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Abstract

In recent years, technological development aimed at the practical application of
autonomous driving has been actively carried out. Safety evaluation has become an
important issue in autonomous driving systems. In addition, it is difficult to define
safety requirements because it is large-scale and complicated, and various driving en-
vironments are assumed. Therefore, research is being conducted by the ministries
and agencies of each country to define safety standards by systematizing autonomous
vehicles and their surrounding environments. However, in those studies, the specifica-
tions are described using figures and natural language, which causes ambiguity in the
content. Therefore, the meaning of the specification is not uniquely determined, and
it is difficult to verify the safety. Formal specification is a method for describing spec-
ifications strictly without ambiguity. Since the meaning of the specification is strictly
defined in the formal specification, its unambiguity can be guaranteed. However, in
general formal specification languages such as Z and VDM, abstract description using
figures and natural language is difficult. Therefore, the Bounding Box Specification
Language (BBSL) has been proposed by previous research as a formal specification
language for images in autonomous driving systems. BBSL is an original extension
of the interval arithmetic system, and the focus is on formally describing the posi-
tional relationship of objects on an image using a Bounding box represented by a
two-dimensional interval.

The purpose of this study is to improve the quality of the specifications described
in BBSL by formalizing BBSL using Coq and verifying its language specifications.
Since high safety is required for autonomous driving systems, high quality is required
for BBSL, which is the language that describes the specifications. By formalizing
BBSL, it becomes possible to describe reliable specifications. Coq, a theorem proving
support system, is used to operate BBSL on a computer.

A language can be formalized by giving formal semantics to the syntax of the lan-
guage. In this study, Coq is used to formalize BBSL. In other words, it is necessary to
express BBSL on Coq. There are shallow embedding and deep embedding as methods
for implementing a language on another language. In shallow embedding, the target
language is evaluated by the semantics of the implementation language. Implemen-
tation is easy as an advantage, but the target language may not be implemented due

to the limitation of the semantics of the implementation language. In deep embed-
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ding, evaluation is performed by implementing semantics in the abstract syntax of
the target language. The advantage is that the semantics of the target language can
be freely given, but the disadvantage is that the implementation becomes compli-
cated. In this study, deep embedding is adopted to give BBSL a formal semantics.
To formalize BBSL with deep embedding using Coq, first define the abstract syntax
of BBSL. Second, we define a semantic function that gives semantics by associating
mathematical objects with abstract syntax. In addition, since BBSL extends the in-
terval system independently, it is necessary to define mathematical objects as well.
Third, implement these on Coq.

Evaluation experiments will be conducted on the formalized BBSL from the fol-
lowing three perspectives. The first is to test the formalized BBSL relationships /
functions to confirm that they are defined as intended. Mathematical properties are
adopted for the test policy. In other words, if it is an inclusion relationship of an inter-
val, the property of half order is proved. The second is confirmation of the descriptive
ability of formalized BBSL. The BBSL study described the specifications compiled
by NHTSA to confirm descriptive ability. By describing the same specifications in
the formalized BBSL, make sure that it has the same description capability as the
original BBSL. The third evaluates the proof ability of formalized BBSL. By prov-
ing the practical property of case block completeness, we confirm the proof ability of
formalized BBSL.

From the experiments, all the properties that should be satisfied for the relations
and functions of BBSL were proved. This allowed the formalization of BBSL to be
defined as intended. In addition, most of the proofs were done in a small number of
steps, around 10 steps. However, it took 61 steps to prove completeness, which is a
practical property. The basic properties could be proved efficiently, but the practical
properties were not easy to prove. It is considered necessary to review the definitions
of relationships and functions. Regarding the description experiment of BBSL, it was
found that the formalized BBSL has the same description ability as the original BBSL.
In addition, from the experimental results, the amount of description in BBSL and the
amount of description in formalized BBSL were almost clear. However, what is written
in formalized BBSL is an abstract syntax, and the amount of description should be
small. Therefore, it is considered that the amount of description is increasing overall.

In the experiment to prove the completeness, the completeness was described as a
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mathematical formula and then described using the formalized BBSL. However, due
to the convenience of implementation by Coq, there was a large discrepancy between
the mathematical formula and the description in Coq. Therefore, the content was
not such that the completeness could be described intuitively. A future issue is the
implementation of a parser. This is because it is not realistic to directly describe
the abstract school branch. This can be automatically generated by implementing
a parser. Another problem is that it is not easy to describe the properties verified
for the specifications. It is thought that this problem can be solved by defining
a dedicated assertion language that describes the verified properties. In addition,
by proposing a method for automatically verifying the properties described in the
expression language, it is possible to verify the specifications using BBSL. It will be

easier and will lead to higher quality of description specifications.
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1.1 B=

IR, HENEIROEA L B L BRI BRA IO TV 5, HEREIZS X7 A
FANICEREICED 5720, W OFHMENEEREE 2 d, /. KHELOEHET
HY. FRALGETREIEEINS Z o2 T 2 EZMHERIHE L W, £ T,
HEDBEEETIC X > THHEIRHEN & Z O EIREEZHRRILT 2 Z e TReko AR
ERT DMEN R EINTWVWS, KEDEFEKEL R (L NHTSA) 1T X 2%
2] FAVREB IRV —EADRFET IR ATy =7 b 3. HAREEEHHIEH (X
B JARD OM%E (4] B LT oh s, T O TIEHEREIRS R 7 2 ORI B)E
FREl & Z DETERIEICE D EXPHASHE e VWi 2T b,

LU, FellibR7z X S WEITREIE A R4 0720 5 50 2 R Z 58 licilii 3 5 2
CARIEFICHEEE 12 5, 2D, HENEELS X7 2 OARITEYI RS E cilidEh 3
WEBERD S, £z, M BARTFELZ VTR SN ARRIINEFICBERENS AT 2 72
B, HROBE®RI—EICEE ST, REMOMAELNEE L 725, (HEZ B 2 < BEIC
T A7 0FHE e LRI RS LiF o s, B G A TR RO EKE
BRI ED D70, ZDIEBEHREDIRIET X 5, 72, b Lo LTS&RH0M
FRMESCHHMIME W L HE LR HEOHEICHHT 2 e TE S, LirL, Z5iE D)%
VDM[6] iIfR&E x5 — AV R HEARGLA S FE CTIEN & BAFFEZ W7 Rzt kR D
WO EE L 72> TWB, ZZ T, HENERS 27 2128 2 EHEENR e LA TR
LR FFETH % Bounding Box Specification Language (LA BBSL) 237efTHF%E [7] 12
Lo TIREIN TV, BBSL TIEXHEEAEDKRSR [8] #MBEICHRLTE D, 2 X500
XET&RI E 45 bounding box ZHWTHER LD A 7Y = 7 MMaL O &% Z B



WIS 5 Z EICERPELIN TV S,

BBSL Crlib XN ALERDMEETE 2 5 DTH 5 720121, BBSL O E B AR ICHED
H o TIF7R 572\, BBSL OFRBEARRICHEED R W & 2D D 5729, BBSL ZJEA1b
TEIREDNDB, 2F D, BBSL CIERWILZERmZ TR L THER20ELDH 5,

1.2 BN

AFZETIE Coq[l] ZHWT BBSL OB L ZITWZE D SRR ERALS 5 2 & T,
BBSL Citibx izt MBE M Ex 2 2 2HNE § 5, HEEILY 27 4Tl
EWEEENRRD N0, ZOMHHEERT 2 FFETH % BBSL iIZidmun B2k
HoNhd, £/, BBSL OMEZIRIES % Z & T BBSL Ttk & iz Bk EHM: Z 1
FxEBZenTES, BBSL 2L LA R ERK#HZ 525 2 £ T, BBSL OfmE%
RALT 22D TE S, £/, BBSL 2Bt § % Z & BBSL Talih L 7z ttkk D fE
ZAHHES 2 Z A TES L5127 %, AP TIE BBSL OER LB X OBGEEZ1T S 720
EHEFHERD Coq W5, Coq ZHWA Zrizk b, BE7% Coq DEPE%R BBSL
DMFECIER T2 Z e W TE %, Coq ZHWT BBSL 2%%$ 2% Z 2T, BBSL % Coq
DIYAT LD ETIELLERLT 22 TE %, £/, BBSL OMHRDELEEZHF SN
%, MIERIZ BBSL Ttk L7 OBEEICFIHCTE 2720, (IHROREZ M LEXE2
ZLICED D
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T e

G. Melquiond & DWFFE [8] TIXRMEEDERD Coq ZH VTR TVWS, —
AN IXNE B - TRZFE L. EREOAEXZEHAT 2720l 3, LR -
THRZHET 252 T, FHHEOY A X2 RN T 2 2N TE 5, ZOMKETIE
FE/MIEEEICHEDOWT, BB & KEEEZ HAS DR LRI TEEE ALY L
N=DRRINTWVWD, BEMIIERNRER R W TRERKZEE T 2T

T, NEWVEHEETHIMNICKDZ 2N TES, /2. YU NRN—=% CoqDT7A4 77V

ELTHEEL, AERXDIHDIDD LR 7 74 7 2R L TWE, X7 7 1 7 IFGEEHE
% HERER T %2 Coq DISRETH 2, ZhiT K> T, Coq Tt XN =EHHEDAERD
IS D W TCRERIIHD Y 4 X% BEIRICHE/N L K D liBUCRE S 2 2 e TE 5 L5127k
%, BBSL TlAXRED kb 275, BiFOXEEENFELETFICHH SN2 DITH L,
BBSL CTREYMAR L OMERGREZ RIS 2 -0IHINTNWSE, Z07DI2W0WL D00
HEMEMENTWS, &> T BBSL QAL TIZXEDHEAIIZOWTREFHTZE L D
ZEIHTL 5,

Yk ERIfR % RIL S 2 mBAR & L TR T b5, ZERHIRRERIE T
WX ZERI R BAfRE RIS 2 RETHE F0EA XN T WS, S4, IFFREREONHER S4 %
MHENERR TR L2 DT, HrmEZBRZ=rNOMNE., FZEHZE L AT/fEHZR
RUEEHE T & UTHIRT %, JEAT9E [9] TIEZEMCOWTHGR S 2 -0 0 e LT
Region Connection Calsulus (MAF RCC) 2MERE TS, RCC Tl L %@fl"tA
BfRZ W TZEMEIRZ AR T 2, I ITERRITONR Y ML ORI SEET
ﬁ&%@@;t%maoRCCuu%ﬁw%ﬁm@kwﬁbfm<o#@ﬂﬁ#%50—
DITEE O e . FHEE D EE Th0mEf 22 ERTEIE,  BATR0 8 & T hr 0 7 PATH I
PRI/ Ze DB TEB 8 THD, —DHIF. ERINTABRFERDL .



REPNPI N TH S, =2HIF, RUEHOHE X D/NS W TORRD AR Z &
TH5, RCC-8[10] 1 RCC DILIRTH b, Z=HHIBHRE LTEK 2.1 DHDBEREINT
W3, 7z, RCC-8 Tld1—27 Y v RZERZTTldi < AAHZER Lo Z2RBE R E % 5
ZEMTE 5,

INHOMHFRTIE L=V v FZ2EMF 723 AAHZER EToEBRICOW TR T E
BRI ER I N T WS, —5 T, BBSL TREYADN B RBIHRICHR & 7 WiEifg Eo
IR RBE T2 M TE %, BBSL TR ATV 227 FME 2 LD RBTREEN S
Bounding box 12 & - Tidib X, 7= BBSL THbi 2 KNI ERREF DT 5729
MHE DR Z1T > TV 2 O BHFOXHEEDIRR 8] 1dR4L %, X512, BBSL Tl
A7 x2 & LTXREE Bounding box DEEHWSH Ze N TX S, ZDkH, ZHLbH
DATY 7 MEOBFROFEARTE Z2HEDLD 5,

AL GE!

