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ABSTRACT In this article, we propose a new distributed sensors-based multi-target geolocation and
tracking technique. The proposed technique is a joint time-of-arrival (TOA) and direction-of-arrival (DOA)
factor graph (FG) for multi-target geolocation (FG-GE), which is further combined with another FG for
extend Kalman filtering (FG-GE-EKF) for tracking. Two-dimensional (2D) and three-dimensional (3D)
scenarios are considered. In the FG-GE part, a new sensor association technique is proposed to solve the
matching problem, which makes the right correspondence between the DOA/TOA information gathered by
the distributed sensors and each target. With the proposed sensor association technique, the measured signals
from targets can adequately be matched to their corresponding FGs. Thereby, the multi-target geolocation
can be reduced to multiple independent single target geolocation. In addition, in the 3D scenario, each target
is projected onto three orthogonal planes in the (x, y, z) coordinate. With this operation, the 3D geolocation
is decomposed into three 2D geolocation problems. In the FG-GE-EKF part, the whole tracking system
can be divided into two steps: prediction step and update step. In the prediction step, the predicted state
is obtained from the previous state. Then, we utilize the predicted state as a prior information, and also to
update the message exchanged in FG-GE. In the update step, the estimates obtained by FG-GE are regarded
as observation state which is used to refine the predicted state, and acquire the current state. With proposed
the FG-GE-EKF, the position estimation accuracy and tracking performance can be improved dramatically,
without requiring excessively high computational effort.

INDEX TERMS Factor graph (FG), time of arrival (TOA), direction of arrival (DOA), geolocation, extend
Kalman filter (EKF), tracking, sensor association.

I. INTRODUCTION
Wireless geolocation is expected to play significant roles
in existing and future mobile communication systems, e.g.,
Enhanced-911 (E-911), smart vehicular communications sys-
tems, intelligent navigation [1]–[3], etc. Especially, when
the fifth generation (5G) and beyond 5G (B5G) mobile
wireless communication systems are considered, accurate
geolocation techniques for position-related services are
required [4]. For example, when beamforming [5], [6] is
applied in 5G systems to eliminate the effects of attenuation
in millimeter-wave (mmWave) signaling, target tracking [7]
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in massive multiple-input multiple-output (MIMO) systems
is of significant importance to ensure the effectiveness of
beamforming. In recent years, discussions on a variety of
indoor geolocation services and their evolution scenarios [8]
have been taking place in industry. Reference [9] presents
a technique that localizs multiple persons by relying on the
reflections of wireless signals reflected from their bodies.
A multi-target localization technique based on ML (machine
learning) is introduced in [10].

Wireless geolocation is a nonlinear problem and the direct
calculation of the multi-target positions is highly complex.
To solve the problem, a framework using factor graph (FG)
is proposed [11]. FG-based techniques do not require high
computational complexity due to the fact that only means
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and variances of the messages derived from the measure-
ments, which is assumed to suffer from Gaussian-distributed
measurement error, is exchanged between the nodes in the
FG [12]. To keep the Gaussianity of the messages exchanged
in FG, the first order Taylor series (TS) expansion [13] is
applied to approximate the trigonometric functions by linear
functions.

In the conventional FG based geolocation systems, differ-
ent types of information sources such as direction-of-arrival
(DOA) [14], time-of-arrival (TOA) [15], time-difference-
of-arrival (TDOA) [16] and received-signal-strength (RSS)
[17], [18] are used. TDOA-FG, TOA-FG, DOA-FG have
been proven to be useful for the detection of single target
position. However, FG-based accurate position identification
of multiple anonymous targets has yet not been matured.
When multiple targets have the same distance to some of
the distributed sensors, it is difficult to accurately identify
multiple target positions with the TOA/TDOA because the
time or difference time of the waves reaching those sensors
are almost the same. On the other hand, when multiple targets
are located on the same line originating from the some of
the sensors, or when the angle difference is small, the DOA
detection is unreliable. For the RSS-based technique, off-line
training using reference signals from monitoring spots is
required beforehand, which can not be obtained frommultiple
anonymous targets case.

The background described above has motivated this contri-
bution. In this article, a new joint TOA-DOA technique is pro-
posed not only to compensate each technique’s shortcomings
but also to solve the problem of associating the observation
and targets.

To perform tracking, the extended Kalman filter (EKF)
is used in this article, as in [15], [19]. The target positions
estimated by FG-GE can be regarded as observation state in
the tracking process. However, the variance of the observa-
tion error can not be directly detected. Instead, the smallest
variance of the observation which can be determined by the
Cramér–Rao lower bound (CRLB) is used as the variance
of the observation error [19], [20]. The proposed algorithm
that combines FGs for GE and EKF is referred to as FG-
GE-EKF for the notation convenience. The moving targets
can be localized by the proposed FG-GE and FG-GE-EKF.
The output of FG-GE is used as observation state, to refine
the predicted state which can be obtained from the prior
state in FG-GE-EKF. The proposed algorithm combines all
those core functionalities, sensor association, geolocation and
tracking, and hence it works dynamically.

This article investigates distributed sensors-based geolo-
cation technique.1 The main contributions of this article are
summarized as follows.

