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Abstract

Nowadays, locomotion robots have been considered to play more and more important roles in indus-

trial and agricultural production, disaster rescue, as well as space exploration. Consequently, achieving

stable and efficient locomotion on complex terrains becomes the most important property for locomotion

robots. Slippery road surface, which induces a changeable grounding point, is one of the most difficult

terrains for locomotion robots to overcome. Many remarkable locomotion robots have been proposed and

developed to address this issue. Despite the success they achieved, however, the efficiency of their robots

are not well guaranteed and they are difficult to be applied to real tasks due to the complicated sensing

and control systems. Moreover, most of these robots have to walk very carefully in such a condition.

With the consideration of achieving stable locomotion on slippery ground with natural and simple

gait as well as avoiding intricate sensing and control systems, a novel seed-like robot has been proposed

and developed recently. Unlike walking robots stepping with legs, this legless robot generates sliding

locomotion on slippery downhill by means of body rotation. A substantial advantage of this robot is that

it positively utilizes the sliding locomotion, which is generally considered to be harmful to the walking

robot. In contrast, a fundamental issue is that such locomotion can only be generated on the slippery

downhill.

Towards achieving high-speed and energy-efficient sliding locomotion on the slippery level ground,

indirectly controlling mechanism is applied to this robot due to the underactuation at the grounding

point. Inspired by the vibration of viscera and carrying loads in biological systems, indirectly controlling

mechanism has been proposed based on entrainment effect recently. Instead of manipulating any link of

the robot, an active wobbling mass is attached to a limit cycle walker. The wobbling mass is forced to

oscillate periodically, the robot locomotion system is, therefore, entrained to it. The implementation of

this control method is easy, however, the resultant dynamics is complicated due to the high nonlinearity

of it.

To better understand this control method, investigation on nonlinear properties, e.g., entrainment,

chaos and hysteresis phenomenon, ought to be performed. Using a combined rimless wheel with an

active wobbling mass (CRW) as a simple example, the detailed entrainment properties of such indirectly

controlled limit cycle locomotion robots are characterized by Arnold tongue, where the size of it gives

the range of entrained locomotion. The entrainability of the wobbling mass, therefore, can be measured

by it. To observe various patterns of locomotion, quasi-periodic and chaotic gaits are observed by means

of plotting the phase difference between the walker and the wobbling mass in one cycle. The sensitivity

to initial conditions is analyzed by means of hysteresis phenomenon. Moreover, the basin of attraction,

which estimates the stable range of the dynamics, is used to count the number of initial conditions leading

to individual attractor. In view of these investigations, nonlinear properties of this indirectly controlled

limit cycle walker are clarified.

To guarantee the rigorousness of this research, experimentally study is necessary to be conducted to

verify the overall entrainment effect. An experimental machine is designed and produced to conduct real

experiment. A tilted convey belt guarantees long time walking and the wobbling mass is controlled by

EPOS2 controller for Maxon motor. The up-and-down oscillation of the wobbling mass is mapped to

the rotation of motor by means of a piston crank mechanism. Most importantly, the walking period is

obtained between adjacent ground collisions of one walking trial, which is measured via an accelerometer
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MPU6050, inspired by the collision equation. Clean-cut Arnold tongue is obtained and the experiment

results are highly consistent with numerical simulations.

Since the dynamics of the system is highly nonlinear, the equation of motion of this indirectly con-

trolled limit cycle walker is approximated by a scalar phase equation for pursuing an optimal entrainment

waveform to reduce the forcing energy. Here, the “optimal” is defined by maximizing the entrainment

range with fixed energy. Since the step length of the rimless wheel is a constant, a larger entrainment

range potentially leads to a higher frequency the walker could be entrained to, which consequently re-

sults in higher walking speed. To utilize the phase equation, phase response curve, which tabulates the

sensitivity of the walker with respect to external disturbances, is numerically obtained by applying slight

perturbations at different phases of the whole limit cycle. Afterwards, the cost function is obtained by

maximizing the entrainment range with fixed forcing power. By applying calculus of variations on the

cost function, the optimal entrainment waveform is analytically derived. As an ecological extension, an

example of m : 1 entrainment waveform, which means during m cycles walking, the wobbling mass is

required to make only one cycle, is numerically obtained. The analytical results are further confirmed by

numerical simulations by comparing the sizes of Arnold tongues. The results show that the entrainment

ranges are able to be magnified by utilizing a phase sensitive forcing function, where the specific Arnold

tongue is able to be maximized accordingly.

Based on the processes above, this indirectly controlling mechanism has been well understood and

can be applied to the seed-like robot to generate sliding locomotion on slippery level ground. Rather than

serving as a rhythm generator only, the wobbling mass should also be able to generate enough propulsive

force at the underactuated grounding point appropriately for inducing high-speed and energy-efficient

sliding locomotion on level ground. The original rotatory wobbling mass is removed and an oscillatory

wobbling mass is attached to a point away from the center of the body to increase the asymmetry.

This indirectly controlled locomotion robot slides backward and/or forward by means of the propulsive

force at the grounding point induced by the oscillation of the wobbling mass and the periodicity of the

locomotion is guaranteed by the body rotation entrained to the wobbling motion. Stable and efficient

sliding locomotion on slippery level ground can be generated by this underactuated robot. Nonlinear

analysis shows the dependency of efficiency on the entrainment effect. Moreover, the reason for inducing

the entrained, however, inefficient locomotion is analyzed through mechanical energy consumption point

of view. The results show that it is due to the unconcentrated sliding direction.

To further enhance the sliding velocity, three aspects are considered: 1. To concentrate the instan-

taneous sliding direction instead of wandering backward and forward. 2. To strengthen the propulsive

force at the grounding point for increasing the sliding distance in one rotation cycle. 3. To maximize

the entrainment range with an optimal trajectory for wobbling motion to exclude inefficient locomotion.

Therefore, the robot is modified into an arc-shaped base with an elastic body, which is modeled by spring

and damper, indirectly controlled by the active wobbling mass. The sliding velocity is dramatically in-

creased benefited from the facts observed from analysis on nonlinear properties and energy consumption:

1. The instantaneous sliding direction is concentrated by damping force, since part of the redundant

energy that leads to backward sliding can be consumed by it. 2. The sliding distance in one rotation

cycle around the grounding point is increased by the anti-phase oscillation between the wobbling mass

and the spring. 3. The entrainment range is enlarged, benefited from the elasticity of the body. In this

case, sine wave is the optimal entrainment waveform since the springs oscillation is sinusoidal.

Keywords: Underactuated systems, Limit cycle walking, Entrainment, Stability, Efficiency
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Chapter 1

Introduction

1.1 Background

1.1.1 Underactuated systems

The definition of underactuated system is that the number of degrees of freedom

(DOF) is higher than the number of actuators of the system [1]. As shown in Fig. 1.1 (a),

the 3-link rigid body is underactuated (3-DOF VS 2 actuators), since joint torque can not

be applied at the grounding point. By modifying the point contact into planar contact

and fixing it on the ground, the system becomes fully-actuated (3-DOF VS 3 actuators)

if slipping between the foot and the ground is successfully avoided, as shown in Fig. 1.1

(b). However, a slight movement at the grounding planar will induce an additional DOF,

which makes the system return to underactuated (4-DOF VS 3 actuators), as shown in

Fig. 1.1 (c). This phenomenon occurs easily in robot locomotion systems, especially when

the contacting terrain is slippery, which makes achieving stable and efficient locomotion

difficult. Many remarkable robots have been designed and developed to address this

issue with complicated sensing and control systems [2] [3] [4] [5] [6]. In contrast, few of

them consider using control methods which take the natural dynamics of the systems into

account, e.g., limit cycle walking.

1



(a) Ground contacting with point

foot

(b) Ground contacting with

fixed planar foot

(c) Ground contacting with

rotating planar foot

Figure 1.1: Underactuation induced by ground contacting

1.1.2 Limit cycle walking

As introduced by one of the greatest mathematicians in the world, Henri Poincaré, a

limit cycle is a closed orbit in the phase space of a nonlinear dynamic system [7], which

is mathematically represented as differential equations, owning the quality that at least

one other orbit spirals into it as shown in Fig. 1.2.

Inspired by the works that the passive walkers naturally converge to periodic trajec-

tories [8], limit cycle walking, which is initiated by Goswami, is widely used in robot

locomotion control [9] [10] [11] [12], as well as modeling human walking [13]. Benefited

from its inherent periodicity, limit cycle walking has been generally considered to be the

most efficient and stablest gait on normal ground. On one hand, dynamic walkers can

easily achieve limit cycle walking by adding torque inputs to them in the condition that

the grounding point is fixed. On the other hand, the underactuation at the grounding

point makes the robot difficult to guarantee stability when it is changeable, e.g., locomo-

tion on slippery ground. Since achieving stable and efficient limit cycle locomotion on the

slippery ground is difficult by directly actuating the joint torques, indirectly controlling

method is adopted to solve this problem in this research.
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1.2 Methodology

1.2.1 Indirectly controlling mechanism

Inspired by the vibration of viscera and carrying loads, which can be widely observed

in biological systems [14] [15], a novel and indirectly control method has been proposed

by Asano and Tokuda recently [16]. Unlike traditional control methods which rely on

manipulating multiple joint torques that potentially increases the complicity of sensing

and control system, an active wobbling mass with up-and-down oscillation motion is

attached to a passive dynamic walker, i.e., combined rimless wheel with an active wobbling

mass (CRW), in this indirectly controlled method as shown in Fig. 1.3. By enabling the

wobbling mass to track a periodic trajectory, the dynamics of the walker can be indirectly

controlled by oscillating the wobbling mass via the entrainment effect.

Figure 1.2: An example of limit cycle
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Passive joints

Active wobbling mass

Figure 1.3: Indirectly controlled limit cycle walker

1.2.2 Entrainment effect

In mechanical engineering, the entrainment effect is the phenomenon that two (or

more) coupled oscillators, which have different natural frequencies originally, gradually

oscillate into the same pace via mechanical interaction [17]. More specifically, their phase

difference becomes constant in each cycle. As shown in Fig. 1.4, the oscillators can be

either in-phase or out-of-phase, even anti-phase. Neglect the DOF of the system, the

nonlinear dynamics can be approximated using the phase reduction theory.

1.2.3 Phase reduction theory

Consider that the generalized coordinate of the robot locomotion system is q. By

introducing a state vector Q =
[
qT q̇T

]T

, the system dynamics can be arranged into

following equation without going into the details of the equation of motion:

d

dt
Q(t) = F(Q), (1.1)

where t is time. In the condition that the locomotion converges to a limit cycle, the

dynamics of the state vector Q can be simply described by the dynamics of a scalar phase

θ along the orbit of the limit cycle through the mapping:

θ(t) = G(Q(t)), (1.2)
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Figure 1.4: Phase coupling

where 0 ≤ θ < 2π. By taking the time derivative of Eq. (1.2), we can obtain following

equation via chain rule:

d

dt
θ(t) =

d

dt
G(Q(t)) = ∇QG

∣∣∣∣
Q=Q(t)

d

dt
Q(t) = ∇QG

∣∣∣∣
Q=Q(t)

F(Q), (1.3)

where ∇QG is the gradient of G(Q) on Q, or more specifically, represented as phase

response curve (PRC) Z(θ) = ∇QG. If we define the mapping G(Q) that satisfies:

∇QGF(Q) = Z(θ)F(Q) = 2πfn, (1.4)

θ(t) will vary with a constant angular frequency 2πfn in terms of phase reduction theory

[18] [19], and fn is called the natural frequency of the phase oscillation.