DC (X, X) X Y 3B T3 (disconnected)

EC(X,X) X13Y AT L TW5 (externally connected)
PO(X, X) X XY LHEDHNCER 5 TWwa (partially overlapping)
EQ(X,X) X & Y I35 L W (identical)

TPP(X,X) X13Y ENEBTHE L T3 (tangential proper part)
TPPY(X,X) Y i X ENRTIERL TV

NTPP(X, X) XIXY oRERCH D, #2 L TW7RW (nontangential proper part)
NTPP(X, X) Y iE X OWERCH D, HELTWRN

# 2.1 RCC-8 OfE& %




E3E

23

AW TIX Coq ZHWT BBSL 21t 3 %, BBSL TIXXME %M E IR L 72 h%
DHOWLNZ 72D, £FT—HRINEXE L Z2OHEEDERICOWTEHAT %, BBSL T#Hb
NEXZHXBE DA TH 370, FXFIZOWTOAHAZITS, X2, BBSL 0%
WOV THERRDEE R &2 WA HEAT 5, w%IC, EHAAXESRTH % Coq DV
THiHT %,

3.1 Xfd

BES BIKE X BEROEAL LTR (31) O LS 52 6M53, 7. BXMEOLE,
e ehen X, X e £ T 5. UT. BIcKHE S - - 5aHRmEET b0
T3, X>X Or %R LTS,

S
I
<
R
I
>

{reR: X<z<

} (3.1)

MBS, &, Interval Hull oKX X ¥ Y @SS 1. X (3.2) DX S5 IWE
FXIND, HEHNEY <X DLLEX <Y DL EBEZL D,

XNY={z:2z€e XNzeY}
= [max{X,Y}, min{X,Y}] (3.2)
X X ¥ Y oaptdk (3.3) &S icERS N2,

XUY={z:zeXVvzeY} (3.3)
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— RN XER L O EFHEIXEICIE RS2V, L L, K (3.4) TEEZ NS Interval
Hull 3WoTH Xz T,

XUY = min{X,Y}, max{X,Y}] (3.4)

¥/, ZO0KME X, Y iZ2oWTK (3.5) 23D 7D,

XUY CXUY (3.5)

WiE. fExE. BRE X X ot (3.6) 0 &5 ik h, BRI,

wX)=X-X (3.6)

X X offrHElE | X] L5 E N, ImR O ED 5 5RRDHD L L TR
(3.7) D XS ITEHEN S,

| X| = maz{|X], |X|} (3.7)
X X oS (3.8) k3 ich i sh b,

m(X) = %(&+7) (3.8)

WEFRER. FER/R XHE X &Y OEFRERIZERDOIEFREFG LR U S < Thd
AU, 3 (3.9) LS ITERS NS,

X<Y=X<Y (3.9)

X DNEE B R TIIFERDIEFBfR L R T < K (3.10) D & 5 ITHBEAMK D D,

A<BAB<C=A<C (3.10)

$7. R (3.11) THA SN2 EADEEMKD £ KEOIEFMEEE 7 3.

XCYeY<XAX<LY (3.11)

X=YeX=YAX=Y (3.12)



WEE —HSO0oXHX. Y ofl, & & fdzhzhd (3.13). (3.14). (3.15). (3.16)
DEICEZLNE, BIZOVWTIX0EY T 5,

X+Y={zx+y:zeX,yeY} (3.13)
X-Y={r—y:zeX,yeY} (3.14)
XxY={zxy:zeX,yeY} (3.15)
XY ={z/y:2e€ X,yeY} (3.16)

MEXTORME X; G=1,..,n) #XEE LT, SRIEKE X 3R (3.17) O £ 5 10F
HEN5,

X = (X1, .., X,) (3.17)

/. KEORBEB L HERZZXITORBEIZOWTHERT LN TE 5, AiE,. It
WE. SR W, PR EMEEFERRY P vE = (21,..,0,) ELTZERE
hat (3.18), (3.19). (3.20), (3.21). (3.22), (3.23) kS5 z o3,

re X & TEDIIZOVTa; € X; (3.18)
XNY=(X1nY,...X,NY,) (3.19)
XCY e fFEDiIiIZOoWT X, CY; (3.20)
w(X) = maz{w(X1),...,w(X,)} (3.21)
m(X) = (m(X1), ..., m(Xn)) (3.22)

1 X|[ = maz{[ X1, ..., | Xn|} (3.23)
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3.2 BBSL

BBSL[7] T H B#E iR s i) 0 EfTEREE 2 XA % Bounding box ZHWTilid L. Z4h
SR L CHEEREN I N EXTH & ZO&MEERT 2, HlZIE, THREEICEE
T3 2WHTENC TEBEFUCHESFEELRV) W EFERDR T %, BBSL Ik 3
LRk DFifFl e LT, K 3.1 DHIA A X T DEBITONWT, K3.2D K5 RIAHEEZ %,
3.2 AT HF D EE X & DniFuREE L, B AUIFEIEL RV WS R R
HASEETHAVWTHRLEZDDTH S, ZhsDhkk% BBSL Tt L7723 DHX 3.3
TH3, LUTFTIEBBSL OEIZOWT, Z0FlEHAWTHAZITS .

BBSL 1W< o0 v BfR - B E > T3, £7-. BBSL ORI EREI R T
0oy 7, BiiRstE7ay ., y—270v 2030070y 2065, B2,
BBSL @ & 28Nz DWW THlZ HWTHHT 5, 512, BBSL OHEARRYZEMR - Bfuco
WTHIZFWWTHS 2, $=12. BBSL O OWTHIZ W THIES 2,

3.1 BiHAH X5 DHG

BUTHE |

WEX WEX

3.2 fEREDH



HEREEEL
Owa

BREY
w4

321 #®

!

N

1 exfunction

2 BIAE@ESH () : bool

3 BIAEM(): bb

4 RGEXME( : interval

5 endexfunction

6

7 condigion

8 [RIAE@EI’HS()]

9 endcondition

10

11 case =1k

12 let

13 RBUAEM : bb = BIAEM()

14 | EEERME :interval = JEEXE()
15 in PROJ y(RIAEM) ~ X E
16 endcase

17

18 case =1k L 72 W

19 let

20 RBUAEM : bb=8IHAEM()

21 | iEOEERME :interval = JEERXE()
22 in PROJ y(RIAEM) > jREXE
23 endcase

3.3 BBSL ToOHAED R HE

BBSLIZR 3.1 0k 5R8E2H 5 T3,

FEROHe 7= VROV TE— R RDDTH 2, KEoERIIKX (3.1) TH 5,
Bounding box (&, 2 XtOXM e L TEREIN D, ZHRTXBDERE (3.17) £h. 2D

DX X, Y ZHWTK (3.24) D L5 1RKZN 5,

BBSL TiEEI& EDOA 7Y = 7 b % X[H% Bounding box Z W THBE T 5, il L
T, K33 D 21T7HTIX, BAE TR EMD D 5 ()] OM% 7 — LR bool & LTW 5,

A=(X,Y)
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! B

real FRA

bool 7 — LEA
interval X e

bb Bounding box %!

setBB Bounding box D&

# 3.1 BBSL o#ARy A

MU < 31THTIEREE MHiAHMm ()] 0%% Bounding box B2 bb £ L TW%, D% D,
3.2 OHIGHE % £ T ESFE% Bounding box £ LTREHLTW3, 4fTHTIX E#E
XM () 0%z XHEE interval £ LTW3, ZAUIX 3.2 THEREIREN & /i 7 Hl & O
HEHERECOW T T 2R ZHFZ R UCERDE D o720, ZhzXEe LTRELT
W,

322 BARILZERG - B
BBSL 1213% 3.2 @ & 5 2B - BEDHE STV 5,

BXEOREH XEOREEKE LTid9, id10 235 %, id9 XX DIEE FEEHME L LTk
LEHTH L, KEHETHWONZ DD LFEILT, K (3.6) TERSN S, K3.3D 22
THTIX. K 3.2 0RiAETERIEHFED v /7100 X D7 230 X % 2 37X &
hREW, 2% Hilich s Z e LB L T3, id10 X2 >0 R oH@EE s %K 2
BETH 2, KEHEETHWSA2BDERIL T, R (3.2) TERINS, fle LTHE
HEIREDOF T A X 755 QEREHRL LK 3.4 2E X %, ZHUSHBEIREDORHFIC
[BEEVDDH 2L ZORTH S, ZORITHEWTHBEILHE S 3 R Z5%MF1E. BBSL
TIEX 3.5 DX TE %, b Tld Bounding box T» % REYBHIGEE © FHEY)
DIFE G HZEEATII RN 2 EIET 3584 LTW3,

EBounding box DB Bounding box DA% LT id4. id4’ 3% %, id4 1 Bounding
box 7 & X ZE D HTH A TH %, Bounding box ZKEMICIEEAEERT,
EAED x il Ao XEZE D 5% PROJ,. y B/ mOXE & D H 3B
5 PROJ, Tb %, PROJ,. PROJ, 1ZZhZNR (3.25), (3.26) TEHZN2, A%
Bounding box, X ¥ Y XXM 3%, X 3.3 D 151THTIE, #iFHEM %% 3 Bounding
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id | BAfk - BA%L RLIE Al
1 | X[ iR <>, = interval * interval — bool
2 | XfHlo&ERD ~ interval * interval — bool
3 | Ko &%k C,C, supset | interval * interval — bool
4 | Bounding box 7> & X BN\ D55 PROJ; bb — interval (i € {x,y})
4’ | Boundig box 2» & EHA\DHF PROJ; bb— R (i € {z,7,y,7})
Bounding box D& D ~ bb x bb — bool
6 | &E not bool — bool
6’ | FmAAE. EmEEAN and, or bool * bool — bool
RAT B8%% RAT setBB * set BB — real
FED LR <, >, = real * real — real
X H D g w interval — real
10 | XE 4@k cap interval — real
11 | Bounding box O&EH DO H@EHER . & FF cap, cup setBB x setBB — setBB
# 3.2 BBSL OBif% - BIE
=Y
FE = iR 2RI

X 3.4 fEEROF FEFEV OB

box @ y B/THDXEZH D H LT, BEEXE & OEZD ZHEL TW2,

PROJ,(A) = PROJ,((X,Y))

=X

11

(3.25)




lcase Z1Ed 3

2 let

3 EEM#EIEE: bb = EEYMAMAEEN()
4 | FEEH - bb=EEY()

5 in not(FEZYREIEE ~ EEH =)

6 endcase

3.5 (Lol FEEMOHAID BBSL 12 & 250

PROJ,(A) = PROJ,((X,Y))
=Y (3.26)

id4’ 1% Bounding box @ x i, y @A MO XE DR ZH D N3 HEEKTH 5,
PROJ,. PROJz. PROJE\ PROJz iz x MiFm o X O Lifa, x #7mo
XA y BAmOXBEORERS, y Ao XEOGERRZRD HT, Zhzh
R (3.27). (3.28). (3.29). (3.30) TEFEIN S,