1It should be noted that each sensor can identify the number of the targets
by using some information theoretic criterion, such as Akaike criterion or
MDL criterion. The results are sent to the fusion center. Hence, number of
targets is known to the fusion center by receiving the measurement data from
the targets.

1) First of all, a new two-dimension (2D) joint TOA-DOA
based FG is proposed for multi-target geolocation and
tracking by integrating the EKF algorithm into the FG.
Furthermore, the proposed technique is then extended
to a three-dimension (3D) scenario.

2) A new sensor association algorithm based on the joint
TOA-DOA measurements is proposed to solve the
target-observation matching problem occurring typi-
cally in the distributed sensors systems in 2D and 3D
scenarios.

3) A switching algorithm for the use of either TOA or
DOA is proposed to alleviate the shortcomings inher-
ent in TOA-only and DOA-only algorithms described
before.

This article is organized as follows. The geolocation and
tracking models are described in Section II. In Section III,
the proposed sensor association algorithm, combined with
the joint FG-GE and FG-GE-EKF are introduced both in 2D
and 3D scenarios. The performance of the proposed FG-GE
and FG-GE-EKF algorithms are evaluated by a series of
simulations, and the results presented in Section IV. Finally,
the conclusion of this contribution is provided in Section V.

II. SYSTEM MODEL
We start with a 2D scenario having N distributed sensors
located at (Xn, Yn), n = {1, 2, . . . ,N }, in the global coordi-
nate, of which location are assumed to be known to the fusion
center. I anonymous multiple targets are located at (xi,k , yi,k ),
where i = {1, 2, . . . , I } and k = {1, 2, . . . ,K } are the target
and timing indexes, respectively.

For the simplicity, the target index i is omitted unless
required. The measurement of DOA at the timing k is given
by

ϕ̂n = h(ϕn,k )+ uϕ,n,k (1)

with the measurement error uϕ,n,k ∼ N (0, σ 2
ϕ ) and h(ϕn,k )

the true DOA, given by

h(ϕn,k ) = arctan
(
Yn − yk
Xn − xk

)
(2)

The measurement of TOA at the timing k is converted to the
Euclidean distance by

d̂2D,n = c ·
i

t = q(d2D,n,k )+ v2D,n,k (3)

with the measurement error v2D,n,k ∼ N (0, σ 2
d ), c the light

speed,
a
t the time difference between the transmit and

receive timings and q(d2D,n,k ) the true TOA, given by

q(d2D,n,k ) =
√
(Xn − xk )2 + (Yn − yk )2 (4)

In this article, we assume that the sensors and targets share
the same time reference, such as in aviation control or com-
mercial navigation systems.

In the 3D scenario, ϕn is the same measurement as in
the X-Y plane expressed by (1). Another measurement of
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DOA [21] is the elevation angle given by

θ̂n = arctan

(√
(Yn − yk )2 + (Xn − xk )2

Zn − zk

)
+ uθ,n,k (5)

at timing k , with uθ,n,k ∼ N (0, σ 2
θ ) the measurement error.

The measurement of TOA in the 3D scenario is given by

d̂3D,n=
√
(Xn − xk )2+(Yn − yk )2+(Zn − zk )2+v3D,n,k (6)

with v3D,n,k ∼ N (0, σ 2
d ) the measurement error.

For the tracking system, the multi-target non-linear dis-
crete state-space model (SSM) is used, as in [19]. I anony-
mous target positions are located in sk = [xk , yk ]T or sk =
[xk , yk , zk ]T at timing k in the 2D and 3D scenarios, respec-
tively. The SSM equation is given by

sk = f (sk−1)+ wk , (7)

where f (·) is a non-linear function, and wk = [wx,k ,wy,k ]T

or wk = [wx,k ,wy,k ,wz,k ]T the white Gaussian noise vector
in the 2D and 3D scenarios, respectively. In order to keep the
Gaussianity of the messages in the FG, the first order Taylor
series (TS) expansion needs to be used to approximate f (·) by
a linear function. The first order TS is given by

f (sk−1) ≈ f (α)+ f ′(α)(sk−1 − α), (8)

where α is the center point of the TS expansion, f (α)
is the current position sk−1, and the first order derivative
f ′(α)(sk−1−α) = vk−1 ·4t is the distance between sk−1 and
sk without loss of generality, we normalize4t = 1. Then, (7)
can be rewritten as

sk ≈ sk−1 + vk−1 + wk . (9)

The velocity vk−1 is updated by EKF. The observation state
jk is given by

jk = g(sk )+ ek (10)

with ek ∼ N (0, σ 2
e ) the observation noise. Since ek is

unknown, we use the variance of ϕk that achieves the smallest
σ 2
e , which can be calculated from the CRLB [19].

III. PROPOSED ALGORITHM
In this section, the proposed algorithm for 2D is detailed,
including multi-target position detection and tracking, and its
extension to the 3D scenario.

A. POSITION DETECTION
It should be noted that all the targets are anonymous. The
matching problem between distributed sensors’ observations
and multiple anonymous targets is focused on in this sub-
section. To recognize the targets, a simple, yet useful algo-
rithm is proposed.