In most cases, the phase response curve is difficult to be analytically derived. However,

it can be numerically estimated by adding slight perturbations at different phases of the
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limit cycle [20] [21] [22] [23]. Consider the case that a slight perturbation, which is

represented as a slight impulse vector Ip, is applied at the state Q0 with phase θ0 on the

limit cycle, the oscillator is, therefore, kicked to a new state Q = Q0(θ0) + Ip. The phase

shift led by the perturbation becomes:

G∆ = G(Q0(θ0) + Ip)− G(Q0(θ0)). (1.5)

The Taylor expansion of G(Q0(θ) + Ip) is

G(Q0(θ0) + Ip) = G(Q0(θ0)) +∇QG
∣∣∣∣
Q=Q0(θ0)

Ip +O(|Ip|2). (1.6)

By subtracting G(Q0(θ0)) from Eq. (1.6) and ignoring the infinite small part O(|Ip|2),

one can understand that the phase shift approximates the gradient:

G∆ ≈ ∇QG
∣∣∣∣
Q=Q0(θ0)

Ip. (1.7)

It should be mentioned that the perturbation is necessary to be small enough that does

not kick the oscillator outside the basin of attraction (BOA) of the limit cycle.

Since an active wobbling mass is forced to follow a desired trajectory in the indirectly

controlled locomotion system, the approximated system dynamics represented in state

space can be obtained by revising Eq. (1.1) to:

d

dt
Q(t) = F(Q) + F (t), (1.8)

where F (t) is the forcing function. By multiplying Z(θ) on each side of Eq. (1.8), the

phase dynamics is expressed as:

d

dt
θ(t) = Z(θ)F(Q) +Z(θ)F (t) = 2πfn +Z(θ)F (t). (1.9)

Based on this approximation, the nonlinear dynamics of the entrained systems can be

analyzed and controlled by applying the phase model.

1.3 Research Goal

The main purpose of this research is to achieve stable and efficient locomotion of un-

deractuated limit cycle robots using the indirectly controlling method by theoretically
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analyzing the detailed nonlinear properties of it and optimizing the trajectory of wob-

bling motion based on the theory of phase oscillation. Therefore, before applying this

method, nonlinear analysis, experimental verification and entrainment waveform opti-

mization should be performed. More specifically, the goals of the dissertation are as

follows:

1. Analyze the nonlinear dynamics of the indirectly controlling method with a simple

example.

2. Experimentally verify the overall entrainment effect.

3. Seek an optimal entrainment waveform for the indirectly controlling method by

means of phase reduction theory.

4. Achieve stable and efficient sliding locomotion on the slippery ground, where normal

control methods are difficult to be applied naturally, with the indirectly controlling

method.

5. Enhance the locomotion performance of the indirectly controlled sliding robot.

1.4 Organization of Dissertation

This dissertation is composed of 2 parts: The first part includes nonlinear analysis,

experimental verification and entrainment waveform optimization for the indirectly con-

trolling mechanism, which corresponds to Chapter 2,3 and 4. The second part applies

indirectly controlling mechanism on achieving stable and efficient locomotion on slippery

ground, which corresponds to Chapter 5 and 6. The details are shown as follows:

Chapter 2 performs typical nonlinear analyses of the indirectly controlling method

using CRW as a simple example. Overall entrainment phenomenon, synchronization and

chaos, as well as bistability are numerically observed and investigated.

Chapter 3 carries out an experiment with a real machine of CRW to verify the

entrainment effect.

Chapter 4 analytically derives the optimal entrainment waveform for the indirectly

controlling method by maximizing the entrainment range with fixed energy based on the

phase reduction theory. The analytical result is also numerically verified.
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Chapter 5 applies this indirectly controlling mechanism to a seed-like sliding robot

for achieving stable locomotion on slippery ground. Stable forward sliding locomotion is

generated and the performance is much better compared with related studies. Nonlinear

analysis is performed for further optimization.

Chapter 6 improves the performance of the sliding locomotion robot via consuming

the redundant energy and increasing the propulsive force at the underactuated grounding

point by adding an elastic body. In addition, the entrainment effect is also enhanced

benefited from the sinusoidal oscillation of the elastic body.

Chapter 7 is devoted to conclusions and future works.
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Chapter 2

Nonlinear Analysis for Indirectly

Controlling Method

2.1 Introduction

To deepen the investigation of the stability and efficiency of indirectly controlled limit

cycle locomotion robots, analysis on nonlinear properties, such as entrainment, chaos and

hysteresis phenomenon, is performed in this chapter, using combined rimless wheel with

an active wobbling mass (CRW) as a simple example.

The detailed entrainment properties of forced nonlinear systems can be characterized

by Arnold tongue in nonlinear dynamics [24], where the size of the Arnold tongue provides

the frequency locking range, which quantifies entrainability of the oscillator. To observe

various locomotion patterns, quasi-periodic and chaotic gaits can be drawn by plotting

the phase difference between walker and wobbling mass in one cycle [25]. The sensitivity

to initial conditions can be investigated via hysteresis phenomenon [26]. Furthermore,

the basin of attraction (BOA), which measures the stable range of the dynamics, can be

utilized to calculate the number of initial conditions leading to individual attractor [27].

Based on these analyses, nonlinear properties of the indirectly controlling method are

clarified. The nonlinear analysis performed in this chapter contributes to deepening the

understanding of the system dynamics of indirectly controlled locomotion robots, towards

further optimization and generalization. This chapter is organized as follows. Section 2

introduces the simplified equation of motion and the control method. Section 3 performs
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nonlinear analysis via drawing Arnold tongues, synchronized and chaotic gaits, and further

investigates hysteresis phenomenon by computing the BOA. Finally, Section 4 is devoted

to summary and discussions.

2.2 Modelling and Control

2.2.1 Equations of motion

As illustrated in Fig. 2.1, this indirectly controlled limit cycle walker is composed of

two rimless wheels, an active wobbling mass and a body frame connects them together.

The rear and fore rimless wheels’ toe positions of stand legs are (x1, z1), (x2, z2), where

their angular positions with respect to vertical are θ1 and θ2. The coordinate of the center

of the body frame is located at (x3, z3), where the angular position of it with respect to

horizontal is θ3. In addition, the lengths of the legs of the rear and fore rimless wheels are

L1 [m] and L2 [m], and their masses are m1 [kg] and m2 [kg]. The length of the wobbling

mass is Lc [m], which is actively controlled by control input u [N], and its mass is mc [kg].

All of them are connected by the body frame with the length of 2L3 [m] and the mass of

m3 [kg].

Here, identical and symmetric 8-legged rimless wheels are adopted, therefore 2α = π
4

Figure 2.1: Combined rimless wheel with an active wobbling mass
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[rad], which represents the inter-leg angle. This dissertation further let the two rimless

wheels perfectly synchronized, in other words, L1 = L2, m1 = m2, θ1 = θ2. Therefore, the

model is reduced to the following 2-DOF systems, where q =
[
θ1 Lc

]T

is the generalized

coordinate, according to previous study [16]:

θ̈1 =
Nθ1

Dθ1

, L̈c =
NLc

DLc

. (2.1)

The detailed numerators and denominators are:

Nθ1 = (2mw +mc)gsinθ1 −mcgsin(θ1 − 2θ3)

+mcLθ̇
2
1sin(2(θ1 − θ3))− 2sin(θ1 − θ3)u, (2.2)

Dθ1 = 2L(mw +mccos2(θ1 − θ3)), (2.3)

NLc = (u+mc(gcosθ1 − Lθ̇1
2
)cos(θ1 − θ3))(mw +mc),

DLc = mc(mw +mccos2(θ1 − θ3)), (2.4)

where mw := 2m1 + m3 [kg], L = L1 [m] and θ3 = φ (the slope angle) [rad] is a positive

constant. The control input u will be introduced later.

To enable stable walking, the vertical ground reaction force λ should always be positive,

which is calculated as follows [16]:

λ = −Nλ

Dλ

, (2.5)

where

Nλ = cosθ1(mw(Lθ̇2
1 − gcosθ1) + cos(θ1 − θ3)u),

×((mw +mc)L3 −mcLctan(θ1 − θ3)) (2.6)

Dλ = 2L3(mw +mccos2(θ1 − θ3)). (2.7)

2.2.2 Collision equations

Here inelastic collision model is used with the assumption that both fore and rear legs

leave the ground immediately after collision. As derived in previous study [16]:

θ̇1
+

=
mwcos(2α) +mccos2α

mw +mccos2α
θ̇1
−
, (2.8)

L̇c
+

= L̇c
−

+
(mw +mc)Lsin(2α)cosα

mw +mccos2α
θ̇1
−
, (2.9)
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where the angular position and length of the wobbling mass is reset after collision:

θ1
+ = θ1

− − 2α, (2.10)

Lc
+ = Lc

−. (2.11)

The superscript of “+” and “−” denotes immediately after and before collision.

2.2.3 Trajectory following control

The joints of the limit cycle walker are passive and the trajectory of the wobbling

mass is actuated as follows:

L̈c = A(θ1)u+B(θ1, θ̇1), (2.12)

where

A(θ1) =
mw +mc

mc(mw +mccos2(θ1 − θ3))
, (2.13)

B(θ1, θ̇1) =
(mw +mc)(gcosθ1 − Lθ̇1

2
)

mw +mccos2(θ1 − θ3)
cos(θ1 − θ3). (2.14)

The control input that enables Lc to track a desired trajectory is defined as:

u =
v −B(θ1, θ̇1)

A(θ1)
, (2.15)

v = L̈d(t) +KD(L̇d(t)− L̇c) +KP(Ld(t)− Lc), (2.16)

where KD [s−1] and KP [s−2] are the PD control gains.

As an example of periodic and smooth waveform, sine wave was chosen as the desired

trajectory of the wobbling mass:

Ld(t) = Amsin(2πfct), (2.17)

where Am [m] and fc [Hz] denote desired wobbling amplitude and wobbling frequency

respectively. With appropriate Am [m] and fc [Hz], the walking frequency fw [Hz], which

is defined by the inverse of the duration between adjacent collisions, can be entrained to

the up-and-down wobbling motion.
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2.3 Nonlinear Analysis

2.3.1 Overall entrainment effect

To systematically analyze the entrainment property, Arnold tongues are drawn to

quantify the overall locking range of this forced oscillation system. Following process is

conducted by using the parameters listed in Tab. 2.1:

(A1) Set the desired wobbling amplitude Am to 0.0005 [m].

(A2) Set the desired wobbling frequency fc to 1.2 [Hz].

(A3) Set the initial conditions as:

q(0) =
[
φ− α 0

]T

, q̇(0) =
[

4 2πfcAm

]T

(2.18)

and start the locomotion.

(A4) After 100 [s] of walking, save the walking frequency fw for 20 steps.

(A5) Increase fc by 0.025 [Hz] and return to (A3).

(A6) Repeat from (A3) to (A5) until fc = 4.5 [Hz].

(A7) Increase Am by 0.0005 [m] and return to (A2).