PROJ,(A) = PROJ,I((X,Y))

= PROJ,I(([X, X],Y))
_x (3.27)

PROJ5(A) = PROJLI((X,Y))

= PROJ,I(([X, X],Y))
¥ (3.28)

PROJ,(A) = PROJ,I((X,Y))
= PROJ,I((X,[Y,Y]))
_y (3.29)

PROJz(A) = PROJ,I((X,Y))
= PROJ,I((X,[Y,Y)))
_v (3.30)

12



MBounding box DEA DR Bounding box DEA DB LT id7, idll 235 3,
id7 12 BBSL 1286 0BT, 2 2® Bounding box DEASDRMEMDLLLERD 5, R
(3.31) DI WCERSINTWVWS, A, Bl Bounding box DHEATH %, Bounding box
DEA ORI Z R D 2 JTEIZOWTIRER SN TV,

RAT(A, B) = (A ' 2 KT8 /(B 2315 5 5 M) (3.31)

id11 1% 2 ©® Bounding box DEADHEE T GHTH 5, GFHHICOVTIET—KIY
REGeFRRIC, K (3.32) DX SITEET 5,

AUB={X|X € AV X € B} (3.32)

HBER T OWTIE BBSL K OERM RS TH D, K (3.33) TSN D,

ANB={zNnylz € X,y € Y}\{0} (3.33)

BT —)LEDREE id6. id6’ 1 F—MHR T — UEDEHETH 5, id6 1FHE. id7 135w
FE, B2 KT,

BXEOREFR XEFELoMERMGFEEZGR ST 2% LTidl, id2, id3 235 %, idl &
ERFEER e RMERR T, KB X, YIZOWT X <Y O %, xBliAHES X 13Y &
R, y AR S XIZY KO TFHch2 2 2RKHT 2, £/ X =Y O EFAULK
MThszrRd, HFEFLRMBERFRIEZAZHANA (3.9). (3.12) TERZN S, K
3.3 D 224THTIX., HiEWOD y @/ OXE XD EEXEOHTRKE W, DF D LMl
WCHBZeB2EELEVEGFL LTEBRLTWA, id2 13 BBSLBHOBGTH D, X
FAEDPER->TWEZ 2 HIETZ2HBTH 2, K (3.34) TEFEINS, Db, 22
DXE DB HETHE e 2HELTWS, K3.3D 15f7HTIE, BIAHERD y
71 oD X & B X A E R > TW\Wb 2 e 2EIET 258 LTl L TWw 3,

X~aYeXnY #£0 (3.34)

d3 XX O EREFRERIAT 28R TH 5, X (3.11) TEREZ NS, XE X & Y I
OWT, X CY 26X X XY OFIINE - Twa,
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BMBounding box D% Bounding box RO ERFRZ AT 2R LT, id5 23D
%, id5 X2 2® Bounding box OEZ D ZHET 2B TH D, XEDERD ZHE T
% BfR 2 FHWTaK (3.35) D X S5 WERE N 5, Bounding box 1& 2 DDOXMIZ X o THE
MENBEHETH DT, 250D Bounding box @ x /5[, y #iamDXERZ 12
NER > TW37% 5 Bounding box NEBL > TWB L ERTE 5,

A~ B & (Al,Ag) =~ (Bl,B2>
<~ Al ~ B A AQ ~ B, (335)

MEHBOEEFR EROMGKE LTid8 23d %, 1d8 I —fRMY72ER D LB % & [FMERE %
bt‘\% 50

323 BX

BBSL OISR 7 v v 7| FifgSRf o vy 7, r—X7mvy 70305070y
72365, BBSL O %Lk BNF Tt L7zd 0% Y —2a— K 3.1 I1TR7,
image-spec /% BBSL CTatih 3 2 fitk 2k %2 R 9, external-function 134ME8EEE 7 1 v 2~
Zorl. K33 T 11THS2S 51THICH K %, senario-condition (FHifESMH 7w v &
L, K33 T 7TTH2S 91THICH L%, caset+ &7 —X7 vy 7 %RxL, X 3.3
TR 1LTH»S 2317HICY %, r—A7ay 2731 2 Eor—xhoflishs,

Y —Za—F 3.1 BBSL O#X® BNF

1 image—spec ::= external-function senario—condition case+

TN ey 7, it oay 7, r—x70 v 7i2o0nWTZEzh2hX
3.3 BHNCHE NS S Z O EREZHAT 5,

BASEHTOY Y BBSL TI3MRNEZRDEZ T 2720, BAENZMERERICIIREE
TR H5Z MBI TR T 20 (ERRDINERD & 7% XS5 2 BRI Z Rl 3§ % D HIHMR
B 7oy 7 THhs, HERBNBLOMGET 570, BEAORRILLE T, BEEH
ERIDAZFBRT 2. AR T v v 73BN 2 HHZB 2 THES L TE
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{7=ODREL B2 e TE 2, BT 0 v 7 D25k BNF TRk L7 d D
%Y —RZa— K 3.2 IZ/RT, external-function I 7 v v 7 ZIRT, HEREEEL T
1y 713 0 HLL EORBER D SR S5, function-definition IFBAERER T RT, B
BOER IS, 0 XL Eog B, R EOR D /KI5, function-name (3
BLTEEDOXTFHNNMEZ 5, type 3B TH Y., 77— ILED bool, FHEETD real,
XA D interval, Bounding box Z® bb, Bounding box DA D setBB 23z %,

Y —2a—F 3.2 ST Ty 2 O/ D BNF

1 external—-function ::= "exfunction" function—-definition* "endexfunction
n

2 function-definition ::= function-name " (" type* ")" ":" type

3 type ::= "real" | "bool" | "interval" | "bb" | "setBB"

3.3 24THTIX. TRIFEEDRH 2 25 bool BIDEZ IR TR EERL T
%, X3.3D31THTIE, HiAHEMZRT KA. Bounding box ZHUS 3 % B % E&K
LTW3, 33D 4fTHTIX, BEXMERTXEZINET 2B ERL TWVW5,

WFEREHFTOv Y HifEFM 7Ty 7Tl IRXRTOF — R Tilile SN2 NEEMZ
LS %, &fFE bool DR E L TRl 3 %, H[UEDRVWEE none & FliRT 5, Hi
&7 ay 7 O HRE BNF Tiddb L7zd D% Y — X3 — K 3.31Z/”RF, senario-
condition IFTHESRM 7 v v 7 2R T, WS 7 1 v 7 I 3HHRSEM D72 055 13 none,
HBGENFTT—NEORE R E, bexp lZT—NMEORXTH 2,

Y—Za—F 3.3 HiEEf7 ey 7O D BNF

1 senario-condition ::= "condition" "[" condition-definition "]" "
endcondition"
2 condition-definition ::= "none" | bexp

¥, 7T ERORXDOHSC YLK BNF Tih L2d D% Y — A3 —F 341217,
7= MEORZZNZNDORIDBFR . 2% BIRPFOH L, B, i, &F. 20

15



s, FEBI»OMERE N5, var-name ZEEZ £ T, value lXMEZE T, [HIZZEET
» % var-name. EHV 7 I L TH 3 real-number. BEIEIFENH L function-call, —IEHJH
# value binop value 2> 5 X5, function-call IZBIEFFRHLTH %, 0 UL ED

B2 WD, fil5HDfEZIR

T AMRBER T vy 7 TRER LB SRS

RAT Bi%. XEDMEZRD 2 w LD 5, X LTI 7 —ER O TS Sz
REEDS 7 — VBRI DER IR S Z & ZRFE L CTWi2W, condition-com 1 Z L2 DA DR
R%Z K7, value conditino-com value [ZBIRICEZEH L ETH D, 7V EROMHE
ZiRT, BROBEEH SN2 EOMN—HT 2 Z L I3 LTI REEZ LTV,

1

© 0 N O Ot ks WwN

e N T o e
N O ok W N = O

V—2Za—1F 3.4 T—EOXDHZLD BNF

bexp ::= var—name

| function-call

| value condition-com value

| "not" condition—-definition

| condition—-definition "and" condition—definition

| condition—-definition "or" condition-definition

| "forall" var-name "E€" value "(" condition-definition ")"

| "exists" var-name "€" value " (" condition-definition ")"
conditoin—-com ::= "=" | ngn | nyn | negn I "C" | "D" I ugu
function—call ::= function-name " (" valuex ")"
function—name ::= "PROJ" proj-index | "RAT" | "w" | string
pI'OJ'lIldeX o= "X" I "y" | ||£" | llf" | "g" | "g"
value ::= var—name

| real-number

| function-call

| (value binop value)
binop s o= ||m" | ||U"

3.3 Tld. TITH2 5 9THTHHESRFE 70y 23X Tnwd, 8ITHTIE T —
MMERDfEZ K5 BIR TR D % ) DEiESMA e LTS EA TS,

B7—X70OvY 7—A70y 7 38R0 r —2AholEREIns, ¥—AD1D12iF
HENEIENIR R XNE/TE ., ZOTE8MNE A& 2IHBT 2, ¥—RA 70y 720
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N Z2¥E BNF Cadilh L7233 D% Y — 22— K 3.5 1CRT, case lZ 1 2D 7 — A% KT,
r— 237 — A7 X)L TH 5 case-name LN S5, S&ETIE let ZFWT 1L
FOEREEETHIENTE S, ZRESIIERS. 2oL, Eh B TEEIHHE
BRENb,

V—2a—FK 35 Fy—x70vZOKxd BNF

1 case ::= "case" case—name case-definition "end-case"

2 case—definition ::= let—definition condition—definition
3 let-definition ::= "let" let-expr ("," let—expr)* "in"
4 let—expr ::= var—name ":" type "=" value

X 3.3 TIX111TH»S 16 fTHIEIEDr — X, 1847HD 5 23 1THIZEIE Lnwgr —
AT NTWE, DFED, ZOERTIIRTAERDD 2 & WO RHET. H25%M4%
T X IEHBEEENMEIEL, HAEMEMI-TE XIFIELRVE WS 2 ERAR LT
W5, 15 THDEIET 2513 PROJ, (Ri7TEHM) ~ o XM &7 oTwa, ZHUHE]
HEMm D y 8l OXE L BEXERER > TWE I 2RELTWS, 2% b, HE)
BT EAIGIOETETWVWE I ZEKRLTWS, 22 [THDEIE L RWEAIE
PROJ,(§i/78H) > FoEXE 2o TWwa, 2O TEFTAEM L OB +45 B
FEEEDR-NTWB Z e Z2RBLTW3,

3.3 Coq

Coq[1] 1FAH VY ==~ — FEEGHGZ R A U EHGEHERTH D, TurJ L
ML Tm@EEidiR L, fEIAZEITS 22 TEX %, Coqlda 7 EFETH % Gallina & EIZEE
HHZ R T 2 B TH % Vernacular LITKEL JUFIHN 5, £3 Gallina TF R F A
Zatib L. Vernacular Thmd & £ DFEHZ LA L TW L TBIZR %, Gallina ZIFE 121/
BRI AT L% b o/ FFET. BARNELEDOD 2B LGt s 2 Z e TERW,
ZD7, HIREEOPNE L TOIEFICEY 274 7 TH 5,

HH OB E ERT 5 72 D121E Definition ZF|H $ %, Definition DLl % Y — 2
a— K 3.6 1TRT, BNIEROINETH 5,
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YV —Za— K 3.6 Definition ®aCibFl]

1 Definition add (a b : R) : R := a + b.

Coq THIREEZEART 256, KX 2BHEOAENPEITF NS, RN BEE
E. RIEEENRBEBTDH 5, IR BEBUIRNE 2 7 — 2SI L Tl & . R
I AN 72 BE RO RGN 72 7 — 2SI L CRdih E L 5, IeiNiY R 7 — XS 2 E &R
3 57291213 Inductive ZHHT 5, WA RBEEZ £ T 51213 Fixpoint ZF|H$ %,
Inductive ¥ Fixpoint Dbz Y —Z2a— K 371203, HIEZEARABED VY X b DER
. VR AL ZHET 2 RN O EEHITH 5,

Y —2Za—1FK 3.7 Inductive ¥ Fixpoint Dtk

Inductive natlist :=
| Nil

| Cons (x : nat) (xs : natlist).

match xs with
| Nil => ys
| Cons x xs’ => append xs’ (Cons x ys)

1
2
3
4
5 Fixpoint append (xs ys : natlist) :=
6
7
8
9 end.

