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1 Background

In 1958, Kurt G�odel[5] suggested an interpretation of intuitionistic arithmetic in a

quanti�er-free theory of functionals of �nite type, an interpretation which has since come

to be known as G�odel0s Dialectica interpretation.

First G�odel Dialectica interpretation was introduced to provide a consistency proof

for intuitionistic arithmetic by elementary logic by an interpretation of an arithmetical

statement by a quanti�er-free formula in a theory of objects of �nite type.

The Dialectica interpretation reduces HA to a theory T , where HA is intuitionistic

�rst-order arithmetic \Heyting Arithmetic" and T is a quanti�er-free theory of computable

�nite-type functionals, which is de�ned by schemata for explicit de�nition and a natural

extension of primitive recursion to �nite types, and are therefore called primitive recursive

functionals of �nite type. Inference rules of T are propositional logic and its induction

rule.

G�odel tried to extend T to the system of intuitionistic higher type arithmetic. This

higher type arithmetic is called HA!. We can get HA! from T by adding each type

quanti�ers and rules.

Let A be any formula of HA!. We associate its Dialectica interpretation AD, which

is a formula of the form

AD
� 9~Y 8 ~XA(~Y ; ~X),

where A is a quanti�er-free formula of HA!.

Then G�odel's main result is as follows:
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if A and AD are provable in HA!, then there exists

a primitive recursive functional f such that 8 ~XA(f( ~X); ~X) is provable in HA!.

This is called functional interpretation.

On the other hand, Troelstra[7] used an other method of realizability for same purpose

in 1973.

Realizability used by Troelstra for computable functionals is modi�ed realizability.

This was �rst introduced and used by Kreisel in 1959. Modi�ed realizability in its ab-

stract form provides interpretations the various HA!-versions into themselves. Modi�ed

realizability transform each formula A to ~xmrA (~x modi�ed realizes A). Then a notion

~xmrA means \a list of terms ~x makes A true in HA!" . In other words, \there is a list of

terms ~x such that A is true in HA!".

Troelstra used the systems HA! same as G�odel . He proved two theorems. One is

that if 8~x9yA(~x; y) is a theorem of HA!, then there exists a primitive recursive functional

f and a term ~t such that 8~x(~t(~x)mrA(~x; f(~x))) is a theorem of HA!. Another is that if

8~x[~t(~x)mrA(~x; f(~x))] is a theorem of HA!, then 8~xA(~x; f(~x)) is a theorem of HA!.

G�odel and Troelstra proved the relations computable functionals and logical arith-

metics HA, HA!. So we consider logical arithmetic which is related to polynomial time

computable functionals.

2 Polynomial Time Computable Functionals

Arithmetic for polynomial time computable functionals was �rst suggested by Cook[3] in

1975. This system PV is equational system of polynomial time computable function. But

this system is quanti�er free.

In 1985 Buss[1] introduced a system S1
2 which is based on classical �rst order predicate

calculus. Buss proved that if

(1) 8~x(9y � t)A(~x; y)

(2) 8~x8y8z[A(~x; y) ^ A(~x; z)! y = z]

are provable in S1
2 then a function f which is 8~xA(~x; f(~x)) is a polynomial time computable

function. We call this \we can �b+

1 -de�ne the function f". In 1986 Buss[2] developed an

intuitionistic version IS1
2B of S1

2 . Buss proved relation for polynomial time computable

functions and arithmetic same as S1
2 . But de�nition of IS1

2B is complicated. And class P

which is de�ned by p-types and 2P

1 -functionals is complicated. Therefore in 1993 Cook[4]

developed an another intuitionistic version IS1
2 . De�nition of IS1

2 is simple. And Cook

used function algebra as a de�nition of P . By use this Cook proved \we can �b+

1 -de�ne

the function f in IS1
2". And Cook proved IS1

2 and IS1
2B are equivalent.
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3 Intuitionistic logic

The system HA for computable functions and the system IS1
2 and IS1

2B for polynomial

time computable functions are based on intuitionistic logic. For this the di�erence between

classic logic and intuition principle logic is explained by an example. The example is as

follows. in order to prove 9xA(x), there are two methods. One is to �nd x such that

A(x) is true. Another is to prove that if assume 8x:A(x) then arise contradiction. In

intuitionistic logic, in order to prove 9xA(x), there is only a method. It is to to �nd x such

that A(x) is true. Another method which is to prove that if assume 8x:A(x) then arise

contradiction is not allowed. That is, it means that the proof based on intuitionistic logic

had proved concrete existence in �nite. Therefore it is necessary to prove on intuitionistic

logic.

4 Feasibly constructive proof

There is a big di�erence between �b+

1 -de�nable function \is" polynomial time computable

function and there \exists" a polynomial time computable function which is �b+

1 -de�nable.

Hence we hoped that existence of polynomial time computable function is guaranteed. So

we used two techniques same as computable function for this proof. And we proved by

Dialectica interpretation and realizability that

if a formula 8~x9yA(~x; y) is provable in IS1
2 , then there exists

a polynomial time computable function f which satis�es 8~xA(~x; f(~x)).

5 future subject

One of study of computational computability is to study the including relation of some

classes. In this study there is the famous problem \P = NP problem". This is a problem

which relation between P and NP is \P = NP ?" or \P & NP ?" There are some classes

besides P and NP . In these classes we direct my attention to classes which is de�nable

by function algebra. For example, class K, T and E are de�nable by function algebra.

In these classes it does not solve whether it is T = K or T & K. So I want to express

functions of each class by logical arithmetic like functions of class P by IS2
1 , and we want

to solve including relation of some classes. Therefore �rst we �nd suitable hierarchy like

�b

i
and �b

i
in IS1

2 because we know that class P and hierarchy are close relations. Next

we construct logical arithmetic based on hierarchy. Next we show by use of function

algebra that a function f is �0-de�nable i� a function f is a function of each class in

each system. And we prove in system by realizability and Dialectica interpretation that

there exists a function of each class which can �0-de�ne. Finally using these, I want to

solve the relation of some classes. Then we need to study pure logic because we might be

able to use tools of pure logic for study of computational complexity like realizability and

Dialectica interpretation.
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