Table 2.1: Parameter settings for simulation model of CRW

m1(= m2) 1.0 kg

m3 1.0 kg

mc 0.1 kg

L(= L1 = L2) 0.15 m

L3 0.20 m

φ 0.07 rad

g 9.81 m/s2

KD 40 s−2

KP 400 s−1
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(A8) Repeat from (A2) to (A7) until Am = 0.03 [m].

Therefore the fw is obtained within the range of Am = 0.0005 : 0.0005 : 0.03 [m],

fc = 1.2 : 0.025 : 4.5 [Hz].

As the Arnold tongues, this chapter focuses on 1 : 1 and 1 : 2 entrainment, which rep-

resent dominant entrainment ranges. The 1 : n entrainment is defined by f̄w : fc = 1 : n,

where n = 1, 2 and ·̄ denotes frequency averaged over 20 periods. As shown in Fig. 2.2,

typical Arnold tongues are observed, where the boundaries are estimated by linear regres-

sion. The shapes of Arnold tongues are roughly triangular, i.e., an increasing entrainment

amplitude results in a broader locking range, which indicates that the underactuated sys-

tem becomes a weakly forced oscillator entrained by the active wobbling motion. The

1 : 2 Arnold tongue, which indicates that, during 2 cycles of wobbling, there is only one

step of walking on average, is wider than the 1 : 1 Arnold tongue. In terms of controlling

efficiency, 1 : 1 entrainment is more efficient than 1 : 2 entrainment.

To observe the detailed structure of the gait frequencies and further examine whether

the phase differences of the unentrained walking are chaotic or quasi-periodic, the ampli-

tude is fixed and the frequency of the wobbling motion only is varied. The phase difference

between the walker and wobbling mass is defined as follows:

ψ :=
2π(tc − tw)

T
. (2.19)

Figure 2.2: Arnold tongues with respect to wobbling frequency and amplitude
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Here T [s] is the fundamental period of the wobbling motion. tc [s] denotes the timing,

at which the wobbling mass reaches local minimum, whereas tw [s] denotes the timing, at

which the center of the leg is normal to the slope.

To examine the effect of weight and oscillation amplitude of the wobbling mass on the

walking pattern, two conditions are considered:

(I)mc = 0.1 [kg], Am = 0.03 [m].

(II)mc = 1 [kg], Am = 0.05 [m].

The numerical simulation is conducted according to the following process:

(B1) Set the desired wobbling frequency fc to 0 [Hz].

(B2) Set the initial conditions to the values of Eq. (2.18) and start the locomotion.

(B3) After 100 [s] of walking, save the walking period fw and calculate phase ψ for 100

steps.

(B4) Increase fc by 0.01 [Hz] and return to (B2).

(B5) Repeat from (B2) to (B4) until fc = 5 [Hz].

A variety of entrained walking patterns are shown in Fig. 2.3, where the dot-lines

represent 1 : 1 and 1 : 2 synchronizations. At the beginning of 1 : 2 synchronization,

period-2 walking is observed. In contrast, the heavy and strong wobbling mass is entrained

only to 1 : 1 synchronization as shown in Fig. 2.4. The range where fw has no value means

failure of the gait, due to incapability of overcoming the potential barrier or unsatisfied

holonomic constraint (negative λ exists in the locomotion).

The phase differences of condition (I) appear chaotic as shown in Fig. 2.5, whereas the

phase differences of condition (II) appear mostly quasi-periodic as shown in Fig. 2.6. The

results indicate that chaotic gaits are more often induced by lighter and weaker wobbling

mass.
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Figure 2.3: Walking frequency with respect to wobbling frequency of a light and weak

wobbling mass

Figure 2.4: Walking frequency with respect to wobbling frequency of a heavy and strong

wobbling mass
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Figure 2.5: Variation of phase differences of a light and weak wobbling mass
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Figure 2.6: Variation of phase differences of a heavy and strong wobbling mass

17



2.3.2 Hysteresis phenomenon

To observe hysteresis phenomenon induced by the existence of bistable gaits in the

same parameter space, a light wobbling mass (mc = 0.01 [kg]) with weak entrainment

amplitude (Am = 0.01 [m]) is used. The numerical simulation is conducted as follows.

(C1) Set fc = 1 (or 20) [Hz] and the initial conditions to the values of Eq. (2.18) and

start the locomotion.

(C2) After 100 [s] of locomotion, save fw for 20 periods and the final state immediately

after collision.

(C3) Increase (or decrease) fc by 0.05 [Hz] and run the next simulation by using the final

state of (C2) as the initial state and return to (C2).

(C4) Repeat from (C2) to (C3) until fc = 20 (or 1) [Hz].

As shown in Fig. 2.7, within the range of A: fc ∈ [11.6, 12.05] [Hz], and B: fc ∈

[12.85, 13.55] [Hz], the existence of steady gaits with different synchronization ratios are

observed. 1 : 7 and 1 : 8 synchronizations coexist in the range A, whereas 1 : 8 and 1 : 9

synchronizations coexist in the range B. To clarify which of the two attractor dominates

the BOA, the ratio between the number of initial conditions attracted to each attractor

is calculated.

2.3.3 Basin of attraction

The Poincaré section is chosen as the instance immediately after the feet collision in

walking robots [28], according to the generalized coordinate, the remaining state vector

becomes X̃ =
[
Lc θ̇1 L̇c

]T

. The analysis of the bistability based on the calculation

of the BOA requires an autonomous system, i.e., a system not explicitly dependent on

time. The controller, however, makes the system non-autonomous since time t is in the

expression for the desired trajectory of the wobbling mass in Eq. (2.17). We therefore

convert it to an autonomous system by simply extending X̃ to an augment state vector

X̄ =
[
Lc θ̇1 L̇c Ld

]T

, which is updated at the Poincaré section in each step:

X̄(n+ 1) = P (X̄(n)), (2.20)
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Figure 2.7: Hysteresis phenomenon in walking frequency
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where n is the step number and P is the Poincaré map. An initial condition is attracted

to the following steady state, which is invariant with respect to the Poincaré map:

X̄∗ = P (X̄∗). (2.21)

It is considered that this steady state is asymptotically stable in the sense that the loco-

motion converges to it by free running from various initial conditions.

The range of initial conditions for the states are chosen as follows:

(D1) Lc ∈ [−Am, Am] [m].

(D2) θ̇1 ∈ [2.6, 2.7] [rad/s].

(D3) L̇c ∈ [−2πfcAm, 2πfcAm] [m/s].

(D4) t0 ∈ [0, 10
11
· 1
fc

] [s], where t0 denotes the beginning of the locomotion.

Since each range is equally discretized to 10 intervals, 11 samples are generated. For

each fc, the number of total initial conditions is therefore 114 = 14641. The ratio between

the number of initial conditions attracted to different entrainment states is defined in

logarithmic scale as:

γ = log10

na
nb
, (2.22)

where na and nb denote numbers of initial conditions attracted to two entrainment states.

The ratio is calculate over the range of fc in Section 2.3.2 (A: fc ∈ [11.6, 12.05] [Hz], and

B: fc ∈ [12.85, 13.55] [Hz]).

The result of Fig. 2.8 shows that γ varies from positive to negative in the range A,

indicating that the dominant attractor changes. Note that, on the dashed line (γ = 0),

size of the BOA becomes the same for the two entrainment states. To explain this phe-

nomenon, an amplified view around range A of hysteresis plot is shown in Fig. 2.10. The

gait of 1 : 7 synchronization remains stable below the lower boundary of the range, where

the gait of 1 : 8 synchronization vanishes. In contrast, the gait of 1 : 8 synchronization

remains stable above the upper boundary of the range, where the gait of 1 : 7 synchro-

nization vanishes. The result implies that the increasing of wobbling frequency enhances

the stability of 1 : 8 synchronization and weakens the stability of 1 : 7 synchronization,
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which is considered as the reason of the change in dominant attractor with respect to

wobbling frequency.

On the other hand, Fig. 2.9 shows that γ is always positive in the range B, indicating

that the dominant attractor remains unchanged. As shown in Fig. 2.11, the gait of 1 : 8

synchronization remains stable both below and above the boundaries of range B, where

the gait of 1 : 9 synchronization vanishes. The result implies that the stability of 1 : 9

synchronization is weaker than that of 1 : 8 synchronization, which is considered as the

reason why the dominant attractor remains the same.

Figure 2.8: Attraction ratio with respect to wobbling frequency in range A

Figure 2.9: Attraction ratio with respect to wobbling frequency in range B
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Figure 2.10: Amplified view of range A in hysteresis plot

Figure 2.11: Amplified view of range B in hysteresis plot
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2.4 Summary and Discussions

To understand the mechanism of indirectly controlled limit cycle locomotion robots,

nonlinear analysis has been performed using CRW as a simple example. It has been

found that the frequency locking range has a positive correlation with the entrainment

amplitude. The results also showed that lighter wobbling mass with smaller wobbling

amplitude shows more complicated characteristics in synchronization as well as in chaotic

gaits. Computation of the BOA clarified that, in some parameter range, two different

entrainment states coexist, giving rise to hysteresis phenomena. In such parameter range,

desired locomotion with an energy efficient attractor should dominate the initial condi-

tions. Enlarging the BOA for such ideal attractor is therefore necessary.

Before seeking an optimal entrainment waveform for the indirectly controlled robot

by taking into account the frequency locking range [29] as well as the BOA into account,

experimentally verification of the overall entrainment effect using a real machine is also

important to bridge a gap between simulation and experiment.
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Chapter 3

Experimental Verification of

Entrainment Effect for Indirectly

Controlling Method

3.1 Introduction

In Chap. 2, nonlinear analysis of indirectly controlled locomotion robots is conducted

using CRW as an example. The overall entrainment effect, which is the central issue in this

method, is experimentally verified in this chapter. In previous research [16], experimental

study of entrainment effect of this walker is observed by means of walking velocity due to

the fact that the foot collision is not measured. This method, however, highly depends on

one assumption, i.e., the robot is walking with restrict planar motion, which is difficult to

be guaranteed in real experiment. Moreover, the Arnold tongue, which interprets detailed

entrainment properties, has not been experimentally obtained.

To measure the step period, a novel method is proposed to detected foot collision

via the accelerometer MPU6050 [30], inspired by the original mathematical model of

collision equation. In addition, the Arnold tongue is obtained by changing the amplitude

of wobbling motion. The experimental obtained Arnold tongue suggests that there is no

doubt that the walker is entrained to the wobbling mass, which is consistent with the

numerical results.
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Figure 3.1: Experimental machine of combined rimless wheel with an active wobbling

mass

3.2 Experimental Study

3.2.1 System design

An overview of the prototype experimental machine with the drive unit and the wob-

bling mass is shown in Fig. 3.1. The wobbling unit can carry one weight plate and moves

up-and-down along the guide rail according to the piston crank mechanism driven by a

Maxon DC motor [31] controlled by EPOS2. The motor driver controls the DC motor

in speed-control mode so that it rotates at a constant rotating speed since the desired

trajectory for wobbling mass is the sine waveform. The fore and rear rimless wheels are

connected by rigid rods on each side. The amplitude of the motion can be adjusted by

changing the mounting position of the crankshaft.

Instead of using the simplified collision equations introduced in Chap. 2, the original

state transition is specified as:

M(q)q̇+ = M (q)q̇− + JI(q)TλI , (3.1)

JI(q)q̇+ = 08×1, (3.2)
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Figure 3.2: Measurement of ground collision

where M(q) is the inertial matrix, and λI represents the collision ground reaction force.