Coq THER7BEEZ % S fiik e LT, option Z{# 5 FIENZEIT 5N 5, option 13 % —
DRI > THEZRTEHA >~ FERIT, ERIFY —Ra—F3.8D X512 %, option 1
EEOANHIINZME None #EAT 2D RN TE 2, MEIERIN TV
563 Some THIRZIR L. REZDHEE None Zi1R3 Z & THIT BB Z RIT %,

Y —Za—F 3.8 option DERH

1 Inductive option (A:Type) : Type :=
2 | Some : A -> option A
3 | None : option A.

18



Coq TOFFHDHIE LT, VAB,AANB — BANA %iFH$ %, Coq TOMMEYL ZDiE
BHORIRZ Y — 22— K 3.912RT, £3. A TH % and ZERL TV, and ldn
% 2 O > T %ZRTa >y A NT7 7 X conj &b > TW5B, where DU ISHELKHE
XDEHFRTH %, fvdEld Lemma 2~ FEHWTEIART %, and_comm 23aiED £ i
T, anYPIIFPmEONAE L 7%, Lemma BIAMZ Proposition X Theorem, Remark,
Fact. Corollary 72 &23% %53, FEREAVICIZF U TH %, Proof. LN TIE&X 7 7 4 27 LW
Bhda<vy FeHOWTEEAZEA L Tw L, BlZIX, destruct I 3MREIC D 2 ambifE %
20T BIENTED, DFED., WMHEMDFRENTZ 5, intros 13L& DEAHTT
25,

Y—Za—F 3.9 Coq i 2iEHDH

—_

Inductive and (A B:Prop) : Prop :=

2 conj : A->B ->A/\B

3 where "A /\ B" := (and A B) : type_scope.

4

5 Lemma and_comm : forall A B, A /\ B -> B /\ A.
6 Proof.

7 intros A B HAandB.

8  destruct HAandB as (HA & HB).

9  apply (conj HB HA).

10 Qed.
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FA4ET

Coq Ic &k % BBSL OF2z1E

BRBIEXTFINC L o TR SN2 D, BREOMXDBE D X 5 ICFHix 2 5%
ED 5D D% B MR, M ANLRERKRL5Z 52 TZ20ERBeEAT 3
ZeMTE S, AW TIE BBSL Titdh Xz HENEER S X 7 4 DRk D fVE % 7] b X
¥27®,. BBSL Ot %21T5, £72. BBSL Z3tEEK L TEHEX ¥ 2 72 DI EHEEA
FEHRTH S Coq WD,

S MEEE L THEET 5T L LT, shallow embedding ¥ deep embedding 235
%, shallow embedding TIINREFEDOHW X 2 ELEFEOREKRM CaHiiz1T5, 2% D,

WEEDME L . ZooFEMAEL H W TFHMEZ1T 5, shallow embedding D F|
RIBEENEGTHL L, FESHEOHBCIA 77V 220 FiHiicfizs
Thd, REL L TEKMPFEESEODOREEINTLE S, 2Dk, FEFED
BEHEROHIR N REFBOEMGROHIR L DR IGE, HOBEBTEET IHNELND S,
deep embedding TIEMNRFFEDOMEM IIN T 2% 5225 Z L TiMiid 52, 0%
D. EEmZ MRS 218 L TERICEZ 5 2 DT E 5%, deep embedding
D E LTHREFBOEKRMBEHHICEZA 2 Z P TE S, Rl LTI & B
T ENTNFEET ZHREDDH Y, FHEEGEPENZENBITFoN S, RIFFETIE BBSL
WA RERRES 22 22 HNE LTW3 728 deep embedding ZFH L TW3,

BBSL OSIIANGREE 7 vy 7| HifekF7ry 7, 5 =270y 7D 32705
N, Fhr—X7vy 7 38O —Ah oI5, TR T v v 7 TSR
DIEZZITID , BiESRMF 72y 7 TRIRTO T — A Tlili/lz TN B R EEMFZFLL L.
F—2A70y 7 TIZHEERREPN S RETHE Z20%MGE2 T — R L TEBGERT 5,
£oTC, BBSL 2B L L7z d Did. Flil L7 fdk e B LRI DEZ 5 X — &
ELTRITWD, ZOEBNREDr —RIZHTIZED, EOr—RZHTEE LRV Z
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BT K5 7BIBUCR 5, K33 D7 s, ANBERICHIGTETDS D 2085, HiTH
i@ Bounding box, XD ZNEMENRELZ2Z T - T, ZDEEIEIET —
ZWRHETEFE 20, FEELBENTF—RHETEE 20220 Z2HUET, - T, BBSL
DEKZE RS 2 ZOBBORNIA (4.1) DX 51Tk 5, Spec id BBSL OfLkk, 2 131t
BEAVERD T X — R % b DBREREE, label 137 — A 5 ~IL, bool 1% D7 — 224 Tk
FEDEDPERT T —IUETH %, BEIRE L X, BB Z20ZHCEID B TOLALED
HOELETH S, T/, BBSL OfLEE Spec 13 BBSL OISR L LTREHT %,

Cospec : Spec = (X — P(label x bool)) (4.1)

ZDETIZ. Coq % H\WT deep embedding T BBSL IR EKRE S5 X %, %
3 BBSL O LR EER L. 21 6% Coq TEET S, RiT, EFELI-HR
RESTH L CTENZ R T 2 BB Z ER L. 2% Coq THEET S, £/, B
B ZRET212HTz> T, BIRICHVWS 7T — 2 EEZ2 E&RT 5. BBSL TIEXHE2HW
b5, XEHETITEREN ZORBUEZFHE T 2 -DICHEENERINTWS, Zh
WAL, BBSL TREIYIARI L O ERGREZ RIS 270120 O DR Z #7218 A
LTW3, ZD7H, XE®D Coq TORBIIFFDIA 77 ) 2HOWTHIcHLER
fToTW3,

41 HMBEYDERL CoqlcLdERE

BBSL O DERIZOWT, BBSL O 3.1 2*5. BBSL OHfif#EC % 55k BNF
TERELLDDEZY —Ra—F 411273, BBSL DX EKRTH % spec 1. HitesH
Juyv 7 cond &7 —AT7 07 cases D O S 415, BBSL ORESUIANFEER T 1 »
7. iR Tay . r—27my 03 onTay ZhoEEEINsh, TR Tt
R T vy 7 3G AMERRICHN 2 BEHEBEES T2 00b0TH 570, EXimE
HBZTWigw, 2070, MIFHXE LTHERL TWVRL,

Y —2Za—F 4.1 BBSL OIS

1 spec ::= "(" cond "," caset ")"
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BBSL ORESIIFMINICER XN S, Coq ITIZIFMN A7 — 2 HE %2 EFR T & 2 H%HE
MHBDT, e HWT BBSL X DFELEEZITS, BBSL OMRH LD Coq TOE
PrY—A32—F 4.21TRF, Spec Ik, Cond I3RS 71 v 7, Case 23 1
DD —ABRRT, F—ATR Y ZFFr—ZADV X LTEELTWS, ¥—2HIE
[RTHZDT, VAMNTREHTZIEDNTES, £/ VANEHWS Z & TEBOULHE
R EIAB DI E RN T IETZ DR N D 5, BRBEBORESRIHEHEI TS FHFTIhs
DIIIZHINS L EZ HN5,

V—Aa—FK 4.2 #HHEHXD Coq TDIHEEE

1 Definition Spec : Set := Cond * list Case.

DIFCiE, 3Ry 7 r—27 8y ZIZOWTHRECEEE L, Coq T
FKEERITH, T, MR DH 2 Coq TORLBHIZEFAWTHHT %, K, HitesH
TJuay =270y 7 THRbNZRICOVWTHRECEZEFE L., Coq TEEEITI,
BBSL O# 3.4 TIERIE 7 — LB bexp & ZHLIIDfH value & L TERINTWVS
B, AR TIHELZ S SR T Iclia b L TSR ER T 5. £, FRRcHIZH
WTHY %,

411 T0Ov I DHMRIBX

HEREGTOv Y iR 7 my 20X 3.3 556, HiHESRM 7 a vy 7 DG e
5 BNF TERL72DD%EY — 23— F 4.3 1217, bexp 37— ERDOKXTH %,

Y —2Za—F 4.3 W& 7 0y 7 ORI

1 cond ::= "none" | bexp

Attt 7 v vy 7 OMGEE LD Coq TOFHEEEZY —RAa—F 4417, FitesMt7
0y 7 DFEREIIFHERGD D 25E L R WIHEETHIT TV, HRSEMEDRD 258137 —
MEDI Bexp £ —HT 3,

22



V—2a—F 4.4 FiHESRMAE 70y 7 ORI D Coq TDFEE

1 Inductive Cond : Set :=
2 | CND_None
3 | cND (b : Bexp).

fle LT 3.3 D 7T1TH2 L IITHORHERF 7 vy 7 Z MR TRRA L b D%
Y —Za—F 45117,

Y—Ra—F 4.5 FHERMFET B Y 7 OGRS X 2 ELid )
1 MAEENHS O

%7, Coq TOtibfl%E Y — 23— K 4.6 1257,

V—Aa—FK 4.6 HitERET R Yy 7D Coq 1T & B ECibfl
1 CND (EXP_Bvar "HIHE@mHAHD")

EXP Bvar 37— EOK T, ZHTHS I 2R LTWVW5,

B7—X70OvY 7—X7vv7OWXL 35005, r—A7 0 v 7 OB R ILE
BNF TEHELZDDEY —RXa— R 4TITRT, F—A 78w ZIIEBDr — 25 5k
&3, label 37 — A TRV ERTEERDOLTFINTH %, r—A 710y 7 Tlidlet IZ
YoTEREERTDHIENTE S, def ZZEBERTDH %, value IIZMEEDRIDKH
Abo

V—Z2a— K47 r—x70vZOMREEX

1 case ::= n(n label u,n n[n def (u’n, def)* n]u n,n bexp n)n

2 def ::= "(" var "," value ")"
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3

A

1

2
3
4
5
6
7
8

il LT 3.3D 11 17HD»S 16 fTHDIEIET 27— &, 181TH» S 23 {THDEIEL
NI — 2 OWTHRE XTIt L=2d 02 FnZFhy —2a—F 4.9, 4.917R-7,

SOt s W N

value ::= bexp | qgexp | iexp | bbexp | sbbexp

278y 7 OMEHELD Coq TOHEEZY —Xa3—F 4.8 1TRT, Case lT7 —
A, Def 3EHEZR LR T, F—ATNNVEXFHITES, ¥— A7 v 7IX string *
list Def * Bexp TII XTI EMERDER L 7 —UEDKXDRT ZRT,

V—2a—FK 4.8 F—R70v 7 DMRH LD Coq THHE

Inductive Def : Set :=

| DEF_SBB (x : string) (sbb : SBBexp)
| DEF_BB (x : string) (bb : BBexp)
| DEF_I (x : string) (i : Iexp)
| DEF_Q (x : string) (q : Qexp)
| DEF_B (x : string) (b : Bexp).
Definition Case : Set := string * list Def * Bexp.