1) SENSOR ASSOCIATION
In the 2D scenario, (ϕi,n, di,n) is the i-th set of DOA and
TOA measurement from target i to the sensor n, where i =
{1, 2, · · · , I } ans n = {1, 2, · · · ,N }, as shown in Fig. 1(a).
By using trigonometry method, the rough estimate of the
position can be calculated by

[
x̂n,i
ŷn,i

]
=

[
dn,i × cosϕn,i ± Xn
dn,i × sinϕn,i ± Yn

]
. (11)

Let sensor n obtain L sets of DOA and TOA measurement
from the target i. Each set of measurements is used to calcu-
late the location information. Therefore, for sensor n, I clus-
ters of targets are obtained. However, the position estimates
obtained by (11) are unreliable because the estimation of x̂
and ŷ uses TOA and DOA observed by each sensor without
message change over the FG. As shown in Fig. 1(b), the posi-
tions of the targets in each cluster are largely scattered.

FIGURE 1. Proposed sensor association algorithm in 2D scenario.
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In the 3D scenario, the rough estimates of the positions can
be calculated by x̂n,iŷn,i

ẑn,i

 =
 dn,i × sin θn,i × cosϕn,i ± Xn
dn,i × cos θn,i × sinϕn,i ± Yn

dn,i × cos θn,i ± Zn

. (12)

FIGURE 2. Rough estimates of targets in 3D scenario.

As shown in Fig.2, the positions in each cluster are also
largely scattered because of the same reason as in the 2D case.
Even though the initial position detection without using FG
iteration is rough and the positions are scattered, we can iden-
tify fromwhich cluster the observations are. This information
makes it possible to make the target-observation matching,
and hence the measurement data can be properly input to the
corresponding FG.

2) DOA-TOA SWITCHING ALGORITHM
In this sub-section, the problem of positioning in certain criti-
cal situations is discussed. Theremay exist some sensors from
whichmultiple targets have the same distance to such sensors.
In this case, TOA cannot identify the positions accurately
because the arriving timings of the waves from the targets at
such sensor are very close. On the other hand, there may exist
some sensors when the multiple targets are on the same line
originating from those sensors, or the angle differences are
small, DOA detection is unreliable. Thus, a simple technique
is proposed, which switches the use of either DOA or TOA.
Assume that n-th sensor can obtain three measurement of
DOA with mean and variance (ϕn,1, σ 2

ϕ ), (ϕn,2, σ
2
ϕ ) and (ϕn,3,

σ 2
ϕ ). Calculate the relative angles by subtracting each of the

two angles, and set the angle interval [−kσϕ, kσϕ], where k
is determined empirically. In this article, we set k = 2 to
identify weather or not the measured DOAs are reliable. For
the n-th sensor, TOA is used instead of DOA if one or some of
the relative angles is/are within this interval. The pseudo code
of proposed algorithm is shown in Algorithm 1, as below.

3) FG-GE
The proposed joint DOA-TOA based FG is provided in this
sub-section. In order to preserve the Gaussianity of the FG

Algorithm 1 Switching Algorithm
Initialization: ϕ1, ϕ2. ϕ3 are the DOA measurement from
target 1,2,3 to n-th sensor; 1:

a
ϕ1 = ϕ1 − ϕ2;

2:
a
ϕ2 = ϕ2 − ϕ3;

3:
a
ϕ3 = ϕ3 − ϕ1;

4: if
a
ϕ1 ∪

a
ϕ2 ∪

a
ϕ3 ∈ [−kσϕ, kσϕ] then

5: Apply to TOA
6: else
7: Apply to DOA

messages, the first order TS expansion centered at the point β,
is used to approximate the true DOA and TOA information,
expressed by (2) and (4), by linear functions, as

ϕk ≈ h(β)+
∂h(ϕk )
∂xk

(xk − βx)+
∂h(ϕk )
∂yk

(yk − βy) (13)

and

d2D,k ≈ q(β)+
∂q(d2D,k )
∂xk

(xk−βx)+
∂q(d2D,k )
∂yk

(yk−βy)

(14)

with β = [βx , βy]T . To achieve simple, yet accurate approx-
imation, let β be equal to predicted state sk|k−1, which is
determined by the previous state. The target index i and the
sensor index n are omitted. Then, ϕk can be approximated as

ϕk ≈ λ1x + λ2y+ λ3, (15)

where λ1, λ2 and λ3 are the constants, given by

λ1 =
Y − yk|k−1

(X − xk|k−1)2 + (Y − yk|k−1)2
, (16)

λ2 =
−(X − xk|k−1)

(X − xk|k−1)2 + (Y − yk|k−1)2
, (17)

λ3 =
(X − xk|k−1)yk|k−1 − (Y − yk|k−1)xk|k−1

(X − xk|k−1)2 + (Y − yk|k−1)2

+ arctan
(
Y − yk|k−1
X − xk|k−1

)
.

(18)

The target position can then be derived as:

x =
ϕk − λ2y− λ3

λ1
, (19)

y =
ϕk − λ1x − λ3

λ2
. (20)

In the sameway as in DOA, true TOA dk can be approximated
as

dk = τ1x + τ2y+ τ3, (21)

where τ1, τ2 and τ3 are the constants, given by

τ1 =
−(X − xk|k−1)√

(X − xk|k−1)2 + (Y − yk|k−1)2
, (22)

τ2 =
−(Y − yk|k−1)√

(X − xk|k−1)2 + (Y − yk|k−1)2
, (23)
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FIGURE 3. Proposed FG-GE in 2D scenario.