Since the second element of λI is an impulse force towards vertical direction, a suddenly

change in the acceleration of vertical direction at the collision timing can be expected. The

detection of step, therefore, is equivalent to finding the maxima of the vertical acceleration

in the experiment.

Based on the assumption above, the ground collisions are measured by the accelerom-

eter MPU6050 via detecting the maxima of the vertical acceleration as shown in Fig. 3.2,

where the signal has been denoised by passing through the Kalman filter [32]. In addition,

the experimental system is shown as Fig. 3.3.

3.2.2 Frequency locking

The experiment is conducted using the parameters in Table 3.1 under two conditions:

(I) φ = 4.1[deg]

(II) φ = 3.6[deg]

The mean and variance of walking frequency with respect to the wobbling frequency is

shown in Fig. 3.4 and 3.5. Each walking frequency is obtained by averaging over 1 trial of
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Figure 3.3: Experimental system

Table 3.1: Physical parameters of experimental CRW machine

m1(= m2) 0.455 kg

m3 2.4 kg

mc 0.186 kg

L(= L1 = L2) 0.1 m

L3 0.27 m

g 9.81 m/s2

Am 0.042 m

more than 40 gaits after enough transient. The results indicate that the frequency locking

range becomes wider with a gentler slope. By considering the walker and wobbling mass

as two oscillators, the steeper the slope, the stronger the dynamics of the walker becomes,

the effect of wobbling, therefore, becomes slighter. The natural frequencies of these two

conditions are roughly estimated as the center of frequency locking ranges, fn1 ≈ 3.0 [Hz],

fn2 ≈ 2.5 [Hz].
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Figure 3.4: Walking frequency with respect to wobbling frequency on a steep slop
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Figure 3.5: Walking frequency with respect to wobbling frequency on a gentle slop

3.2.3 Arnold tongue

To observe the whole structure of entrainment phenomenon, a rough Arnold tongue

is obtained by setting φ = 3.6 [deg] with conducting following process:
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Figure 3.6: Experimentally obtained Arnold tongue

(A1) Set the desired wobbling amplitude Am to 0.016 [m].

(A2) Set the desired wobbling frequency fc to 1.5 [Hz].

(A3) Start the locomotion and obtain the acceleration signal for enough time (more than

2 minutes).

(A4) Increase fc by 0.1 [Hz] and return to (A3).

(A5) Repeat from (A3) to (A4) until fc = 3.5 [Hz].

(A6) Increase Am by 0.008 [m] and return to (A2).

(A7) Repeat from (A2) to (A6) until Am = 0.042 [m].

The transient gaits are deleted and the original Arnold tongue is shown in Fig. 3.6,

where the entrainment phenomenon is defined as |f̄w − fc| < 0.1 [Hz]. The walker is

entrained to the wobbling mass around its natural frequency, since typical Arnold tongue

is observed. As the amplitude of the wobbling motion is increased, the entrained frequency

range also increases. Fig. 3.7 shows the Arnold tongue obtained by using Matlab’s

“contourf” function. The frequency difference increases if the wobbling frequency deviates

the natural frequency.
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Figure 3.7: Contour plotted Arnold tongue

3.3 Summary and Discussions

The entrainment effect of the indirectly controlled limit cycle walker is experimentally

verified via frequency locking and Arnold tongue in this chapter, and the results are

consistent with the numerical simulations. In the real experiment, however, the variance

of walking frequency is included due to the existence of the system noise. More detailed

analysis, e.g., phase difference, can be further conducted by obtaining the signals of motor

and rimless wheel rotation with encoder and additional sensors.

With these verification, one can safely believe the entrainment effect occurred in this

indirectly controlled locomotion system, and an optimal waveform for entrainment is

expected.
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Chapter 4

Optimal Entrainment Waveform for

Indirectly Controlled Method

4.1 Introduction

In this chapter, an optimal entrainment waveform for the indirectly controlled loco-

motion robots is derived to reduce the forcing energy using CRW as a simple example.

Since the overall entrainability is measured by the width of the Arnold tongue, i.e., the

entrainment range [17]. The wider the Arnold tongue is, the broader the range of walking

frequencies, to which the walker could be locked into, becomes. Therefore, the optimiza-

tion is always defined as the maximization of the entrainment range [29]. Consequently,

the optimal input waveform is derived by maximizing the frequency entrainment range

based on the theory of phase oscillators. The analytical method is further confirmed by

numerical simulations.

This chapter is organized as follows. Section 2 obtains the phase response curve (PRC)

numerically by applying perturbations at different phases of the walker’s gait interval

and calculating the deviations from the unperturbed. Section 3 analytically derives an

optimal entrainment waveform for the wobbling mass to entrain the combined rimless

wheel based on the PRC. As an ecological extension, an ideal entrainment waveform for

m : 1 entrainment was further generated. Section 4 analysis typical walking gait with

the obtained optimal entrainment waveform. Section 5 evaluates the proposed method

by entrainment range of the Arnold tongues. Finally, Section 6 is devoted to summary

31



and discussions. The results show that the optimal entrainment waveform derived in this

chapter achieves the best performance for 1 : 1 entrainment among all the candidates.

One of the strongest advantages of this method is the easiness of its implementation,

prompting its applicability to a wide variety of locomotion systems.

4.2 Phase Response Curve

Nonlinear analysis performed in Chap. 2 showed the complicated dynamics of indi-

rectly controlled locomotion robots, although it was reduced to 2-DOF. Fortunately, as

introduced in Chap. 1, these robots can be analyzed and controlled via phase model.

Here we can rewrite the phase dynamics Eq. (1.9) ( in Chap. 1) to following equation

since the wobbling motion is periodic:

θ̇ = 2πfn +Z(θ)F (2πfct). (4.1)

In addition, due to the fact that the indirectly controlled locomotion robots introduced in

this dissertation use single wobbling mass only, the forcing function is, therefore, a scalar,

and Eq. (4.1) is reduced to:

θ̇ = 2πfn + Z(θ)F (2πfct). (4.2)

The natural frequency fn can be obtained by fixing the wobbling mass on the beam

and start the locomotion until it converges. The periodic forcing function is equivalent

to the desired trajectory Ld (introduced in Chap. 2) of wobbling mass. The phase

dynamics equation can be, therefore, applied if the PRC Z(θ) is obtained. According

to the perturbation method introduced in Chap. 1, the PRC of the indirectly controlled

combined rimless wheel is numerically achieved as follows:

(A1) Set Ld = 0 [m] and utilize the parameters listed in Tab. 2.1 with the initial condi-

tions:

q(0) =
[
φ− α 0

]T

, q̇(0) =
[

4 0
]T

. (4.3)

(A2) Start the dynamic locomotion until stable and obtain the natural frequency fn [Hz].

(A3) Repeat (A1). In addition, change Ld to 0.02 [m] from d0 [s] to df [s]. The reaction

forces of dropping and raising the wobbling mass result in perturbations to the
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system. Here the perturbation onset d0 [s] equals the first collision timing after 100

[s] walking, and

df = d0 + d∆,

d∆ =
Tn
200

, (4.4)

where Tn [s] is the reciprocal of fn [Hz].

(A4) As soon as the disturbed gait reconverge to stable, the phase shift ψs [rad] is com-

puted as:

ψs =
2π(tp − tn)

Tn
, (4.5)

where tp [s] and tn [s] denote collision timing in perturbation and natural conditions

respectively.

(A5) Increase d0 by d∆ [s].

(A6) Repeat from (A3) to (A5) for 200 steps.

As shown in Fig. 4.1, the disturbed gait reconverges to stable after few steps. Despite

the fact that Lc is also slightly disturbed by the foot collision, the perturbation applied

leads to a phase shift between natural and typical gaits. Therefore the PRC is obtained

numerically with 200 sample points in one cycle, which is normalized to [0, 2π). As shown

in Fig. 4.2, the indirectly controlled limit cycle walker is only sensitive to the perturbations

soon before collision timings.
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Figure 4.1: Perturbation and phase shift

Figure 4.2: Phase response curve
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4.3 Entrainment Waveform Optimization

4.3.1 Entrainment range maximization

The basic formulas for maximizing the entrainment range with a given PRC have been

introduced in [29]. Here, the formulas are applied to this indirectly controlled limit cycle

walker.

With the definition of Φ := θ − 2πfct and f∆ := fn − fc, where Φ and f∆ denote the

phase difference and frequency difference between the limit cycle walker and the wobbling

mass respectively, Eq. (4.2) is simplified as:

Φ̇ = 2πf∆ + Γ(Φ), (4.6)

Γ(Φ) = 〈Z(Θ + Φ)F (Θ)〉, (4.7)

where Θ := 2πfct and 〈·〉 denotes averaging by Θ over 2π. The entrainment effect occurs

when the phase difference is a constant, i.e., Φ̇ = 0. The entrainment range Rf [F ] is

therefore equivalent to the difference between Γ(Φmax) and Γ(Φmin):

Rf [F ] = Γ(Φmax)− Γ(Φmin). (4.8)

By introducing a constraint that the total power Ef = 〈F (Θ)2〉 takes a constant value, this

chapter seeks for the optimal entrainment waveform F ∗r which maximizes the following

cost function:

Σ[F ] = Rf [F ]− σ(〈F 2〉 − Ef ), (4.9)

where σ is the Lagrange multiplier. With the maximized entrainment range, the F ∗r ,

which is capable of entraining the walker to a higher frequency, has the best performance

among all possible forcing functions. Since the step length is constant, i.e., the walking

frequency is proportional to velocity. By ensuring that the first variation δΣ vanishes and

the second variation δ2Σ is negative, the F ∗r emerges as:

F ∗r (Θ) = (2σ)−1{Z(Θ + Φmax)− Z(Θ + Φmin)}. (4.10)

To obtain F ∗r , the phases, Φmax and Φmin, that maximize/minimize Γ, have to be deter-

mined. Define

Qz := 〈{Z(Θ + Φmax)− Z(Θ + Φmin)}2〉, (4.11)
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and note that the optimal entrainment waveform has zero average, i.e., 〈F ∗r 〉 = 0:

Γ(Φ) =

√
Ef
Qz

〈Z(Θ + Φ){Z(Θ + Φmax)− Z(Θ + Φmin)}〉. (4.12)

The conditions for the maximum and minimum of Γ therefore become:

Γ′(Φmax,min) = 0, Γ′′(Φmax) < 0, Γ′′(Φmin) > 0, (4.13)

where the solution for the first condition combined with Eq. (4.12) gives:

〈Z ′(Θ + Φmax)Z(Θ + Φmin)〉 = 〈Z ′(Θ + Φ∆)Z(Θ)〉 = 0, (4.14)

where Φ∆ = Φmax−Φmin, and Z ′(Θ) is the first order derivative of Z(Θ) obtained numer-

ically:

Z ′(Θ) =
Z(Θ + Θ∆)− Z(Θ)

Θ∆

, (4.15)

where Θ∆ is a small increment of the phase. Therefore, the Φ∆ can be obtained by finding

the zero-crossing points of Eq. (4.14), and the optimal entrainment waveform F ∗r (Θ) is

achieved accordingly as shown in Fig. 4.3.