V—2a—F 4.9 ELT 25— 2A0MREE T X 3R

( ik
, [ (WAER, WAEE O)

, CREERF, FERE 0)

]
, PROJ,(BIBEM) ~ HEXM
)

24



V—2Z2a—F 4.10 EiELABWr —XOMREHEIC X 3000

( FIELAEWL
, [ (BUAERE, siAER )
, GROEXFRE, AEEE O)
]
, PROJ,(FiAEMm) > BIEXHE
)

SOt s W N =

7. e OWT Coq TORdflZ Y —ZXa—F 4.11, 4.121T7-7F,

V—2a—FK 411 121337 — 2D Coq TDICLHH)

1 ( "Bk

2 , [ DEF_BB "HUAEE" (EXP_BBvar "BIHEM")

3 ; DEF_I "ERXM" (EXP_Ivar "EIERXME")

4 ]

5 , EXP_Ioverlap (EXP_projy (EXP_BBvar "HIAEM")) (EXP_Ivar "iRHERX
F")

6 )

V—2Z2a—F 4.12 #EELAEWS —2D Coq TDRLM]

( "ELELZL
, [ DEF_BB "BiAEM" (EXP_BBvar "BIAEM")
; DEF_I "BRXME" (EXP_Ivar "JEEXME")
]
, EXP_Igt (EXP_projy (EXP_BBvar "HUSEEM")) (EXP_Ivar "JRHEXR")

S Ut e W N =
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412 NOHREX

AR ITERE SN S, BBSL ORIIZ 77— ER, 2808, XEAL Bounding box
A1 Bounding box DEEHNIH 5, ZHZIUTOVWTHEHE L ZEFK L., Coq TOHEE
%179, Coq TORETIIFEMTII RS HEEEH WS, BEIZOWTIXEIRD GG
THAT %,

BMBounding box DE&E Bounding box DEAEH DX DR L% BNF Tidih L
72bD%Y —2a—F 4.13 IZ/RT, sbbexp & Bounding box D& D, bbexp I
Bounding box @ T# %, Bounding box DEESH ORI ZE. HEEH D, &0F.
Bounding box DHIZEIZ X 20D 5,

Y —2a—FK 4.13 Bounding box D#EAEF DD BNF I & %5did

1 sbbexp ::= var

2 | "sbbintersection" "(" sbbexp "," sbbexp ")"
3 | "sbbunion" " (" sbbexp "," sbbepx ")"

4 | "{" vbexp ("," bbexp)* "1}"

Bounding box DA DO XDMEMHE LD Coq TOFEEEZY —Xa—F 4.14 1T,
SBBexp (& Bounding box & DR, BBexp & Bounding box D, EXP_SBBvar i
Z¥. EXP_SBBintersection (33£i@#5r. EXP_SBBunion (& f#f. EXP_makeSBB &
Bounding box D282 X 2% £ 3, SBBexp & BBexp EHAZHR L TV 720,
EERDFEIETIE Coq DIERET H % with ZHWTHEINTWVW S, TBERFEIIMAFE A
WZHEE T W3,

Y —Za—F 4.14 Bounding box DEERIDOADMRENEL D Coq TDHELE

1 Inductive SBBexp : Set :=

2 | EXP_SBBvar (x : string)

3 | EXP_SBBintersection (sbbO sbbl : SBBexp) | EXP_SBBunion (sbbO sbbi
: SBBexp)

4 | EXP_makeSBB (bbs : list BBexp).
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il LT, YV—RAa—F 415D X >57% BBSL ®

RO—EETH %,

© 0 N O Ot ks W N

o e
o= O

13

DD 35 TTHORH DR 2L LD D% Y —R2a—F 416 ITRT, qlt

YV —2Za—FK 4.15 BBSL Dtk

24
25
26
27
28
29
30
31
32
33
34
35

36

case ADHEIRICHREE

let

E|DAAHEM:bb = E|DAHER ()

s HEHES setBB = MEBEES O

, BEBEXMBES setBB = HEMRERXMES O

, BERAXMES setBB = BEREXMEES O

, BEFETEXMES setBB = AEBKEERXRMES O

in BEREEREE O and

forall x € MEMESR exists y € AEHREEXMES.

(not (PROJx (x) ®PR0OJx(y) and PROJy(x) =PR0OJy(y)))

and

RT(BEREXEES N{EIDAHER}, BERAGEEAES N{ZIDAAKE
) > 1.0

endcase

IEHBOHERRTDH 5,

1 qlt (RAT(sbbintersection (HENEREXMES, {EIDAAEM})
sbbintersection(HBIEREXMEES, {BIDAAEM})), 1.0)

F72, Coq TOiRBREY —2a—F 417 1I2R”7F, EXP.QIt 13 EHE O HLHE,

Y —2Za—FK 4.16 Bounding box OEAR DX DGR DL iR
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EXP_BBvar (& Bounding box BLOZETH %,

Y —Za—F 4.17 Bounding box DEEHOAXDORERELD Coq 1T X 2 FCibfl

1 (EXP_Qgt

2 (EXP_RAT

3 (EXP_SBBintersection (EXP_SBBvar "BHEIRAXMES") (EXP_makeSBB [
EXP_BBvar "E|DIAAEM" 1))

4 (EXP_SBBintersection (EXP_SBBvar "BEHIFAXMES") (EXP_makeSBB [

EXP_BBvar "EIDAAEME" 1)))
5 (EXP_Q 1.0))

MBounding box B Bounding box B O X ORI % BNF Ttk L7zd D% Y — R
a— F 4.18 IZ/”F, bbexp & Bounding box O, iexp ZXM DX TH %, Bounding
box DEEHDOAUTIIZER. XHEDHNBIZ X 2WMBD 5, £7-. HE2KD Bounding
box #HF3 2RI ZE img # EFRT %,

Y —Za—FK 4.18 Bounding box DD BNF I & 557

1 bbexp ::= var | "{" iexp (",", iexp)* "}" | img

Bounding box BIDHDIMGEHEL D Coq TDFHEEE Y — 23— F 4.19 1Z”F, BBexp
¥ Bounding box D& D, EXP_BBvar (3£ %, EXP_makeBB 12 2DXEIC X %
., EXP_BBimg [ZHE§2A% % § Bounding box ## 3, BBexp i& SBBexp ¥ A

ZHLTW5 70, EEDFEETIX Coq DEETH % with ZHWTHEINTVWS, 7T
BRI A ICEHET WS,

Y —2Za—FK 4.19 Bounding box B OXDMERE LD Coq THHEE

1 Inductive BBexp : Set :=
2 | EXP_BBvar (x : string)
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3 | EXP_makeBB (x y : Iexp)
4 (x Eff2EDBB *)
5 | EXP_BBimg.

fle LT 3.3 D 15 ITHDORHOMBM X 2R L7 D% Y — 23— F 4.20 1Z5diR
3%, loverlap ZXMHDEL D 2R T, PORJ, ¥ Bounding box O y #fi /5 [A DX [
ZEUD 3SR T H B,

Y —Za—FK 4.20 Bounding box DX DG L DFLIBHI
1 Ioverlap(PROJ, (FiAER) , #EXFE)

F/2. Coq TOREMBEY —2a—F 421 ITR-F, EXP_QIt 13H D LL#HEE,
EXP_BBvar X Bounding box B OZETH 3,

YV —Za—FK 4.21 Bounding box DD Coq 1T & % FLilMl

1 EXP_Ioverlap (EXP_projy (EXP_BBvar "BIAEEM")) (EXP_Ivar "RUEXME")

BXEE XEHEoXOMEM %2 BNF TilddL7dbD%2 Y —Ra— K 4.22 1TRF,
iexp XX D, qexp FHEHBDOATH 5, Bounding box DEEHDORITIFLEE. KX
M DHNZEIC K MDD 5, PROJ, XD TIRZHUS S 2 5B PROJ, 1 LR
ZHUS T 2 2R %., iintersection IZHETR T Z R T,

V—Za—F 422 XHEHEOAXOMREH LD BNF 12 X %507
1 iexp : = vyar I "PROJm" u(u bbexp n)u I nPROJyn u(n bbexp n)n |

n.n
3

iintersection "(" iexp iexp u)n | u{n qexp (u’u’ lep)* u}n
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XA DX DHREEXL D Coq TOFEEEY —2a— K 4.23 12RF, lexp ZXB DR,
EXP _Ivar I32%%. EXP _Iintersection (33#H 7. EXP _makel 1% 2 D DOHEHEIC X 544
%3, Iexp 1 BBexp EMHAESHHL T\ 7280, EEDFEETIX Coq DIERETH %
with Z W THEZ N TS, ERRFEIIMER A ITHE TS,

V—2a—FK 423 XEREOROMGEE LD Coq TDHEE

1 Inductive Iexp : Set :=

2 | EXP_Ivar (x : string)

3 | EXP_projx (bb : BBexp) | EXP_projy (bb : BBexp)
4 | EXP_Iintersection (i0 il : Iexp)

5 | EXP_makeI (1 u : Qexp).

il LT 3.3 D22 THDEKEDOMRMX 2GR L72dD%E Y — 23— F 4.24 1Z7did
$ 5, Igt IZXED#EIfR. PORJ, & Bounding box @ y $#li/7A D X[ Z D 35+
W TH B,

V—Za—FK 4.24 XEDOROMBEHE DECBHA
1 Igt(PROJ, (MIAER), #EXE)

72, Coq TORLREY —2a—F 4.25 IT/RT, EXP_Igt & [X [ D kb5 #H 5
EXP _BBvar (& Bounding box B D2, EXP Ivar IZXERIDZETH 5,

V—2a—FK 425 XBEDOHRD Coq T & % skl

1 EXP_Igt (EXP_projy (EXP_BBvar "EWAHEM")) (EXP_Ivar "JBUERXM")
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BEEHE FHEEOXOMEM X% BNF Tl Lzd D% Y — X2 —F 4.26 12
RT . qexp XXM DI TH %, Bounding box DESFDORUTITEE. XEDFIZEIC X
DD D 5, a lFAHBY 770, X FEH. "RAT”IZ Bounding box DEFF LD
mfE., PROJL uw idXE D TR, ERZHIE T 2 528, PROJ ], xu, yl, yu i
Bounding box ® x, y #i7 MO XE O ER, TIRZES 3 2 52T K T, projx XX
MO TRZES 3 2 5T BEL. projy 3 LR ZHS T 2 S = £ 5,