τ3 =
(Y − yk|k−1)yk|k−1 + (X − xk|k−1)xk|k−1√

(X − xk|k−1)2 + (Y − yk|k−1)2

+

√
(X − xk|k−1)2 + (Y − yk|k−1)2. (24)

Therefore, the target position can be derived by

x =
dk − τ2y− τ3

τ1
, (25)

y =
dk − τ1x − τ3

τ2
. (26)

The FG for the position detection is illustrated in Fig. 3.
It should be noted that the each component FG in one box
with dotted line described in Fig. 3 is used to estimate the
position of one target. The positions of the rest of the targets
can be obtained in the same way. After the sensor associ-
ation process, the measured DOA and TOA messages are
calculated by the measurement function node (FN) Dn. The
calculated mean and variance, i.e., (mϕ,n, σ 2

ϕ,n) and (md,n,
σ 2
d,n), are passed through DOA-TOA switching FNCn. In this

node, either DOA or TOA message is selected, according to
Algorithm 1, and is sent to the iteration FN. Let ηn denote the
DOA or TOA message from the DOA-TOA switching FN.
Let ξjx,n and ξjy,n denote downward messages from the itera-
tion FN hn to the estimated target FN Jx and Jy, respectively.
Then, ρjx,n and ρjy,n are the upward messages from Jx and
Jy to hn, respectively. If the DOA measurement is selected
by node Cn, ηn denotes the DOA message, i.e., (mϕ,n, σ 2

ϕ,n).
Otherwise, (md,n, σ 2

d,n) denotes the mean and the variance
of the TOA message. According to (16)-(20), the iteration
process is described as follows.

• Update of downward messages:

mξjx,n =
1
λ1,n

mηn −
λ2,n

λ1,n
mρjy,n −

λ3,n

λ1,n
, (27)

σ 2
ξjx,n
=

1

λ21,n

σ 2
ηn
+

(
λ2,n

λ1,n

)2

σ 2
ρjy,n

, (28)

mξjy,n =
1
λ2,n

mηn −
λ1,n

λ2,n
mρjx,n −

λ3,n

λ2,n
, (29)

σ 2
ξjy,n
=

1

λ22,n

σ 2
ηn
+

(
λ1,n

λ2,n

)2

σ 2
ρjx,n

. (30)

If the TOA measurement is selected by the node Cn, ηn
denotes the TOA message, i.e., (md,n, σ 2

d,n), where only
the constants λ1, λ2 and λ3 are replaced by the constants
τ1, τ2 and τ3 according to (22)-(26).

• Update of upward messages:

1
σ 2
ρjx,n

=

N∑
i=1,i6=n

1

σ 2
ξjx,i

, (31)

mρjx,n = σ
2
ρjx,n
·

N∑
i=1,i6=n

mξjx,i
σ 2
ξjx,i

, (32)

1
σ 2
ρjy,n

=

N∑
i=1,i6=n

1

σ 2
ξjy,i

, (33)

and

mρjy,n = σ
2
ρjy,n
·

N∑
i=1,i6=n

mξjy,i
σ 2
ξjy,i

. (34)

The iteration is performed until convergence or until
the maximum iteration time is reached. Finally, the esti-
mated position is obtained by (mjx , mjy ), which can be
given by

1

σ 2
jx

=

N∑
i=1

1

σ 2
ξjx,i

, (35)
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1

σ 2
jy

=

N∑
i=1

1

σ 2
ξjy,i

, (36)

mjx = σ
2
jx ·

N∑
i=1

mξjx,i
σ 2
ξjx,i

, (37)

and

mjy = σ
2
jy ·

N∑
i=1

mξjy,i
σ 2
ξjy,i

. (38)

Note that (mjx ,mjy ) can be used as the observation state in
EKF. However, according to (10), the variance (σ 2

jx , σ
2
jy ) is not

equal to the variance of ek , of which the smallest value is
calculated by the CRLB [19], as shown in Appendix, and is
used as representing (σ 2

jx , σ
2
jy ).

B. MULTI-TARGET TRACKING
A multi-target tracking is based on EKF presented in [19].
For the completeness of this article, the EKF algorithm is
described in Appendix.

C. 3D GEOLOCATION AND TRACKING
In this sub-section, the proposed geolocation and tracking
technique in the 3D scenario is described. As in the 2D’s case,
it is also composed of the two steps: 3D position detection
by FG-GE, and 3D tracking by FG-GE-EKF. Since the 3D
tracking technique is exactly the same as the 2D, only 3D
multi-target position detection is investigated.

In the 3D scenario, since the situation where the multi-
ple targets are on the same line originating from a sensor
rarely exists, the DOA-TOA switching algorithm is omitted.
This sub-section proposes a technique for estimating the
multi-target positions, which can be performed using three
projected 2D FGs.