Figure 4.3: Optimal waveform for entrainment
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4.3.2 Extension to m : 1 entrainment

The obtained optimal entrainment waveform is the desired input which maximized

the entrainment range of 1 : 1 entrainment. One important extension which entrains the

locomotion with smaller forcing energy is m : n entrainment where m ≥ 2, n = 1, i.e.,

during m cycles walking, the wobbling mass makes only one cycle.

An ideal solution can be achieved by making m copies of the optimal entrainment

waveform F ∗r and adding a slight perturbation to the m copies F ∗r which makes it become

F ∗r(m:1), the generated F ∗r(m:1) therefore has only one period. The F ∗r(m:1) will become the

optimal entrainment waveform for m : 1 entrainment if the condition 〈F ∗r(m:1)
2〉 = Ef is

satisfied. An example of generating F ∗r(2:1) is shown in Fig. 4.4, the perturbation here is

simply defined as amplifying the first half part 5/4 times and compressing the second half

part 4/5 times.

Figure 4.4: Optimal waveform for 2:1 entrainment
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Table 4.1: Two cases for PD gains of CRW

KD [s−1] KP [s−2]

Case 1 60 900

Case 2 200 10000

4.4 Typical Gait Analysis

Here, the typical gait of the CRW indirectly controlled by setting the desired wobbling

trajectory Ld to the optimal entrainment waveform F ∗r is observed. The parameters listed

in Tab. 2.1 (in Chap. 2) were used for simulation, and Eq. (4.3) were used as the

initial condition. In addition, the wobbling amplitude and wobbling frequency are set

to Am = 0.01 [m] and fc = 1.65 [Hz]. Since the obtained F ∗r is unsmooth, different PD

control gains may lead to different results. Therefore two cases of PD control gains are

applied from Tab. 4.1 and the results are shown in Fig. 4.5 and Fig. 4.6 respectively.

As shown in Fig. 4.5, the low PD control gains do not enable Lc to pursue Ld accurately

(there is a discrepancy between the shape in Fig. 4.5(a) and Fig. 4.3) , therefore Lc

becomes a relative smoothed waveform. In Fig. 4.5(c), the vertical ground reaction force

varies dramatically, nevertheless satisfies the holonomic constraint (λ2 is always positive),

benefit from the smoothness of Lc.

In contrast with Fig. 4.5, as shown in Fig. 4.6, the high PD control gains achieve

Lc → Ld (the shape in Fig. 4.6(a) and Fig. 4.3 are consistent), results in a sharp

waveform, whereas the holonomic constraint is unsatisfied due to the violent Lc shown in

Fig. 4.6(c).
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Figure 4.5: Typical gait with low PD gains
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Figure 4.6: Typical gait with high PD gains
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4.5 Evaluation

To evaluate the entrainability, Arnold tongue is obtained to compare the entrainment

ranges. The entrainability of Z, F ∗r , F ∗r(2:1) with sine wave function Fsin are compared.

To make easy evaluation, This chapter focuses on 1 : 1 and 2 : 1 entrainments of Arnold

tongues.

To make fair comparison, a convenient practical way is set to:

〈Fsin
2〉 = 〈Z2〉 = 〈F ∗r(2:1)

2〉 = 〈F ∗r(2:1)
2〉. (4.16)

Therefore the power of the 4 kinds of entrainment waveform are normalized to equal, the

amplitude of Z, F ∗r and F ∗r(2:1) can be calculated from Fsin.

Then the parameters listed in Tab. 2.1 (in Chap. 2), and the low PD control gains

listed in Tab. 4.1 are used to conduct the following simulations. In the case of Z, F ∗r and

F ∗r(2:1), the Eq. (4.3) was used as the initial state, whereas in the case of Fsin, following

initial state were used to avoid excessive initial control input at the beginning of walking.

q(0) =
[
φ− α 0

]T

, q̇(0) =
[

4 2πfcAm

]T

(4.17)

To stabilize the gait, an empirical method is adjusting the wobbling frequency both for-

ward and backward starting from the natural frequency of the walker, and use the last

state of the previous succeed gait as the initial state of the following trial. Then the

simulation is conducted as follows:

(B1) Set the desired wobbling amplitude Am to 0.00025 [m].

(B2) Set the desired wobbling frequency fc to the natural frequency fn obtained in section

III (about 1.63 [Hz]).

(B3) Set the initial state as Eq. (4.3) or Eq. (2.18) (in Chap. 2) in the case of Z, F ∗r ,

F ∗r(2:1) or Fsin respectively, and start dynamic walking.

(B4) After 100 [s] of walking, save fw for 20 steps.

(B5) For the forward process, increase fc by 0.005 [Hz]. If the gait succeeds, use the last

state as the initial state and return to (B4), otherwise return to (B3). On the other

hand, for the backward process, decrease fc by 0.005 [Hz] and update the initial

state similarly.
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(B6) Repeat from (B3) to (B5) until fc = 2 [Hz] in forward process and fc = 0.6 [Hz] in

backward process.

(B7) Increase Am by 0.00025 [m] and return to (B2).

(B8) Repeat from (B2) to (B7) until Am = 0.01 [m].

(B9) Combine the results obtained from forward and backward process.

The fw is therefore obtained within the range of Am = 0.00025 : 0.00025 : 0.01 [m],

fc = 0.6 : 0.005 : 2 [Hz] through a relative stable parameter adjusting process.

Typical Arnold tongues are shown in Fig. 4.7-4.10, and the boundaries of them are

estimated via linear regression by using the outermost points of them. To further quantify

the entrainability, the entrain rate defined as follows is obtained:

γer =
pe

pt

, (4.18)

where pe and pt denote the total entrained points on the accordingly Arnold tongue and

the total simulation trials. The calculated rate is shown in Fig. 4.11.

In the case of the walker with the wobbling trajectory as Fsin, the entrainment ranges

of both 1 : 1 and 2 : 1 entrainment are very narrow. In the case of the walker with

the entrainment waveform as F ∗r , the entrainment range of 1 : 1 entrainment becomes the

widest among the 4 entrainment waveform. In the case of the walker with the entrainment

waveform as F ∗r(2:1), the entrainment range of 1 : 1 entrainment becomes a little narrower,

whereas the entrainment range of 2 : 1 entrainment becomes the widest among the 4

entrainment waveform. It is worth mentioning that in the case of walker with the entrain-

ment waveform as Z, which becomes a suboptimal policy for both 1 : 1 and 2 : 1 Arnold

tongues. The results indicate that the entrainment range can be magnified by applying

a phase dependent forcing function, and the specific Arnold tongue can be maximized by

manipulating the PRC accordingly.

Notice that the derivation of the optimal entrainment waveform does not take some

physical constraints, e.g., positive vertical ground reaction force, into account. Therefore

the Arnold tongues are already narrowed by the constraints. Reducing the weight of the

wobbling mass will improve the stability of the entrainment range.
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Figure 4.7: Arnold tongue of sine wave input

Figure 4.8: Arnold tongue of phase response curve

Figure 4.9: Arnold tongue of F ∗r
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Figure 4.10: Arnold tongue of F ∗r(2:1)

Figure 4.11: Entrain rate
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4.6 Summary and Discussions

In this chapter, an optimal entrainment waveform for the indirectly controlled locomo-

tion robots is derived using CRW as a simple example under the criterion of maximizing

the entrainment range with fixed energy, based on the phase reduction theory. As an

extension, an example of m : 1 entrainment is further obtained. The method can be

not only extended to active walking on level ground [33] [34], but also applied to more

complicated underactuated robots.
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Chapter 5

Locomotion Generation and Analysis

of an Indirectly Controlled Sliding

Locomotion Robot

5.1 Introduction

Theoretical analysis and experimental verification of indirectly controlling mechanism

have been conducted using CRW as a simple example. Moreover, the optimal waveform,

which maximizes the entrainment range with fixed energy is obtained, has been derived

to reduce the forcing energy. On the other hand, the ground condition assumed in the

previous chapters is the most simple condition for locomotion, i.e., the friction coefficient

of the ground contacting is large enough to avoid slipping during the locomotion. To

show the advantage of the indirectly controlling method, this dissertation aims to achieve

stable and efficient locomotion on the slippery surface, which is one of the most difficult

terrains for locomotion robots to overcome, using this control method.

Instead of using walking robots stepping with legs, this dissertation applies indirectly

controlling mechanism on a novel seed-like robot proposed in previous study [35]. This

underactuated robot generates sliding locomotion on slippery downhill by means of body

rotation, benefited from its arc-shaped configuration, which facilitates the periodicity and

stability of the locomotion [36] [37]. A substantial advantage of this robot is that it

positively utilizes the sliding locomotion, which is generally considered to be harmful to
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the walking robots. To extend this sliding locomotion on level ground, an active wobbling

mass with up and down motion is attached to the robot body in this chapter. This

indirectly controlled robot not only achieves stable and efficient sliding locomotion on

level ground, but also has a great tendency to adapt to more hostile environments by

combination or cooperating with other robots.

This chapter is organized as follows. First, the equations of dynamics and control is

derived in Section 2. Second, typical sliding locomotion is numerically simulated in Section

3. In addition, parametric study is conducted to see the whole structure. Third, Section

4 performs nonlinear analysis to investigate the relationship between achieving efficient

locomotion and being entrained. Moreover, synchronization phenomenon is analyzed via

hysteresis plot to further interpret the unusual shapes of the Arnold tongues. Fourth, an

analysis from the mechanical energy dissipation point of view is conducted in Section 5.

Finally, Section 6 is devoted to summary and discussions.

5.2 Dynamics and Control

5.2.1 Equation of motion

The indirectly controlled sliding locomotion robot is illustrated in Fig. 5.1. This

underactuated robot consists of two identical arc-shaped body frames whose radius is R

[m] and an actively controlled wobbling mass. Here, (x, z) is the position of the center

of the bottom, θ1 is the angular position of the body regard to vertical. θc, which is a

constant, denotes the angular position of the wobbling mass regard to vertical midline of

the robot. In addition, l0 [m] is the length between the center of mass (CoM) and the

center of the bottom, l2 [m] is the length of the wobbling mass and l1 [m] is the distance

between the origin of wobbling mass (when l2 = 0) and CoM. Moreover, the mass is of

the main body is m1 [kg] and the inertial moment about it is I1 [kg ·m2], the wobbling

mass is m2 [kg] and its inertia moment is I2 [kg ·m2].

Let q =
[
x z θ1 l2

]T

be the generalized coordinate vector. The robot equation of

motion then becomes:

Mq̈ + h = JTλ+ JT
µ λ+ Su, (5.1)

where M represents the inertia matrix, h represents the combination of centrifugal force,
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Coriolis force and gravity terms.

On the right-hand side, JTλ is the holonomic constraint, JT
µ λ is the friction force

term. In addition, u is the control input which raises and drops the wobbling mass, and

S =
[

0 0 0 1
]T

, (5.2)

is the driving vector respectively.

The grounding point of the robot is:xc

zc

 =

 x+R sin θ1

z +R(cos θ1 − 1)

 , (5.3)

Figure 5.1: Indirectly controlled sliding locomotion robot model
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where the time derivative becomes:

d

dt

xc

zc

 =

 ẋ+Rθ̇1 cos θ1

ż −Rθ̇1 sin θ1

 . (5.4)

To guarantee the horizontal sliding locomotion, the following velocity constraint should

be satisfied:

żc = ż −Rθ̇1 sin θ1 = 0, (5.5)

therefore, [
0 1 −R sin θ1 0

]
q̇ = Jq̇ = 0. (5.6)

When the angular position increases to θmax (or decreases to −θmax) as shown in Fig. 5.2,

the edge constraint will no longer be satisfied, where θmax is calculated as follows:

θmax = arccos
R− l0
R

, (5.7)

Figure 5.2: Edge constraint
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5.2.2 Ground reaction force

The ground reaction force λ [N] is the simultaneous solution of Eqs. (5.1) and (5.6):

λ = −X−1
(
JM−1(Su− h) + J̇ q̇

)
, (5.8)

X := JM−1ĴT, Ĵ := J + Jµ.