V—2Z2a—FK 426 BEHEOXOMEMH XD BNF 12 X %50

1 gexp ::= literal | var | "w" "(" iexp ")" | "RAT" "(" sbbexp ","
sbbexp n) n I "PROJ_l" n (n ieXp u) n | "PROJ_U" n (II ieXp n) n
2 | "PROJ_X]. n n (" bbeXp n ) n I "PROJ_XU" n ( n bbexp n ) n | ||PROJ_y1 n
n (" bbexp ||) n | "PROJ—yu" n (" bbexp ") n

GEBAIORXDOHRHELD Coq TOFHEEL Y — A3 — K 427 12T, lexp ZXHED
K. EXP_Q IZEHEHY 75 1. EXP_Qvar 13238, EXP_width 12K OIE, EXP RAT
¥ Bounding box &R LOmEMEN., EXP _projl, u XXM TR, ERZESE3 25
S RA%. EXP _projxl, xu, yl, yu i& Bounding box ® x, y #iFHOXED LR, TR%
53 2 9B EER T, Qexp ld Iexp EMHAEZR L TWE 70, EEDFHETIE Coq D
KEBRETH 3 with ZFHVWTEEXINTVWS, 5BRRELIF A ICHE TV 3,

Y —2a—F 427 HEEAIORXOMEM LD Coq T

1 Inductive Qexp : Set :=

2 | EXP_Q (a: Q)

3 | EXP_Qvar (x : string)

4 | EXP_width (i : Iexp) | EXP_RAT (sbbO sbbl : SBBexp)
5 | EXP_projl (i : Iexp) | EXP_proju (i : Iexp)

6 | EXP_projxl (bb : BBexp) | EXP_projxu (bb : BBexp)
7 | EXP_projyl (bb : BBexp) | EXP_projyu (bb : BBexp) .
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fle LT 4.15 D 35 ITEHDOSRMEOMBEM X 23R L7zd D% Y — 23— F 4.28 125
BT 5, qet (TEHBOLEEZRTDH 5,

V—2a—F 4.28 BEEOROMEM DR

1 qgt (RAT(sbbintersection (BBIERFEXHEES, {FIDAHERE})
sbbintersection (BENEMRAEXMES, {FIDAAEHETE})), 1.0)

F72, Coq TOid%EY —2a— K 429 12" F, EXP.QIt 3G HE D HLiHEE,
EXP _BBvar (& Bounding box B OZETH %,

V—2a—FK 429 HHEHEOXOMEM LD Coq 1T & % il

1 (EXP_Qgt

2 (EXP_RAT

3 (EXP_SBBintersection (EXP_SBBvar "BEHIFAXMES") (EXP_makeSBB [
EXP_BBvar "E|DIAHEM" 1))

4 (EXP_SBBintersection (EXP_SBBvar "BEMAXMESR") (EXP_makeSBB [

EXP_BBvar "EIDAHEM" 1)))
5 (EXP_Q 1.0))

W7 —)LER T EROXOMSEMCE BNF TidihLzd D% Y —2a—F 4.30
WiRT o bE7—VEOXTH 2, 77— ERONITITEE. swEEM. A, foralll
exists BB %, T/, HEE. XME. Bounding box ZhZhDES b LEEHE, X,
Bounding box OEATHA (FilE. H7EE) 235 %, forall & exists & Bounding box
DEEFIIOVTDAERINT VS,

V—2a—FK 430 7 EROROMGED BNF 12 & 30k

1 bexp s = var I "not" H(ll bexp H)Il I "and" u(n bexp u’n bexp n)u | n
or" II(II bexp II’II bexp n)u
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2 | Ilbeqll ll(ll beXp n ,II beXp Il)ll | "boverlap" ll(ll beXp ll, n bexp ll)ll

3 | "bbsubset" " (" bbexp "," bbexp ")" | "bbsupset" "(" bbexp ","
bbexp ")"

4 | "bbsubseteq" " (" bbexp "," bbexp ")" | "bbsupseteq" " (" bbexp
n,n bbexp n)u

5 | "i1t" n(n iexp u,n iexp u)n | "igt" n(u iexp n’n iexp n)u I "
ieq" n(n iexp "non iexp n)n

6 I "ioverlap" n(u iexp n,u iexp II)II

7 I lliinll ||(n lep ||’n iexp ||)|| | "iinrev" II(II iexp n’n lep n)n

S | "isubset" n(n iexp n,n iexp u)n | "isupset" u(n iexp u,n iexp
n)n

9 | "qlt" u(n qexp u’n qexp u)u | "qgt" u(u qexp u’u qexp n)u I n
qequ n(n qexp u’n qexp u)u

10 I llqlell ||(n lep ||’n lep ||)|| | nqgen ||(|| lep ||,|| lep II)II

11 | "forall" "(" var "," sbbexp "," bexp ")" | "exists" "(" var

"n.n Sbb n.n b ll)ll

T = BRI O X DGR LD Coq TOFEIERZY —Xa—F 4.31 IZRT, eq & equal,
It 1X less than, le iX less than or equal., gt IX greater than, ge l& greater than or equal
DIETH %,

V—2a—F 4.31 7= UERORDOMREZD Coq TDHEE

1 Inductive Bexp : Set :=

2 | EXP_Bvar (x : string)

3 | EXP_not (b : Bexp) | EXP_and (bO bl : Bexp) | EXP_or (b0 bi
Bexp)

4 | EXP_BBeq (bbO bbl : BBexp)

5 | EXP_BBoverlap (bbO bbl : BBexp)

6 | EXP_BBsubset (bbO bbl : BBexp) | EXP_BBsupset (bbO bbl : BBexp)

7 | EXP_BBsubseteq (bbO bbl : BBexp) | EXP_BBsupseteq (bbO bbl : BBexp
)

8 | EXP_I1t (i0 i1 : TIexp) | EXP_Igt (i0 i1l : Texp) | EXP_Ieq (i0 il

Iexp)
9 | EXP_Ioverlap (i0 il : Iexp)
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10 EXP_Iin (q : Qexp) (i : Iexp) | EXP_Iinrev (i : Iexp) (q : Qexp)
EXP_Isubset (i0 il : Iexp) | EXP_Isupset (i0 il : Iexp)
EXP_Isubseteq (i0 i1 : Iexp) | EXP_Isupseteq (i0 il : Iexp)
EXP_Qlt (q0 ql : Qexp) | EXP_Qgt (q0 ql : Qexp)

EXP_Qeq (q0 q1 : Qexp)

EXP_Qle (q0 q1 : Qexp) | EXP_Qge (q0 ql : Qexp)

EXP_forall (bound : string) (sbb : SBBexp) (b : Bexp)

EXP_exists (bound : string) (sbb : SBBexp) (b : Bexp).

11
12
13
14
15
16
17

fle LT 3.3 D 15 ITHDORHOMBM X 2R L 72d D% Y — 23— F 4.32 1Z50R
3%, loverlap ZXMDEL D 2R T, PORJ, 13 Bounding box O y #fi /5[ DX [
ZHUD 3SR TH 5,

Y —2a—F 4.32 7= HEOROMGEE L DR
1 Ioverlap(PROJ, (BiAER) , #EXFE)

F/2. Coq TOREB%EY —2a—F 4.33 IR F, EXP_QIt 13H D LLEHEE,
EXP _BBvar & Bounding box B OZETH %,

Y —Z2a—F 433 T—IUEDAD Coq T X % itidfl

1 EXP_Ioverlap (EXP_projy (EXP_BBvar "BIAEEM")) (EXP_Ivar "RUEXME")

4.2 [X[E. Bounding box. Bounding box DEF®D Coq IC &
BRE

AIFFRTIIMLOERE U THANA 7Y =7 M 252 2 R/ NEBKRZHH L T»
%, LUFTiX BBSL X, Bounding box, Bounding box O & OB T %
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Bt A7 =7 FREFE L. Coq THEZITI,

BXf BBSL TORXMIEFK (3.1) TERINTWS,

XD Coq TOFEERY —2a—F 4.34 1377, BBSL OFERTIIERZ HWTER
SNTVED, AMETIEIEEEEZHWT, ZOoEREESL LTEET S, DD, XH
Z FRe THROME LTV, Iin FEBEEPXBICEENTWS Z & 2HE T 5 B
upper. lower (3 R, TIRZEUS 3 2%, Iempty. Inempty IZXHZETH 2 Z &,
ETRVWZEZHET 2B TH 5, i XML L7z =, loweri > upperi D & XXX
fI3ZETHE e LTHELTWVWS,

V—Aa—FK 4.34 XD Coq TDHEZE

Definition Interval : Type := Q * Q.

Definition lower (i : Interval) : Q :
match i with
| (1, ) =>1

end.

Definition upper (i : Interval) : Q :

© 0 N O ot kW

match i with
[ (L, w) =>nu

end.

o e e
w N o= O

Definition Iempty (i : Interval) : Prop :=

14 lower i > upper i.

15

16 Definition Inempty (i : Interval) : Prop :=

17 lower i <= upper i.

18

19 Definition Iin (v : Q) (i : Interval) : Prop :=
20 (lower i <= v /\ v <= upper i)%Q.

X LR e LT TR, ERZESS 288, HEGER, W, BEHEREDPERS
LT3, BBSLHHDOBEHE LT, KEOERD Z2HEST 288055, XEDOHEZD
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PHET2BHBE X, YV ZXKB LR 4.2) kS IERESIND, 2% b, KEPE
BoTWbZ X2 o00XKBoHBEEH TN LTWS,

X~Y=XNY #0 (4.2)

XEDERD ZHET 2D Coq TOFELER Y —2a—F 4.351TRF, loverlap I
H D ZHET 2B, Iempty ZXEDZETH S Z & 2HET 58 lintersection &
HEH T 2R T TDH 5,

V—2a—FK 435 XEOERD ZHET 2EBD Coq THDIHEE

1 Definition Ioverlap (i0 il : Interval) : Prop :=

2 “Iempty (Iintersection i0 il1).

BBounding box BBSL T Bounding box 13 2 ZtOXH e L TEFREEI NS, DFD, A
% Bounding box, X. Y ZXH& LTHK (4.3) DLHCERIN TV,

A=(X,Y) (4.3)

Bounding box @ Coq TDHEEZY — 23— K 4.36 IZ/RT, Bounding box TH %
BB lZXRITH % Interval DEFEE L THEEL TWS, projx. projy (& x i, y #7570
X2 D H 3 TH %, projxl. projxu. projyu. projyu & x. y i/ Ao X
D LR, TRZED 3B TH 25, £7. Bounding box 232 TRV &%, x. vy il
FMOXERES HBHETHRNI L LTHEEL TV S,

Y —2Z2a—F 4.36 Bounding box ® Coq TDHE™E

1 Definition BB : Type := Interval * Interval.
2

3 Definition projx (bb : BB) : Interval :=

4 match bb with

5 1 (x, ) =>x

6 end.

7
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

Definition projy (bb : BB) : Interval :=
match bb with
| (_, y) => 5y

end.

Definition projxl (bb : BB) : Q :=
lower (projx bb).

Definition projxu (bb : BB) : Q :=
upper (projx bb).

Definition projyl (bb : BB) : Q :=
lower (projy bb).

Definition projyu (bb : BB) : Q :=
upper (projy bb).

Definition BBempty (bb : BB) : Prop :=
Iempty (projx bb) /\ Iempty (projy bb).

Definition BBnempty (bb : BB) : Prop :=
Inempty (projx bb) /\ Inempty (projy bb).

