proved
that two systems are equivalent in Chapter 9. And we proved that X6"-definable func-
tions in IS} are polynomial time computable functions and polynomial time computable
functions are ¥!*-definable functions in IS} in Chapter 2.

There is a big difference between “X’f-definable function is polynomial time com-
putable function” and “there exists a polynomial time computable function which is E'{J’—
definable”. Hence we hoped that existence of polynomial time computable function is
guaranteed. So we used two techniques same as computable function for this proof. In
chapter 8 we used Troelstra’s technique. So we proved “if VZ3yA(Z,y) is a closed theorem
of IS}, then there exists a polynomial time computable function f such that VZA(Z, f(Z))
is a theorem of IS1” by realizability. In chapter 9 we used Godel’s technique. And we

proved same property by Dialectica interpretation.

10.2 future subject

One of study of computational computability is to study the including relation of some
classes. In this study there is the famous problem “P = NP problem”. This is a problem
which relation between P and NP is “P = NP?” or “P & NP?” There are some classes
besides P and NP. In these classes we direct my attention to classes which is definable
by function algebra. For example, class K, T" and £ are definable by function algebra.
In these classes it does not solve whether it is 7' = K or " & K. So I want to express
functions of each class by logical arithmetic like functions of class P by I.5%, and we want
to solve including relation of some classes. Therefore first we find suitable hierarchy like
12 and X¢ in IS} because we know that class P and hierarchy are close relations. Next
we construct logical arithmetic based on hierarchy. Next we show by use of function
algebra that a function f is Y'-definable iff a function f is a function of each class in
each system. And we prove in system by realizability and Dialectica interpretation that
there exists a function of each class which can Y'-define. Finally using these, I want to
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solve the relation of some classes. Then we need to study pure logic because we might be
able to use tools of pure logic for study of computational complexity like realizability and
Dialectica interpretation.
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