Positive ground reaction force is required to generate stable sliding locomotion. By sub-

stituting Eq. (5.8) into Eq. (5.1), following equations can be obtained:

q̈ = M−1(Y (Su− h)− ĴTX−1J̇ q̇), (5.9)

Y := I4 − ĴTX−1JM−1,

where I4 is the identity matrix of order 4.

5.2.3 Coulomb friction force

Coulomb friction force, defined correspond to the λ, is assumed between the robot

and the surface ground, which is opposite to the direction of sliding velocity. Define µ

as the frictional coefficient, the sliding frictional force vector becomes
[
µ 0 0 0

]T

λ, the

rotational moment generated by the friction force is calculated as the following outer

product: 
xc − x

yc − y

zc − z

×

µ

0

0

λ =


0

µR(cos θ1 − 1)

0

λ. (5.10)

The second component on right-hand side is the rotational moment for the θ1, therefore,

the Coulomb friction force becomes:

JT
µ λ =

[
µ 0 µR(cos θ1 − 1) 0

]T

λ. (5.11)

The frictional coefficient µ determined by the grounding point velocity is defined as:

µ = −µ0sign(ẋc −Rθ̇1) = −µ0sign(ẋ+Rθ̇1(cos θ1 − 1)), (5.12)
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where µ0 is a positive constant which determined by material property. To avoid chatter-

ing about µ = 0⇐⇒ ẋ = Rθ̇1(1− cos θ1), Eq. (5.12) is smoothed by tanh function

µ = −µ0 tanh(s(ẋ+Rθ̇1(cos θ1 − 1))), (5.13)

where s is a positive constant adjusts the sharpness of tanh.

5.2.4 Output tracking control

Let l2 = STq be the control output. The second order derivative of l2 with respect to

time becomes

l̈2 = STq̈ = STM−1
(
Y (Su− h)− ĴTX−1J̇ q̇

)
= Au−B, (5.14)

where

A := STM−1Y S,

B := STM−1
(
Y h+ ĴTX−1J̇ q̇

)
.

To enable a periodic and smooth forcing waveform, the desired trajectory of the wobbling

mass is set to

l2d(t) = Amsin(2πfct), (5.15)

where Am [m] and fc [Hz] are the desired wobbling amplitude and frequency. Conse-

quently, the control input for enabling l2 to track l2d(t) is defined as

u = A−1(v +B), (5.16)

v = l̈2d(t) +KD(l̇2d(t)− l̇2) +KP(l2d(t)− l2), (5.17)

where KD [s−1] and KP [s−2] are the PD control gains.
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Table 5.1: Physical and control parameters for seed-like sliding locomotion robot

m1 1.0 kg

m2 0.5 kg

I1 0.10 kg·m2

I2 0.00 kg·m2

l0 0.3 m

R 0.8 m

l1 0.4 m

θc π/6 rad

g 9.81 m/s2

KD 40 s−2

KP 400 s−1

µ0 0.1

s 20000

Am 0.01 m

fc 2.5 Hz

5.3 Gait Analysis of Indirectly Controlled Sliding Lo-

comotion Robot

5.3.1 Typical gait

Numerical simulation of the sliding locomotion is conducted using the parameters

listed in Table 5.1, and the initial conditions are set to

q(0) =
[

0 0 0 0
]T

, q̇(0) =
[

0 0 0 2πAmfc

]T

. (5.18)

Fig. 5.3 shows the simulation results of indirectly controlled sliding locomotion on

slippery level road surface. From Fig. 5.3(a), we can see that forward sliding locomotion

is generated successfully. The rotation angle of the robot in Fig. 5.3(b) keeps positive,

indicates that the grounding point is always on the right bottom of the body. Fig. 5.3(c)

shows that the trajectory of the active wobbling mass follows the desired sinusoidal wave.

The instantaneous horizontal velocity varies between negative and positive as shown in

Fig. 5.3(d), a concentrated sliding direction is expected to improve the performance.

Moreover, positive ground reaction force is guaranteed during the sliding locomotion as

shown in Fig. 5.3(e). Fig. 5.4 shows the stick diagram of the locomotion, we can observe

that the robot slides gradually, indirectly controlled by the active wobbling mass.
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Figure 5.3: Typical locomotion of indirectly controlled sliding locomotion robot
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Figure 5.4: Stick diagram of indirectly controlled sliding locomotion on slippery surface

5.3.2 Parametric study

To observe the whole performance of the indirectly controlled sliding locomotion robot

on the slippery surface, the horizontal velocity of the sliding locomotion and energy effi-

ciency are evaluated though averaged velocity and specific resistance defined as follows:

Vx :=
fc
20

∫ 100+20/fc

100

ẋ dt, (5.19)

SR :=
p

mg|Vx|
, (5.20)

where

p :=
fc
20

∫ 100+20/fc

100

|l̇2u|dt, m := m1 +m2.

Therefore, Vx [m/s] and SR [-] denote the averaged horizontal velocity and specific resis-

tance averaged in 20 wobbling periods respectively, and the physical meaning of SR is the

required energy for 1 [kg] mass moves 1 [m].

Parameters listed in Table. 5.1 are used to conduct following process.

(A1) Set the wobbling amplitude Am = 0.005[m].

(A2) Set the wobbling frequency fc = 0.5 [Hz].
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Figure 5.5: Horizontal velocity with respect to wobbling frequency and amplitude

(A3) Set the initial conditions to Eq. (5.18).

(A4) After 100 [s] of locomotion, average the horizontal velocity and specific resistance

in 20 periods.

(A5) Increase fc by 0.05 [Hz]and run the next simulation.

(A6) Repeat from (A3) to (A5) until fc = 3 [Hz].

(A7) Increase Am by 0.005 [m] and return to (A2).

(A8) Repeat from (A2) to (A7) until Am = 0.2 [m].

Since the performance of SR traverse a large range, the value is normalized in the

logarithmic scale. Consequently, the Vx and log10 SR are obtained within the range of

Am = 0.005 : 0.005 : 0.2 [m], fc = 0.5 : 0.05 : 3 [Hz].

The results are shown in Fig. 5.5 and Fig. 5.6. The white ranges imply the ground

reaction force is negative or the edge constraint is unsatisfied. The high speed and energy

efficient locomotion concentrate in certain parametric space except that the left small

triangle is clean-cut in Fig. 5.6 whereas blur in Fig. 5.5. The rainbow-like part in Fig.

5.5 indicates variation in the direction of sliding locomotion, i.e., backward and forward.

The details are investigated in the following sections.
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Figure 5.6: Logarithmic scaled specific resistance with respect to wobbling frequency and

amplitude

5.4 Nonlinear Analysis

5.4.1 Arnold tongues

Since the overall entrained ranges can be shown by Arnold tongue. Numerical process

is therefore conducted similar as obtaining the Vx and SR, except modifying (A4) to:

(B4) After 100 [s] of locomotion, save the rotation frequency fr for 20 periods, where fr

is calculated by taking the inverse of the rotation period Tr. In addition, Tr is defined by

the duration between the adjacent local minima of the angular position θ1.

The Arnold tongues here focus on 1 : 1 and 1 : 2 entrainment which are dominant

entrained ranges. The 1 : n entrainment is defined by f̄r : fc = 1 : n, where n = 1, 2 and

·̄ denotes averaged over 20 periods.

The shapes of Arnold tongues (shown in Fig. 5.7) are highly consistent with the

contour plot of horizontal velocity (shown in Fig. 5.5) and logarithmic scaled specific

resistance (shown in Fig. 5.6). The results show the high dependency of the indirectly

controlling sliding on the entrainment effect, since the unentrained ranges hardly generate

horizontal locomotion, result in high specific resistance. On the other hand, it is worth

noting that, unlike general cases, multiple Arnold tongues of the same entrainment ratio

56



Figure 5.7: Arnold tongues with respect to wobbling frequency and amplitude

exist. The left 1 : 1 Arnold tongue, whose tip is around the natural frequency, is a

typical Arnold tongue. In contrast, the typical 1 : 2 Arnold tongue, whose tip is around

twice of the natural frequency is merged by another larger 1 : 1 Arnold tongue, which is

unexpected, moreover, with one more 1 : 2 Arnold tongue inside, which is corresponding

to the rainbow-like part in Fig. 5.5. In addition, the typical Arnold tongues are much

smaller than the untypical Arnold tongues.

5.4.2 Synchronizations

Since the indirectly controlled sliding robot generates various locomotion, the detailed

relationship is observed among frequency synchronization, horizontal velocity, as well

as specific resistance through hysteresis plot. Here the wobbling amplitude is fixed to

Am = 0.1 [m] and the frequency of the wobbling motion is varied only. The gait descriptors

fr, Vx and log10 SR are used to make evaluation the following process is conducted.

(C1) Set fc = 0.5 (or 3) [Hz] and run the simulation with the initial conditions as Eq.

(5.18).

(C2) After 100 [s] of locomotion, save fr for 20 period of rotation and the averaged Vx,

log10 SR.
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(C3) Save the final state immediately after finishing the rotation period (local minimum).

(C4) Increase (or decrease) fc by 0.01 [Hz] and run the next simulation by using the final

state of (C3) as the initial state.

(C5) Repeat from (C2) to (C4) until fc = 3 (or 0.5) [Hz].

The gait descriptors are therefore obtained through both backward and forward sweep-

ing within the range of fc = 0.5 : 0.01 : 3 [Hz]. The results are separated into 8 intervals

as shown in Fig. 5.8, the interval (I) and (III) are desynchronized which could be ignored

here. The interval (II) belongs to the small 1 : 1 Arnold tongue, whereas the intervals

(IV) and (VIII) belong to the large 1 : 1 Arnold tongue. The interval (VI) belongs to the

large 1 : 2 Arnold tongue. (V) is the bistable interval which shows the existence of differ-

ent steady locomotion in the same parametric space, extends 1:1 and 1:2 synchronization

respectively. (VII) is the interval of bifurcation.

The discrepancy between the large and the small 1 : 1 Arnold tongues can be observed

from Fig. 5.9, different locomotion direction are generated. In addition, the locomotion

velocity is very slow in the interval (II), even though it is 1 : 1 synchronized, and the

details are discussed later. The results in interval (V) of Fig. 5.9 show that by assigning

different initial conditions, the robot can slide either backward or forward with the same

physical and control parameters.

The logarithmic scaled specific resistance is shown in Fig. 5.10. A promising lo-

comotion (SR = 0.62) was observed in the bistable interval, as an extension of 1 : 2

synchronization. Neglect the bistability, the results indicate a possibility to generate a

kind of new locomotion superior to walking on the slippery surface.