1) PROJECTION ONTO 2D PLANES
First of all, we project the target onto the Y-Z and X-Z planes
as shown in Fig.4. To combine the three projected 2D FGs
for identifying target position, we need the angle information
on the projected plane between the projected point and each
sensor. Assume that sensors canmeasure the azimuth angle ϕ,
the elevation angle θ and the relative distance d based on (1),
(5) and (6). The relative distance in the (X ,Y ,Z ) coordinate
can be calculated asa

xa
ya
z

 =
 d × sin θ × cosϕ
d × cos θ × sinϕ

d × cos θ

. (39)

The tangent of the angle υ between the projected point (x, z)
and the sensor is given by

tan υ =

a
x

a
z
= tan θ · cosϕ. (40)

FIGURE 4. Projection onto 2D planes.

The tangent of the angle γ between the projection point (y, z)
and the sensor is given by

tan γ =

a
y

a
z
= tan θ · sinϕ. (41)

The mean and the variance of the product of two inde-
pendent Gaussian random variables, a ∼ N (ma, σ 2

a ) and
b ∼ N (mb, σ 2

b ), can be given by

ma·b = ma · mb, (42)

σ 2
a·b = m2

a · σ
2
b + m

2
b · σ

2
a + σ

2
a · σ

2
b , (43)

where a, b ∈ {tan θ, cosϕ, sinϕ}. It should be noted that (40)
and (41) are nonlinear function which does not allow us to use
the Gaussian assumption of the messages in FG. Therefore,
the first-order TS expansion is applied to approximate the
trigonometric functions as,

f (α) ≈ f (mα)+ f ′(mα)(α − mα), (44)

where f (α) is either tan θ , cosϕ or sinϕ, and f (mα) is either
tan(mθ ), cos(mϕ) or sin(mϕ). Then, the mean and the variance
(mf (α), σ 2

f (α)) can be given by

mf (α) ≈ f (mα), (45)

σ 2
f (α) ≈ [f ′(mα)]2 · σ 2

α . (46)

The mean and the variance of the trigonometric function
calculated from (45) and (46) are summarized in TABLE 1.

With the approximation described above, the tangent of the
angle υ can further be expressed as

mtan(υ) = mtan(θ ) · mcos(ϕ), (47)

σ 2
tan(υ) = m2

tan(θ )σ
2
sin(ϕ) + m

2
sin(ϕ)σ

2
tan(θ ) + σ

2
tan(θ)σ

2
sin(ϕ). (48)

Again, by using (45) and (46), the mean and the variance of
υ can be obtained by

mυ ≈ arctan(mtan(υ)), (49)
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TABLE 1. Approximated means and variances of related trigonometric
functions.

σ 2
υ ≈

σ 2
tan(υ)

sec4(mυ )
. (50)

The mean and the variance of angle γ can also be calculated
in the same way.

2) FG-GE
In the same way as the proposed FG algorithm in the 2D
scenario was derived, we apply the first-order TS expansion
to approximate the true DOA ϕk , υk and γk at the timing k .
Since ϕk has been discussed in the 2D scenario, only υk and
γk are discussed in this sub-section. Note that the true DOA
υk and γk are given by

υk = arctan
(
X − xυ,k
Z − zυ,k

)
, (51)

γk = arctan
(
Y − yυ,k
Z − zυ,k

)
. (52)

By using the first-order TS expansion to approximate (51),
centered at the point sυ,k|k−1, υk can further be expressed as

υk ≈ a1xυ,k + a2zυ,k + a3, (53)

where

a1 =
−(Z − zυ,k|k−1)

(Z − zυ,k|k−1)2 + (X − xυ,k|k−1)2
, (54)

a2 =
X − xυ,k|k−1

(Z − zυ,k|k−1)2 + (X − xυ,k|k−1)2
, (55)

a3 =
(Z − zυ,k|k−1)xυ,k|k−1 − (X − xυ,k|k−1)zυ,k|k−1

(Z − zυ,k|k−1)2 + (X − xυ,k|k−1)2

+ arctan
(
X − xυ,k|k−1
Z − zυ,k|k−1

)
. (56)

Therefore, the target position can be expressed as

xυ,k =
υk − a2zυ,k − a3

a1
, (57)

zυ,k =
υk − a1xυ,k − a3

a2
. (58)

Similarly, γk can be expressed as

γk ≈ b1yγ,k + b2zγ,k + b3, (59)

where

b1 =
−(Z − zγ,k|k−1)

(Z − zγ,k|k−1)2 + (Y − yγ,k|k−1)2
, (60)

b2 =
Y − yγ,k|k−1

(Z − zγ,k|k−1)2 + (Y − yγ,k|k−1)2
, (61)

b3 =
(Z − zγ,k|k−1)yγ,k|k−1 − (Y − yγ,k|k−1)zγ,k|k−1

(Z − zγ,k|k−1)2 + (Y − yγ,k|k−1)2

+ arctan
(
Y − yγ,k|k−1
Z − zγ,k|k−1

)
. (62)

The target position can then be expressed by

yγ,k =
γk − b2zγ,k − b3

b1
, (63)

zγ,k =
γk − b1yγ,k − b3

b2
. (64)