Bounding box OB%r U CLHEGEEA, EAHENERI N TW5, BBSL HH DM
& L. Bounding box DER D ZHET 5855 5, Bounding box DER D %]
ETHEBUE x. yHIAMORXBEREELbERS 2RI 5, 2¥b, AL B %
Bounding box, PROJ,. PROJ, %Z x. y#i/7ADO XMz IS 2 LT, R (4.4)
DEIITEHFRINT WS,

A~ B = PROJ,(A) ~ PROJ,(B) A PROJ,(A) =~ PROJ,(B) (4.4)

Bounding box DER D ZHE T 2D Coq TOHEEL Y — A3 — K 437 1TR7T,
BBoverlap 1Z1% Bounding box ®Ex b ZHE T 3B TH %,
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Y —AZa—FK 4.37 Bounding box DER D 2 H|E T 5D Coq TDHEE

1 Definition BBoverlap (bbO bbl : BB) : Prop :=
2 Ioverlap (projx bb0) (projx bbl) /\ Ioverlap (projy bb0) (projy bbl

).

BMBounding box D& H Bounding box DEEIXZ D % F Bounding box DEF L L
TEZRINTWVS, Bounding box DEAD Coq TOHEEEZ Y — A a— F 4.38 IZ/R
3, SetBB {% Bounding box DHEHE %K T, Coq TDHFEETII Bounding box DES %
Bounding box @V 2 b ¥ LTHEELTWS, BBSL ZHBE EDOF T =2 + & ZDfI
BB % Bounding box Z W TR T 2 720 DEREHFLAZSETH 5720, HED
Bounding box Z# 5 Z L IFEZA RS TV, ZORDEEDEDDIZY X 2 EEICH
WBZEBTE 5,

Y —2Za—F 4.38 Bounding box DEE D Coq TDHIHEE

1 Definition SetBB : Type := list BB.

Bounding box OEEDORE L L TH@EE D & SN ER SN TV S, Bounding box
DHBE Y & B0ED Coq TOFEHEL Y —2a— F 4.39 1277, SOHIEMICHIZES Z
ETHERETSE, ++ 13V A MNOMZ L 2B TH 5, HEH5E. Bounding box D1
DI NTOERICHLUTHEDIBELEMNT 2 Z L THEELTWVWD,

Y —Za—F 4.39 Bounding box DG DHLEH T & GfD Coq TDHELE

1 Fixpoint _BB_SBBintersection (bb : BB) (sbb accum : SetBB) : SetBB :=

2 match sbb with

3 | nil => accum

4 | cons bb’ sbb’ => _BB_SBBintersection bb sbb’ (cons (BBintersection
bb bb’) accum)

5 end.
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7 Fixpoint _SBBintersection (sbbO sbbl accum : SetBB) : SetBB :=

8 match sbb0 with

9 | nil => accum

10 | cons bb sbb => _SBBintersection sbb sbbl (_BB_SBBintersection bb

sbbl nil ++ accum)

11 end.

12

13 Definition SBBintersection (sbbO sbbl : SetBB) : SetBB :=
14 _SBBintersection sbbO sbbl nil.

15

16 Definition SBBunion (sbbO sbbl : SetBB) : SetBB :=
17 sbb0 ++ sbbil.

Bounding box & d BBSL IZREHORE L LT RAT Bi%h3H 5, RAT BIBUZ 2
2 ® Bounding box DEGDHEFEILZETH T 5, RAT B%Z BBSL CTldmEEL e L
ERINTELT, HiERER LG Z 5N TRV, I 2T, Bounding box DEAIZ
MEEZFTE T 282 BML., 2% # > T RAT BIEZ %32, RAT BI#® Coq
TOFEEELY — 23— F 4.40 1Z/”"T, BBarea I% Bounding box D&% K 2 BT
H5, XENIMELPEN S DT, xfiAmAE y Ao XEOEZ#1) %5 Z £ T Bounding
box OHE%E 545, SetBBarea l& Bounding box DS DRHEZ KD 2 BHETH
%, Bounding box DEHIZEEN 5T XTD Bounding box DHEL E LKA S, HiE
B OHEZ G 2 THEELTWS, RAT B 2 DD Bounding box DA DFRMH
frzzhthitB L, ZhLTREZIToTW5,

YV —Za—F 4.40 Bounding box DEAD RAT B D Coq TDFEE

1 Definition BBarea (bb : BB) : Q :=
width (projx bb) * width (projy bb).

Fixpoint _SetBBarea (sbb accum : SetBB) (area : Q) : Q :=

| nil => area

2

3

4

5 match sbb with
6

7 | cons bb sbb’ =>
8

let sbb’’ := _BB_SBBintersection bb accum nil in

39



9 let sbb’’area := List.fold_right Qplus O (List.map BBarea sbb’’)
in

10 _SetBBarea sbb’ (cons bb accum) (area + BBarea bb - sbb’’area)

11 end.

12

13 Definition SetBBarea (sbb : SetBB) : Q :

14 _SetBBarea sbb nil O.

15
16 Definition RAT (sbbO sbbl : SetBB) : Q :
17 SetBBarea sbb0 / SetBBarea sbbil.

43 BHEABDERL CoqlckdERE

TEF LSS O VLT, BB L ERT 5, BEHRBEEE, MR e ER LI
WA TY 27 MG EE 5, BBSL O EHROEKREKIZ, zhzhoray 70
BERBEBICRFE S 5, £, 71y 7 ORI Zh Zh 0B OO BERBEIBICKFES
%5, XoT, UTFTTWlE 7oy 7eRiZoVWTEhZNEKEZEFE L, Coq TEES
fToTwl, BRBEHO—E L 2R EE 4.1 17T, UTFTTRZEALFLOEKRE IS
WTEFEE Coq il XBEERITT-oTWS,

MR KB E DY

(AR Cispec : Spec — (X — P(label x bool))
(ks A Ceond : Cond — (X — Prop)
F—AT7my s Ceases : P(Case) — (X — P(label x Prop))
Bounding box OHE&HY Aspy : SBBexp — (X — SetBB)
Bounding box % Apy, : BBexp — (X — BB)

X Y A; : Texp — (¥ — Interval)

A HEE A, Texp— (2= Q)

7 — A B : Bexp — (¥ — Prop)

*4.1 THRBEIR

40



B EEDOEKRER BBSL OEREARDRIRIIZLEE., DX DA TER L 728

A =REZITWD ., ERLELZNEND S —ADERZR20E1 2R TR 25, IE,E\
N, ER— T DRI RX =2 %2522, ZOHBNREDr —RITHTEEHED
F—ARZBETEE SRV ZHET 5, BBSL Tad & NLizibHbkz i 5 2 EREIE D
A% (4.5) ITRT, ¥ 3ERBREOLEE. label 37— A7~ LDEE, bool I3 EFH
DERETH D, BRI L X, ZREFESNLHOMHOEETDH 5,

Cospec : Spec — (32 — P(label x bool)) (4.5)

BBSL Tilib 7=k % R 3 2 ERBEIE D Coq TOHELELZ Y —Xa—F 4.41 12
RY ﬁ:ﬁ%ﬁi@ﬁﬂﬁﬁﬁfﬁé Spec BD spec & ZHIRETH % Env BID env 221
%, 3B DED option 72 DIZEKRBIE D 7 BT, ERRDELANEIC & o TITEKRD
FRFICK S 272D TH B, F—2A 7/\/1/0:1)'(%% Prop 3@ RIBTH 5, 7—

A78y ZIZREbENE T —RIERTH 27D, BROEOEEIT list TRIL TWb,
X o TR D E list (string * Prop) &7 — ANV ZD 7 —ZADSEMEL R 5 mEDHD
H£arikd,

R 2R O EBREIE Cspec DI TIEHITTESMH O EREEE Cecond &7 —ZX 701y 70
HEIRBIEL Ceases DML T NS, HHREMIZITRTD I —ATifi7z SN EREWHELZOD
Ty TRTDT — ROV TEKRBIBUCHIR U 74558 & BiHeSR 2 R U 72 #5258 & Cam
HEZE->TW5

Y—2a—F 441 ARREEOERBEED Coq TOEE

1 Definition Cspec (spec : Spec) (env : Env) : option (list (string *
Prop)) :=

2 match spec with

3 | (cond, cases) =>

4 match Ccond cond env, Ccases cases env nil with

5 | Some b, Some 1bs => Some (List.map

6 (fun 1b => match 1b with (1, b’) => (1, b /\ b’) end)

7 1bs)

8 | _, _ => None

9 end

10 end.
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BEREZH 7Oy VOBKEH HifEst7ay 7 TRIRTDOr — XA Tlii/lz N5 E
SRR T 2, XoT, iKYy 72 L b Dx 7T — A EoRXZEA L
72D IRE—KT %, 72720, FieRMF 7 v v 7 TIEATHRERAES 2 WA none % Fiib
TE 5, ARSI TRTDOTr — ATz ZINEZRNELMHRDT, none D Z, OF D
ARG Ve ZREZEREHIE IV, Ko T, BiESE 70 v 7 0 BREKOAEIZ R
(4.6) D& 512 b, Cond IFFEICERLAHESRME 70y 7 OB TH %,

Ceond : Cond — (X — Prop) (4.6)

RS 7a v 7 OEKRBEIE D Coq TOHEER Y — 20— F 4.42 1TR-F, RiTESHED
72 none D & XX True iR L. HifeRH2H 2 & 21X 7 — L HEHOR DO BB B & H
WTER %175, BIZ 77— UMEORDOEWKEKTH 3,

Y —Za—F 442 HifESRAFT 1y 7 OFKREHKD Coq TOHRE

Definition Ccond (cond : Cond) (env : Env) : option Prop :=

match cond with

| CND b => B b env

1
2
3 | CND_None => Some True
4
5 end.

fle LT, X33 D 7T{TH»S 91THDRIHRSEME7 1 v 7 DEf T ORMIGESC % FKEIEL
Tl § 2 X2 (4.43) ISR T, g7 vy 7 OMRMIIY —Ra—-F 45D &
SITFRLIR T & 720 Coona WBHHESRMF 70 v 7 OFIRBITH 2,

VoRa—F 443 WHEEET R v 2 OERKEROTBH
| Coona] BIFEEHHS O ]

Coq TOFLINIIIN (4.44) DK 512725, HiHESRMF 71y 7 OMFEFE X Coq 2 HWT
V—Z23—F 4.6 DX IICHIRTET, Ccond ZHHESM 7T m Yy 7 OEKRENTH 3,
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V—2a—F 4.44 BiHREMET B Y 7 OEKBR O Coq 12 & 2 30dH)
1 Ccond (CND (EXP_Bvar "HIHEEAHB"))

B7—X7OvIDENEH 7 —RA7uv 7 3r—R0EENTHS, EoTr—R7
0y 7 2RI LR 7 — AR U ROEE RS, F—ATREIr—AI\ L
ZOEMETRT 2, koT, ¥—REERMLLZDDETr — ATV e &R T8
D22, r—2x70y 7 ORKEBOMZK (4.7) 1ITRF, Case 137 — XA DG
X, label 137 — ARV ERT, Lo TP(Case) 37— 70y 7 ODMRMEL, B E
P(label * Prop) 137 — A5 X)L & ZDFMFEOHDEEG L 2 5,