Since the sliding velocity is also equivalent to the averaged rotation frequency multi-

plies the sliding distance in one cycle:

Vx = f̄r × Ls, (5.21)

where Ls denotes the sliding distance in one cycle. Ls is further obtained via simply

divide Vx by f̄r as shown in Fig. 5.11. The results indicates that the propulsive force

generated at the underactuated grounding point should be further strengthened to enlarge

the sliding distance in one cycle.
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Figure 5.8: Hysteresis plot of rotation frequency with respect to wobbling frequency
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Figure 5.9: Hysteresis plot of horizontal velocity with respect to wobbling frequency
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Figure 5.10: Hysteresis plot of logarithmic scaled specific resistance with respect to wob-

bling frequency
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Figure 5.11: Hysteresis plot of sliding distance in one cycle with respect to wobbling

frequency
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5.4.3 Mechanical energy dissipation

There are two possibilities for inducing the entrained, however, inefficient locomotion:

• The locomotion is subjected to the rolling constraint, i.e., sliding does not happen.

• The sliding directions are unconcentrated, therefore, the backward and forward

sliding distances are canceled.

The reason is further investigated from mechanical energy dissipation point of view. The

robot’s total mechanical energy is given by

E =
1

2
q̇TM(q)q̇ + P (q), (5.22)

where P (q) is the potential energy. The time-derivative of E becomes

Ė = q̇T(JTλ+ JT
µ λ+ Su) = q̇TJT

µ λ+ q̇TSu = Jµq̇λ+ l̇2u, (5.23)

since Eq. (5.6) holds. The first term in Eq. (5.23) is the mechanical energy consumed by

friction force and the second term is the input power. In the case that Eq. (5.12) is used,

the first term of Eq. (5.23) becomes:

Jµq̇λ = −µ0λ|ẋ+Rθ̇1(cos θ1 − 1)| ≤ 0. (5.24)

Consequently, sliding friction always dissipates mechanical energy. Then Jµq̇λ is in-

tegrated within one period of steady locomotion and focus on 1 : 1 synchronization.

The results are shown in Fig. 5.12 and the gray boxes imply the areas out of 1:1

synchronization. By comparing Fig. 5.9 and 5.12, one can easily understand that, in most

cases of the inefficient entrained locomotion, the inefficiency is due to the unconcentrated

sliding direction, since considerable mechanical energy are consumed by sliding friction.

For the special cases, around fc = 0.66, 0.89, 1.21 [Hz], the locomotion is subjected to

the rolling constraint, since mechanical energy is rarely consumed by sliding friction.
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Figure 5.12: Mechanical energy consumed in one rotation period by sliding friction force

5.5 Summary and Discussions

The proposed indirectly controlled limit cycle robot generated sliding locomotion on

level slippery surface successfully. The analysis above showed the high dependency of the

indirectly controlled sliding locomotion on the entrainment effect. The conditions that

induce the inefficient entrained locomotion have also been clarified. The performance can

be improved from generally three aspects:

• Concentrate the instantaneous sliding direction instead of wandering backward and

forward.

• Strengthen the propulsive force at the grounding point to increase the sliding dis-

tance in one cycle.

• Maximize the entrainment range to exclude inefficient locomotion with an optimal

entrainment waveform [29] [38].

Further enhancement of this indirectly controlled limit cycle locomotion robot should be

conducted based on the findings obtained from the theoretical analysis.
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Chapter 6

High-speed Sliding Locomotion

Generation of an Indirectly

Controlled Locomotion Robot with

Elastic Body

6.1 Introduction

The indirectly controlled seed-like robot proposed in the last chapter generates stable

and efficient sliding locomotion on slippery level ground successfully. In contrast, the

sliding velocity is not high enough. In this chapter, the original seed-like robot is modified

into an arc-shaped base with an elastic body, which is modeled by spring and damper,

to improve the sliding velocity from the three aspects mentioned in the last chapter.

Through the theoretical analysis conducted in this paper, one can understand that not

only the redundant energy is consumed by the damping force, but also the sliding stride

is highly enlarged, benefit from the anti-phase oscillation between the elastic body and

wobbling mass. Moreover, the entrainment effect is also strengthened, which is is one

of the necessary condition for achieving stable and high performance for these indirectly

controlled robots. The sliding velocity is, therefore, extremely improved by the proposed

method.

This chapter is organized as follows. First, the equations of dynamics and control
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is derived in Section 2. Second, typical sliding locomotion is numerically simulated in

Section 3. Third, the effect of damper and spring are analyzed through mechanical energy

consumption and parametric study respectively in Section 4. Fourth, nonlinear analysis

is conducted in Section 5. Finally, Section 6 is devoted to summary and discussions.

6.2 Dynamics and Control

As illustrated in Fig. 6.1, The base of the indirectly controlled sliding locomotion

robot is an arc-shaped frame with a length of l0 [m], and the radius of it is R [m]. Above

the base, an elastic body with a length of l1 [m] and an actively controlled wobbling mass

with a length of l3 [m] controlled by input u [N] is connected by a rigid body with a length

of l2 [m]. Here, (x, z) is the position of the center of the bottom, θ1 [rad] is the angular

position of the base regard to vertical. θc [rad], which is a constant, denotes the angular

position of the wobbling mass regard to vertical midline of the robot. In addition, the

mass is of the base is m0 [kg] and the inertial moment about it is I0 [kg·m2], the masses

of the elastic body, the connection rigid body and the wobbling mass are m1 [kg], m2 [kg]

and m3 [kg] respectively, where the inertial moment are ignored.

Figure 6.1: Indirectly controlled sliding locomotion robot with an elastic body
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Let q =
[
x z θ1 l1 l3

]T

be the generalized coordinate vector. The robot equation of

motion then becomes:

Mq̈ + h = JTλ+ JT
µ λ+ S̃τ + Su, (6.1)

[0 1 −R sin θ1 0 0]q̇ = Jq̇ = 0. (6.2)

On the left-hand side of Eq. (6.1), M represents the inertia matrix, h represents the

combination of centrifugal force, Coriolis force and gravity terms. On the right-hand

side of Eq. (6.1), JTλ is the holonomic constraint, JT
µ λ is the friction force term. The

viscoelastic force that acts on the elastic body is modelled by the spring and damper term

τ :

τ = −k(l1 − l∗1)− cl̇1, (6.3)

where k [N/m] is the elastic coefficient, c [N·s/m] is the viscosity coefficient, l∗1 [m] is the

natural length of the elastic body, and

S̃ =
[

0 0 0 1 0
]T

. (6.4)

In addition, u is the control input which raises and drops the wobbling mass, and

S =
[

0 0 0 0 1
]T

. (6.5)

By rearrange h and S̃τ into:

H := h− S̃τ, (6.6)

Eq. (6.1) is simplified into:

Mq̈ +H = JTλ+ JT
µ λ+ Su, (6.7)

which is similar to the equation of motion in Chap. 5. Using similar method, the second

order derivative of l3(t) with respect to time becomes

l̈3 = STq̈ = STM−1
(
Y (Su−H)− ĴTX−1J̇ q̇

)
= Au−B, (6.8)

where
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λ = −X−1
(
JM−1(Su−H) + J̇ q̇

)
,

X := JM−1ĴT,

Ĵ := J + Jµ,

Y := I5 − ĴTX−1JM−1,

A := STM−1Y S,

B := STM−1
(
Y H + ĴTX−1J̇ q̇

)
.

Consequently, the control input for enabling l3(t) to track l3d(t) is defined as

u = A−1(v +B), (6.9)

v = l̈3d(t) +KD(l̇3d(t)− l̇3) +KP(l3d(t)− l3), (6.10)

Since the time trajectory of a linear spring is harmonic, the desired trajectory of the

wobbling mass is set to

l3d(t) = Amsin(2πfct), (6.11)

for easily inducing entrainment phenomenon.

6.3 High-speed Locomotion Generation

Numerical simulation of the sliding locomotion is conducted using the parameters

listed in Table 6.1, and the initial conditions are set to:

q(0) =
[

0 0 0 0 0
]T

, q̇(0) =
[

0 0 0 0 0
]T

. (6.12)

Fig. 6.2 shows the simulation results of sliding locomotion on slippery road surface.

From Fig. 6.2(a), one can see that the underactuated robot moves forward successfully.

The sliding direction is highly concentrated after a quick initialization as shown in Fig.

6.2(b). The rotation angle of the robot in Fig. 6.2(c) keeps positive, indicates that the

grounding point is always on the right bottom of the arc-shaped base. Fig. 6.2(d) shows

that the length of elastic body varies harmonically due to the oscillation of the spring.

The oscillation amplitude of the spring is not decayed by the damper, resultant from the
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Table 6.1: Physical and control parameters for sliding locomotion robot with elastic body

m0 0.5 kg

m1 0.5 kg

m2 0.1 kg

m3 0.4 kg

I0 0.1 kg·m2

l0 0.3 m

R 0.8 m

l2 0.4 m

θc π/6 rad

l∗1 0.2 m

g 9.81 m/s2

KD 40 s−2

KP 400 s−1

k 100 N/m

c 20 N · s/m

µ0 0.1

s 20000

Am 0.2 m

fc 2.5 Hz

sinusoidal wobbling motion as shown in Fig. 6.2(e). Moreover, positive ground reaction

force is guaranteed during the sliding locomotion as shown in Fig. 6.2(f).

Fig. 6.3 shows the stick diagram of the locomotion, one can observe that the robot

achieves high speed sliding locomotion without inducing violently rotation motion, bene-

fited from the fact that the robot is promoted by oscillating the elastic body.

Fig. 6.4 shows the phase-plane plot of steady locomotion. Limit cycle sliding locomo-

tion is generated, and it can be easily observed that the instantaneous sliding velocity in

one cycle has a negative correlation with the angular velocity. During the anti-clockwise

rotation (θ̇1 < 0) of the arc-shaped base, the robot maintains sliding forward. Although

both forward and backward sliding take place during the clockwise rotation (θ̇1 > 0),

the asymmetric instantaneous sliding velocity results in a high speed forward sliding in a

whole cycle.
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Figure 6.2: Motion generation of a sliding robot on slippery surface
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Figure 6.3: Stick diagram of a sliding robot on slippery surface

Figure 6.4: Phase-plane plot of steady sliding locomotion
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6.4 Locomotion Analysis

6.4.1 Effect of damper

The simulation of typical locomotion shows that the asymmetricity of sliding is strongly

increased, and the results are first analyzed from the energy consumption point of view.

The robot’s total mechanical energy is given by

E(q, q̇) =
1

2
q̇TM (q)q̇ + P (q), (6.13)

P (q) is the summation of position and elasticity energy:

P (q) =
3∑

n=0

migzi +
1

2
k(l1 − l∗1)2, (6.14)

where zi is the height of each mass and the second term is the elastic energy. The viscous

dissipation function R(q̇) is given by

R(q̇) =
1

2
cl̇1

2
. (6.15)

The time-derivative of E becomes

Ė = q̇T

(
Su+ JTλ+ JT

µ λ−
∂R(q̇)

∂q̇T

)
= q̇TSu+ q̇TJT

µ λ− q̇T∂R(q̇)

∂q̇T
= ḋu+Jµq̇λ− cl̇1

2
.

(6.16)

The first term in Eq. (6.16) is input power, the second term is the mechanical energy

consumed by friction force and the third term is the mechanical energy consumed by

damping force. The robot slides backward/forward by friction force which dissipates

the mechanical energy. The damping force, therefore, is expected to consume part of

redundant mechanical energy that leads to backward sliding, results in a concentrated

forward sliding.