According to (16)-(20) and (51)-(64), the FG-GE in 3D
(3D FG-GE) using the three projected planes is illustrated
in Fig.5. A new function node, combination function node,
is introduced between iteration function node and estimated
target function node. In the combination function node,
the fact that the product of two independent Gaussian PDFs,
following N (ma, σ 2

a ) and N (mb, σ 2
b ), becomes also Gaus-

sian PDF with N
(
maσ 2b+mbσ

2
a

σ 2a+σ
2
b

, 1
1
σ2a
+

1
σ2b

)
is used. Therefore,

the means and the variances of the message for the combina-
tion function node can be calculated by

mjx =
mξjx ,ϕ · σ

2
ξjx ,υ
+ mξjx ,υ · σ

2
ξjx ,ϕ

σ 2
ξjx ,ϕ
+ σ 2

ξjx ,υ

, (65)

mjy =
mξjy,ϕ · σ

2
ξjy,γ
+ mξjy,γ · σ

2
ξjy,ϕ

σ 2
ξjy,ϕ
+ σ 2

ξjy,γ

, (66)

mjz =
mξjz,υ · σ

2
ξjz,γ
+ mξjz,γ · σ

2
ξjz,υ

σ 2
ξjz,υ
+ σ 2

ξjz,γ

, (67)

and

σ 2
jx =

1
1

σ 2ξjx ,ϕ

+
1

σ 2ξjx ,υ

, (68)

σ 2
jy =

1
1

σ 2ξjy,ϕ

+
1

σ 2ξjy,γ

, (69)

σ 2
jz =

1
1

σ 2ξjz,υ

+
1

σ 2ξjz,γ

. (70)

It also should be noted that σ 2
z =

[
σ 2
jx , σ

2
jy , σ

2
jz

]T
is replaced

by the smallest value of σ 2
e , obtained by the CRLB [19], as in

the 2D’s case.

IV. SIMULATIONS
A. 2D SCENARIO
In this sub-section, results of a series of simulations con-
ducted to evaluate the proposed FG-GE and FG-GE-EKF
algorithms in the 2D, three targets scenario are presented. The
process equations used in the simulation for the three target
case are shown as below:

x1,k = x1,k−1 + cos
(
x1,k−18

k

)
+ ωx,k , (71)
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FIGURE 5. Proposed FG-GE in 3D scenario.

y1,k = y1,k−1 + sin
(
x1,k−18

k

)
+ ωy,k , (72)

x2,k = x2,k−1 + cos (0.2k8)+ ωx,k , (73)

y2,k = y2,k−1 + sin (0.2k8)+ ωy,k , (74)

x3,k = x3,k−1 + (0.02k − 0.074)+ ωx,k , (75)

y3,k = y3,k−1 + (0.03k − 0.074)+ ωy,k , (76)

where 8 was set at π/10 and the timing k = {1, 2, · · · , 40}.
The initial points of three targets were set at (10, 47.5),
(22.6, 41.6) and (28.2, 53.3). Three sensors were located at
(-20, -10), (45, 110) and (100, 30). In the 2D geolocation,
number of the sensors needed to identify the positions of
the targets is common, regardless of how many targets exist.
This is because the sensor association makes FGs for each
target independent. As shown in Fig. 3, at least three sensors
are need to exchange the messages in each FG. According
to the assumptions discussed before, the measured DOAs
and TOAs suffer from wihte Gaussian error. At each timing,
sensors obtain 60 DOA and TOA samples having standard
deviation σϕ = 3◦ and σd = 15 (meter), respectively. Let
the maximum iteration time J = 10 and σ 2

ω = 0.05. The
convergence behavior is shown in Fig.6, with the initial guess
was set at (0, 0). It can be found that even the initial guess
is very far away form the 3 targets, with 7 or 8 iterations,
they converge into the points very close to the true targets
positions.

In the simulation, the proposed algorithm which performs
the joint DOA-TOA algorithm, was compared with the algo-
rithm using DOA-only and TOA-only in FG-GE. The esti-
mated positions of the three targets using FG-GE, as well
as the tracking trajectories using FG-GE-EKF are shown
in Fig.7. Clearly, it can be observed that the proposed joint
DOA-TOA algorithm can achieve the highest accuracy in
tracking and target acquisition. The co-located targets can
also be estimated based on the each previous state from

FIGURE 6. Convergence performance of FG-GE in 2D scenario.

TABLE 2. Average RMSE comparison between the proposed and each
single schemes.

proposed FG-GE-EKF. From the simulation, even though two
targets intersect at a point, next state can be accurately esti-
mated, by referring to the previous state. Moreover, to eval-
uate the accuracy of FG-GE and FG-GE-EKF, the average
RMSE with the three algorithms was calculated, of which
results are shown in TABLE 2. As shown in the upper half
of TABLE 2, in the positioning phase, the proposed FG-GE
algorithm can achieve the lowest average RMSE compared
to the DOA-only and TOA-only algorithms. In the tracking
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FIGURE 7. Performance comparison between the proposed and each
single schemes.

phase, as shown in the lower half of TABLE 2, the proposed
FG-GE-EKF algorithm also achieves the lowest average
RMSE among the three algorithms. Finally, the performance
accuracy of the proposed FG-GE algorithm is evaluated by
comparing the average RMSE with the CRLB. The result
is shown in Fig.8. Obviously, the gaps between the average
RMSE obtained by the simulations and the CRLBs are very
small, especially in the value range of small σϕ .

FIGURE 8. Comparison between the average RMSE and the CRLB.

FIGURE 9. tracking trajectories in 3D scenario.

B. 3D SCENARIO
As mentioned before, in the 3D scenario, elevation angle θ
is assumed to be obtained from the distributed sensors. The
process equations of three targets in the X −Y coordinate are
the same as (71)-(76), and only the process equations in the
Z coordinate provides additional information. The process
equations in the Z coordinate used in the simulation are
shown below:

z1,k = z1,k−1 + sin
(
z1,k−18

k

)
+ ωz,k , (77)

z2,k = z2,k−1 + cos (0.2k8)+ ωz,k , (78)

z3,k = z3,k−1 + (0.03k − 0.032)+ ωz,k . (79)

Since the disadvantageous situations of TOA-only or
DOA-only rarely occur in 3D scenario, the FG-GE based on
the DOA-only is utilized in the simulation, and the switching
algorithm is omitted.

All other parameters are the same as the 2D’s case, except
that the positions of the distributed sensors and the initial
target points were changed: the three distributed sensors were
located at (-20, -30, -10), (45, 110, 55) and (100, 30, 60).
In 3D geolocation, also three sensors are needed regardless of
target numbers. This is because with the proposed technique,
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FIGURE 10. Performance of position dection and tracking in 3D scenario.

3D geolocation is decomposed into three 2D FG-based geolo-
cations. The initial points of three targets were set at (10,
47.5, 12), (22.6, 41.6, 65) and (48.2, 53.3, 80). We assume
that each sensor can obtain 60 samples of azimuth ϕ and
elevation θ , with σϕ = σθ = 3◦. By applying the proposed 3D
FG-GE and FG-GE-EKF algorithms, the estimated positions
of the three targets and the tracking trajectories are shown
in Fig.9. It is clearly seen that the estimated positions and
tracking trajectories are very close to the real paths in the 3D
coordinate.

Then, to evaluate the performance of the position detection
and tracking of three targets, the RMSEs of 3D FG-GE and
FG-GE-EKF versus timing index are calculated. The results
are shown in Fig.10. From the simulation results, the average
RMSEs with 3D FG-GE and FG-GE-EKF are very small,
which demonstrates excellent performance of the proposed
algorithms. Finally, the accuracy of the proposed 3D FG-GE
was evaluated by changing σϕ and σθ values. It should be
noted that σϕ and σθ may differ among the distributed sensors
in practice. However, in the simulation, we assume that the
DOA measurements of all sensors have the same standard
deviation. Therefore, we set σϕ = σθ . It is found from
Fig.11 that the average RMSEs of the three targets are small,
especially when σϕ and σθ values are in a small value range.

FIGURE 11. Average RMSE versus variance for FG-GE in 3D scenario.

V. CONCLUSION
This article has proposed a joint multi-target TOA-DOA
based geolocation and tracking algorithm both in 2D and 3D
scenarios. The combination of TOA and DOA is not only
used to compensate for each technique’s shortcomings, but
also to solve the sensor association problem. According to the
simulation results, the proposed joint TOA-DOA algorithm
can achieve lower average RMSEs than that with DOA-only
and TOA-only techniques. Moreover, the matching problem
between the observations and the targets can be solved by
the proposed sensor association algorithm in both 2D and
3D scenarios. The performances of the proposed FG-GE
technique have been compared with the CRLB. It has been
shown that the gaps between the RMSE obtained by the
simulation results and the CRLB are very small even though
the initial guess points are very far away from the real
target positions. For the purpose of target tracking, FG of
EKF is further appended to FG-GE, referred to as FG-GE-
EKF, which not only can track multi-target in 2D space but
also in 3D space. It has been shown that the FG-GE-EKF
algorithm can improve the tracking accuracy while reducing
computational complexity.

APPENDIX
A. CALCULATION OF THE OBSERVATION NOISE
In this sub-section, the observation noise σ 2

e is derived for the
proposed FG-GE-EKF based on the CRLB derivation. In 2D
scenario, σ 2

e value can be derived from the measured DOA
variable ϕ. Moreover, in 3D scenario, based on the proposed
3D FG-GE algorithm, the target position is projected onto the
three planes. The observation noise of each projection point
can be similarly derived from the angle information υ and γ .
Due to the space limitation, only the derivation of σ 2

e onX−Y
plane is provided. According to [22], the CRLB is given by

CRLB = trace[F−1(s)], (80)

where F is the Fisher information matrix (FIM). Given the
PDF of the variable ϕ with L samples, the FIM can be derived
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by

F(s) = E

[(
∂

∂s
ln p(ϕ̂)

)2
]
, (81)

where the PDF function p(·) is given by

p(ϕ̂) =
L∏
l=1

1√
2πσ 2

ϕ

exp

[
−

1
2σ 2
ϕ

(ϕ̂l − ϕ)2
]
. (82)

Moreover, (77) can be expressed by

E

[(
∂

∂s
ln p(ϕ̂)

)2
]
= −E

[
∂2

∂ϕ2
ln p(ϕ̂)

]
. (83)

According to [19],

∂2

∂ϕ2
ln p(ϕ̂) = −

L
σ 2
ϕ

. (84)

Then, the FIM can further be derived by

F(s) =
∂ϕ

∂s

T
E

[(
∂

∂ϕ
ln p(ϕ̂)

)T (
∂

∂ϕ
ln p(ϕ̂)

)]
∂ϕ

∂s

=
∂ϕ

∂s

T
E

[(
∂

∂ϕ
ln p(ϕ̂)

)2
]
∂ϕ

∂s

=
∂ϕ

∂s

T
[
L
σ 2
ϕ

]
∂ϕ

∂s
. (85)

∂ϕ
∂s denotes the Jacobin matrix, which is given by

J =
∂ϕ

∂s
=



∂ϕ1

∂x
∂ϕ1
∂y

∂ϕ2

∂x
∂ϕ2
∂y

...
...