To verify the analysis above, the viscosity coefficient is varied, and the performance is

evaluated by sliding velocity of the locomotion and energy efficiency though Vx and SR

defined as same as Chap. 5.

Follow process is conducted to obtain the data:

(A1) Set c = 0 [N·s/m] and run the simulation with the initial conditions as Eq. (6.12).

(A2) After 100 [s] of locomotion, save the averaged Vx, log10 SR.

70



(A3) Increase c by 0.1 [N·s/m] and run the next simulation with the same initial condi-

tions.

(A4) Repeat from (A2) to (A3) until c = 20 [N·s/m].

Despite the signum, Fig. 6.5 shows that the sliding velocity is slow when c < 4

[N·s/m], and increase monotonically until c = 14.5 [N·s/m]. The result implies that part

of the redundant energy can be consumed by damping effect via increasing the viscosity

coefficient in a certain range, induces an increase of the averaged sliding velocity.

Fig. 6.6 shows that the specific resistance is high, when the sliding velocity is slow.

Moreover, the overall efficiency is not improved compared with the original seed-like robot,

due to the additional energy consumption term.

0 2 4 6 8 10 12 14 16 18 20

 c [N  s/m]

-0.4

-0.2

0

0.2

0.4

0.6

0.8

A
v
er

ag
ed

 v
el

o
ci

ty
 [

m
/s

]

Figure 6.5: Sliding velocity with respect to viscosity coefficient
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Figure 6.6: Specific resistance with respect to viscosity coefficient

6.4.2 Effect of spring

The oscillation of spring, which is indirectly powered by the wobbling mass, enhances

shifting the CoM of the robot. It is therefore necessary to analyze the effect of spring by

varying the wobbling frequency and the spring’s natural frequency simultaneously, where

the spring’s natural frequency is calculated as:

fns =
1

2π

√
k

m1 +m2

. (6.17)

Follow process is conducted to obtain the averaged sliding velocity and specific resistance:

(B1) Set the spring’s natural frequency fns = 1[Hz].

(B2) Set the wobbling frequency fc = 1 [Hz].

(B3) Run the simulation with the initial conditions as Eq. (6.12).

(B4) After 100 [s] of locomotion, average the Vx and log10 SR in 20 periods.

(B5) Increase fc by 0.1 [Hz]and run the next simulation.

(B6) Repeat from (B3) to (B5) until fc = 3 [Hz].

(B7) Increase fns by 0.1 [Hz] and return to (B3).
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(B8) Repeat from (B3) to (B7) until fns = 3 [Hz].

Fig. 6.7 shows the averaged sliding velocity. The white range indicates the ground

reaction force are negative, where the edge constraint is satisfied in the whole range. The

failed locomotion are, therefore, reduced by the harmonically oscillation of the spring.

The velocity shows a positive correlation with the wobbling frequency, however, there is

a boundary along the gray arrow, implies different locomotion mode on each side. The

velocity inside the dashed square is affected by both wobbling frequency and the spring’s

natural frequency, the tendency is represented by the black arrow. In contrast, the velocity

is affected mainly by the wobbling frequency outside the square.

The specific resistance is plotted in logarithm scale as shown in Fig. 6.8 in order to

decrease the significance of high values. Results with high values, which indicate inefficient

sliding locomotion, are represented in red and the contours in the figure are similar with

Figure 6.7: Sliding velocity with respect to wobbling frequency and spring’s natural fre-

quency
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Figure 6.8: Logarithmic scaled specific resistance with respect to wobbling frequency and

spring’s natural frequency

Fig. 6.7. However, the effect of spring’s natural frequency on specific resistance does

not demonstrate a clear-cut tendency. Moreover, sliding velocity and energy efficiency

are difficult to be guaranteed simultaneously since the increase in velocity is induced by

consuming the energy by damping effect.

6.5 Nonlinear Analysis

Previous section shows complex structures of the locomotion, it is therefore necessary

to conduct nonlinear analysis to observe the details.

Besides sliding velocity and specific resistance, three additional gait descriptors is used,

i.e., rotation frequency fr, spring oscillation frequency fs and phase difference ψ between
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the elastic body and the wobbling mass, defined as follows:

fr :=
1

Tr
, fs :=

1

Ts
, ψ :=

2π(ts − tc)
Tr

, (6.18)

where Tr and Ts represent the periods of arc-shaped base rotation and spring’s oscillation

in steady locomotion respectively. As shown in Fig. 6.9, the period is defined as the

duration between two local minimum. In addition, ts denotes the timing, when the

oscillation of the spring reaches local maximum. Similarly, tc denotes the timing, when

the length of the wobbling mass reaches local maximum in the rotation period.

Following process is conducted to obtain the gait descriptors with parameters in Tab.

6.1:

(C1) Set fc = 1 [Hz] and run the simulation with the initial conditions to Eq. (6.12).

(C2) After 100 [s] of locomotion, save fr, ψ for 20 period of rotation and the averaged

Vx, log10 SR.

(C3) Increase fc by 0.01 [Hz] and run the next simulation with the same initial conditions.

(C4) Repeat from (C2) to (C3) until fc = 3 [Hz].

The rotation frequency and the spring’s oscillation frequency are shown together in Fig.

6.10. Period 1 locomotion is generated at low frequency wobbling, since both the fre-

quencies of the rotation and the oscillation overlap on the 1 : 1 synchronization dashed

Figure 6.9: Phase difference between spring and wobbling mass
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line (fr = fs = fc). The Oscillation frequency bifurcates when the rotation frequency

drop to 1 : 2 synchronization dashed line (fr = fc
2

), due to wobbling around twice of the

natural frequency of the rotation, which is estimated via fixing the wobbling mass at the

attaching point by revising J and Jµ to

J̄ =

 J

01×4 1

 , J̄µ =

 Jµ

01×5

 . (6.19)

With the increasing of the wobbling frequency, both the frequencies of the rotation and

the oscillation reconverge to 1 : 1 synchronization, with bifurcation as a transition. The

entrainment effect is strengthened compared with previous section, since only period 1

and period 2 locomotion are generated, where being entrained is one of the necessary

condition for these robots to generate high performance locomotion.

Fig. 6.11 shows that the phase difference between the elastic body and the wobbling

mass has a positive relationship with the wobbling frequency in period 1 locomotion,

especially when wobbling with high frequency, the elastic body and the wobbling mass

become almost anti-phase oscillation, i.e., the phase difference tends to π. Since the

masses move along almost opposite directions, this phenomenon leads to an effect which

is similar with magnifying the amplitude of the rotation.

Fig. 6.12 shows that the sliding velocity of the locomotion with 1 : 2 synchronization

is general slower than 1 : 1 synchronization, since the sliding locomotion occurs with the

rotation of the arc-shaped base together, where the 1 : 2 synchronization indicates that

during 2 cycles of wobbling, the rotation take place only 1 cycle. Similarly, result in high

values in Fig. 6.13.

Moreover, Ls is obtained via dividing Vx by f̄r as shown in Fig. 6.14. Despite the

inefficient 1 : 2 synchronization locomotion, the result indicates that the sliding distance

in one cycle is enlarged by increasing the wobbling amplitude and finally converges. Con-

sistent with the results in Fig. 6.11, the sliding distance in one cycle is larger when the

elastic body and the wobbling mass are anti-phase. The elasticity of the body, therefore,

has a tendency to enhance the propulsive force at the underactuated grounding point.
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Figure 6.10: Rotation frequency and spring’s oscillation frequency with respect to wob-

bling frequency
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Figure 6.11: Phase difference with respect to wobbling frequency
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Figure 6.12: Sliding velocity with respect to wobbling frequency
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Figure 6.13: Logarithmic scaled specific resistance with respect to wobbling frequency
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Figure 6.14: Sliding distance in 1 period with respect to wobbling frequency

6.6 Summary and Discussions

With the purpose of enhancing the performance of indirectly controlled sliding loco-

motion on slippery ground, the original seed-like robot is modified into an arc-shaped

base with an elastic body introduced in this chapter. The velocity of the modified robot

is highly increased from the three aspects discussed in last chapter:

• The instantaneous sliding direction is concentrated by the damping force.

• The propulsive force around the grounding point is increased by the anti-phase

oscillation between the wobbling mass and the spring.

• The entrainment range is enlarged, benefited from the elasticity of the body. In this

case, sine wave is the optimal entrainment waveform since the spring’s oscillation is

sinusoidal.
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Chapter 7

Conclusion and Future Works

7.1 Summary

Towards achieving stable and efficient locomotion of underactuated robots on the

slippery ground using the indirectly controlled mechanism, following works have been

done in this dissertation:

• Analysis on nonlinear properties, s.t., entrainment, bistability, synchronization and

chaos, of indirectly controlled limit cycle locomotion robots is performed using CRW

as an example.

• The overall entrainment effect is experimentally verified by means of Arnold tongue.

The walking frequency is measured via accelerometer inspired by the collision equa-

tion.

• An optimal entrainment waveform for indirectly controlled limit cycle locomotion

robots is analytically derived using CRW as a simple example based on the phase

reduction theory. The phase response curve of it is numerically acquired by applying

slight perturbations on different phases of a whole limit cycle.

• Based on the conclusions and findings of indirectly controlling mechanism obtained

above, an active wobbling mass with up-and-down oscillation is attached to a seed-

like underactuated robot which generates stable and efficient locomotion on slippery

level ground. Theoretical analysis on velocity, efficiency, entrainment effect and

mechanical energy consumption are performed for enhancement.
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• The performance of indirectly controlled sliding locomotion robot is enhanced by

modifying the original model into an arc-shaped base with an elastic body based on

the theoretical analysis.

7.2 Conclusion

Locomotion robots can be forced into indirectly controlled limit cycle oscillation sys-

tems by attaching an active wobbling mass to it via entrainment effect. The dynamics

of these indirectly controlled limit cycle locomotion robots are highly nonlinear. The

optimization of the desired trajectory for the wobbling mass can be analytically derived

by using phase reduction theory. The indirectly controlling mechanism can be applied

for achieving stable and efficient locomotion of underactuated robots on complex terrains

with appropriate design. In these cases, not only the optimization of entrainment effect,

but also the strategies for overcoming the underactuation of the system should be carefully

considered by positively utilizing the oscillation of it.

7.3 Contribution

This dissertation not only theoretically analyzed the indirectly controlling mechanism

from nonlinear dynamics and mechanical engineering points of view, but also experi-

mentally verified its practicability. Most importantly, enhancement and optimization for

indirectly controlled locomotion robots are performed based on the theoretical analysis.

Therefore, this indirectly controlling mechanism owns a potentiality to be applied into

more complicated locomotion robots on rough terrains as well as manipulation systems

based on the methods and findings of this dissertation. Moreover, the entrainment effect

based gait frequency control can be applied to rehabilitation of Parkinson’s disease and

the device of walking support machine.

7.4 Future Works

Currently, locomotion robots proposed and investigated in the dissertation as individ-

uals. Combination and cooperation [39] [40] [41] [42] among multiple robots with different
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natural dynamics will be more interesting since they can be considered as multiple oscilla-

tors. On one hand, multiple robots could be affected by single wobbling mass, dominance

relationship among them will be further investigated and discussed. On the other hand,

multiple wobbling masses can be attached to locomotion systems. Kuramoto model [43],

which represents the behavior of several coupled oscillators, will be further applied for

analysis and control.
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