∂ϕN

∂x
∂ϕN
∂y


, (86)

with
∂ϕn

∂x
=

Yn − y
d2n

, (87)

∂ϕn

∂y
=
−(Xn − x)

d2n
, (88)

where dn denotes the Euclidean distance between target and
sensor n in X − Y plane and n = {1, 2, · · · ,N }. In this
article, the prediction state xk|k−1 and yk|k−1 is used at timing
k because the real position target (xk , yk ) is unknown to the
system. Therefore, the Jacobin matrix can be expressed by

Jk|k−1 =



Y1 − yk|k−1
d21

−(X1 − xk|k−1)

d21
Y2 − yk|k−1

d22

−(X2 − xk|k−1)

d22
...

...
YN − yk|k−1

d2N

−(XN − xk|k−1)

d2N


. (89)

Finally, the CRLB is derived by

CRLB = {diag[(JTk|k−1
∑−1

ϕ
Jk|k−1)L]}−1. (90)

B. DERIVATION FOR EKF
The objective of EKF is to find the maximum posterior
probability p(sk , vk |j1:k ), where subscript 1 : k is the mea-
surement data series from the timing 1 to k . As in [19], [23],
the posterior probability p(sk , vk |j1:k ) can be given by

p(sk , vk |j1:k ) =
∑
∼sk ,∼vk

p(s1:k , v1:k |j1:k ), (91)

where ∼ denotes the operator of the exclusion. According
to Bayes’s theorem, the joint distribution (91) can be further
expressed as

p(s1:k , v1:k |j1:k ) =
p(jk |s1:k , v1:k , j1:k−1)p(s1:k , v1:k , j1:k−1)

p(j1:k )
.

(92)

Due to the fact that jk is only determined by sk and p(j1:k ) is
constant and hence can be omitted, (92) can be derived as

p(s1:k , v1:k |j1:k ) ∝ p(jk |sk )p(s1:k , v1:k , j1:k−1). (93)

Further more,

p(s1:k , v1:k , j1:k−1)

= p(sk |sk−1, vk−1)p(vk |vk−1)p(s1:k−1, v1:k−1|j1:k−1)p(j1:k−1)

∝ p(sk |sk−1, vk−1)p(vk |vk−1)p(s1:k−1, v1:k−1|j1:k−1) (94)

where j1:k−1 is ignored hence only sk is determined by sk−1
and vk−1. Further more, vk is only determined by vk−1.
p(s1:k−1, v1:k−1|j1:k−1) is recursively related to the state at
the previous timing. Therefore, by combining (93) and (94),
the posterior probability p(sk , vk |j1:k ) can be derived as follow

p(s1:k , v1:k |j1:k )

∝
∏
1:k

p(sk |sk−1, vk−1)p(vk |vk−1)p(jk |sk ). (95)

where
∏

represents timing series from 1 to k . According to
(95), the EKF process can be divided into 3 parts as follow.

1) STATE PREDICTION
Based on the outputs of FG-GE-EKF at previous timing
k−1, the predictionmessage of the next state sk|k−1, as shown
in Fig.12, can be given by

µc(sk|k−1)

=

∑
sk−1

∑
vk−1

f (sk|k−1|sk−1, vk−1)µa(sk−1)µb(vk−1), (96)

where the messages µa(sk−1) and µb(vk−1) are from
previous state at the timing k − 1, with the function
f (sk|k−1|sk−1, vk−1) = sk−1 + vk−1.
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FIGURE 12. Proposed FG-GE-EKF.

2) STATE UPDATE
The current state can be obtained by using the current obser-
vation value jk to refine the state prediction sk|k−1, according
to the EKF algorithm. Therefore, the current state sk can be
given by

µe(sk ) = µc(sk|k−1)µd (jk ), (97)

where µd (jk ) is the observed value obtained by the proposed
position detection FG.

3) GRADIENT UPDATE
Since the gradient vector vk is only determined by vk−1,
we introduce the correction term v̂k to update vk . The correc-
tion term v̂k can be obtained by letting two adjacent locations
be divided by unit time. Therefore, the message v̂k is given
by

µg(v̂k ) =
∑
sk−1

∑
sk

f (v̂k |sk−1, sk )µa(sk−1)µf (sk ), (98)

where µf (sk ) is the current state message, and the function
f (v̂k |sk−1, sk ) = sk − sk−1. Then, the update of the gradient
vector vk can be obtained by

µh(vk ) = µb(vk−1)µg(v̂k ). (99)
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