Clrases : P(Case) — (X — P(label x Prop)) (4.7)

r—27uyv 7 OEKE#®D Coq TOHEELY —RXa—F 445 1TRT, 77— AT
let TEMEERTE D, ZEUER Def Z RS 2 EIREEE Cdef TIX, ZHIRFICZD
R BMUZH LWEBIREZIR S, ZEICRAT 2EIIE Z 2 ICHE X W BRI
ZRHWTHIRL., ZOMREZEBIREITENMNS %, Asbb & Bounding box DE&H DA D
EIREAEL. Abb X Bounding box DX DEKEAE. Al XX OKXOEKBEE. Aq l3FH
HEBOKXOEREE., BlE 77— UMHEOARDEKRBEETH 5, Cdefs 13 TR TOLELERIC
X LT Cdef ZEH T 5, 77— ADEKRBEKTIX, ERERZMER L EROZHIRE %
AWT, 7 —RADOFEMZ2BIRT 5, BIGERIE T — 27~V e f#Ii2 LT string * Prop &
WOETIRS, r—RA7 0y 7 ZRLUIHRIE T — X 2R LU 7AEROEEITR 505,
7 — ZBNIER DT list ZFHWT list (string * Prop) & WS BITHET 3,

V—2a—F 445 F—27 0y 7 OEKREED Coq THHELE

1 Definition Cdef (def : Def) (env : Env) : option Env :=
2 match def with

3 | DEF_SBB s sbb_expr =>

4 match Asbb sbb_expr env with

5 | Some sbb => Some (add s (Vsbb sbb) env)

6 | _ => None

7 end

8 | DEF_BB s bb_expr =>
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

41
42
43
44
45

match Abb bb_expr env with
Some bb => Some (add s (Vbb bb) env)

_ => None

end

DEF_I s i_expr =>

match Ai i_expr env with

Some i => Some (add s (Vi i) env)

_ => None

end

DEF_Q s g_expr =>

match Aq q_expr env with

| Some q => Some (add s (Vq q) env)

_ => None

end
DEF_B s b_expr =>

match B b_expr env with
Some b => Some (add s (Vb b) env)

_ => None

end

end.

Fixpoint Cdefs (defs

match defs with

| nil => Some env
cons def defs’ =>

match Cdef def env with

Some env’

_ => None

end

end.

Definition Ccase (case

=> Cdefs defs’

match case with
(1, defs, b_expr) =>
match Cdefs

Some env’

match B b_

defs env with
=>

expr env’ with

env

44
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46 | Some b => Some (1, b)

47 | _ => None

48 end

49 | _ => None

50 end

51 end.

52

53 Fixpoint Ccases (cases : list Case) (env : Env) (accum : list (string
* Prop)) : option (list (string * Prop)) :=

54 match cases with

55 | nil => Some accum

56 | cons case cases’ =>

57 match Ccase case env with

58 | Some 1b => Ccases cases’ env (cons 1lb accum)
59 | _ => None

60 end

61 end.

fFle LT, K3.3D111THH» S 16 {THD 7 — A DH 7 OGRS % BERBIEC T RT3
ZRER (4.46) ITRT, F—X7 0y 7 ORI —Xa—F 4.9 D X 51Z5KART
X7, Crgse 37— 70y 7 DEKERTH 3,

YV —2a—F 446 & —ZADOBEEKBEK DA

1 Crasel

2 ( =Lk

3 , [ DEF_BB "HiAEM" (EXP_BBvar "RISEM")

4 ; DEF_I "JHRXR" (EXP_Ivar "JERXR")

5 ]

6 , EXP_Ioverlap (EXP_projy (EXP_BBvar "BUAEEM")) (EXP_Ivar "JRIRX
BE")

7 )]
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Coq TOFRMIIK (447) D XS ICHh B, r—RA7 v v 7 DMEHLIE Coq ZHWT
V—23—F 411 DX ICEBTETz, Cease lZr—R 7wy 7 OEKERKTH 5,

V—2a—F 447 r—2ADOEREED Coq 1T & % rtibfl

1 Ccase

2 ( "ELL"

3, [ DEF_BB "EWAEEM" (EXP_BBvar "BUHSEEM")

4 ; DEF_I "REXM" (EXP_Ivar "FEXME")

5 ]

6 , EXP_Ioverlap (EXP_projy (EXP_BBvar "BWAEEM")) (EXP_Ivar "JBIRX
A"

7 )

BMBounding box DESDOXDEEKELE BBSL _E® Bounding box D& DX 2 F A (b
L7=d D, 4.2 HiTEF L7 Bounding box DA ¥ 7 %, Bounding box DHEE DI
DEEBEE DR %2 K (4.8) IT/RT, SBBexp & Bounding box DA DX DG,
Set BB % Bounding box DE&ETH 5,

Agspp : SBBexp — (X — SetBB) (4.8)

Bounding box DEE DD EKEE D Coq TOEELY — 23— F 448 ITRT,
EXP_SBBvar 328 T, e U CRIZEEIRE D & —8T 2 ZRAITHIG S % H %2 S
5, BBIRTICEBDHFE LW E. BRIZRES %5, EXP_SBBintersection (&L
HEER 5. EXP_SBBunion & #f1& 7124 Bounding box DG DIHEETHE L 72
BEZDF 2MPIUCH WS, EXP_makeSBB & Bounding box ##&#5% 525 Z v T
Bounding box DEEZMWM T 52X TH D, I Bounding box ® VY X + %32 1T HX
h. 3XT% Bounding box DX DEKEEE Abb TR L 7&K % list I3 %, Z 2T,
Bounding box D% DEFKIZ Bounding box ® list TH -7 2 EWHT . SetBB
ZIRTZ LB, Asbb X Abb b HAZR L TWa 78, EEDFEETIX Coq DIEEE
TH 2 with ZHWTHEEIN TV, TRRFHIMNER A ITHE TV,
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Y —2a—F 448 Bounding box DEE DD EKEE D Coq ThHFLE

1 Fixpoint Asbb (expr : SBBexp) (env : Env) : option SetBB :=

2 match expr with

3 | EXP_SBBvar s =>

4 match find s env with

5 | Some (Vsbb sbb) => Some sbb

6 | _ => None

7 end

8 | EXP_SBBintersection sbb_expr0O sbb_exprl =>

9 match Asbb sbb_expr0 env, Asbb sbb_exprl env with
10 | Some sbb0, Some sbbl => Some (SBBintersection sbb0 sbbil)
11 | _, _ => None

12 end

13 | EXP_SBBunion sbb_expr0 sbb_exprl =>

14 match Asbb sbb_expr0 env, Asbb sbb_exprl env with
15 | Some sbb0, Some sbbl => Some (SBBunion sbb0 sbbi)
16 | _, _ => None

17 end

18 | EXP_makeSBB bb_exprs =>

19 List.fold_left (fun obbs obb =>

20 match obbs, obb with

21 | Some bbs, Some bb => Some (cons bb bbs)

22 | _, _ => None

23 end

24 ) (List.map (fun bb_expr => Abb bb_expr env) bb_exprs) (Some nil)
25 end

fle LT, Y—Ra—F 4.15 ® 35 1TH D Bounding box DEHE DEHFEH 77 DG L
ZBERBBCIME T 2 X2 (4.50) 1TRT, £, ST OMRMTY —RXa—F
416 &b, VY—Ra—F 449 ® X 52 TZ= %, sbbintersection !& Bounding box
LaALoLE T 2R T, HEEMGLXFESIZ Bounding box DEA, E|DAAHE
iljl& Bounding box BUOZETH 5, #HIDIAAHEMIIE] D IAAHETE DA% H D Bounding
box DELEERHL TW3, Ay X Bounding box DEAORDOEHRBETH %,
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YV —Za—FK 4.49 Bounding box DA DR DM
1 sbbintersection(BENEREXEES, {EIDAAHEMH})

Y —Za—F 450 Bounding box DG DD EHKEEE DL
1 Agp[ sbbintersection (BENEIREXEES, {BIDAHERY) |

Coq TOFEARIZI (4.52) D X512 %, £/, Bounding box DEEG DX DG
XIWEY —R2a—F 417 &b Coq EHWTY —Z2a—F 451 O X5 IZidid T &7,
EXP_SBBintersection & Bounding box O &R0 HEH 77 TH 5, EXP_makeSBB
% Bounding box ® 1) A t %5217 H - T Bounding box DEASR %R T %, Asbb i
Bounding box DEEDOXDEHKEKTH 2,

Y —2Za—F 4.51 Bounding box DEEDRD Coq IZ & % it )

1 EXP_SBBintersection

2 (EXP_SBBvar "BEEEXRHES")
3 (EXP_makeSBB [ EXP_BBvar "ZIDAHKEM" 1)

Y —Za—F 4.52 Bounding box DEEDADEKEEED Coq 1T X 2 FCibkfl

1 Asbb

2 (EXP_SBBintersection

3 (EXP_SBBvar "BHFEXMES")

4 (EXP_makeSBB [ EXP_BBvar "EIDIAHEME" 1))
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EMBounding box DD EMKEIZ BBSL E® Bounding box XX E L L 7= D,
4.2 HiTEF L 7z Bounding box 72 %, Bounding box XD EKEI DA% R (4.9)
IZR"T, BBexp X Bounding box DR DG, BB % Bounding box T %,

App : BBexp — (X — BB) (4.9)

Bounding box @ XD B D Coq TOHEEEZ Y — XA a—F 453 IT/RT,
EXP_BBimg ([ 2£{A% %3 Bounding box TH %, ZRIRHFIC IMG & W5 H4HTD
ZREBMT 2 THHATE 2, EXP.BBvar 3 THH . BEIRED O EHHAIC
MIET 2EZEGE LD ODERARE 725, EXP_makeBB XX % 2 D% IFHL - T
Bounding box Z#K 32X TH D, MHRIE 2 DDOXE DA % EREIE Al THRR L.
ZOFERZHFWT BB ROMBEEMKT 5, Abb X Ai b MHEZRBL TWE70, EEDHE
#TlE Coq DHERETH % with ZHVWTEEINTWS, TEREREII R A ITEHET
W5,

Y —Za—FK 453 Bounding box DD EMEEED Coq TDHFELE

1 Fixpoint Abb (expr : BBexp) (env : Env) : option BB :=
match expr with
| EXP_BBimg =>
match find "IMG" env with
| Some (Vbb bb) => Some bb
| _ => None
end
| EXP_BBvar s =>

© 0 N O Ot s W N

match find s env with
| Some (Vbb bb) => Some bb

| _ => None

=
= O

end
EXP_makeBB i_exprO i_exprl =>

e
=W N

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (iO, il)

—_
ot

| _, _ => None

-
]

end

i
N

end.

—_
o
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fle LT, 3.3 D 1517H® Bounding box DD 7) DI 58 S % BIEBE R C FFA
353X % 3 (4.55) 1T”T, F£7. Bounding box DXDOMPHE LY — R a3 —F 4.20 &
DY —=Z3a— K 454 DX SIEARTE 7, HiTHEMIZ Bounding box MOZEHETH 5,

Y —Za— LK 4.54 Bounding box DDl

1 BIAEM

Y —2Za— K 4.55 Bounding box DI\ DEREI KD 5B
1 Abb[[ Eﬁﬁﬁﬁ ]]

Coq ToOFtbF (4.57) D LS5, F7. Bounding box OXDHMRHEIEY —
ZAa—F 411 &b Coq EFHHWTY —RAa—F 456 O X 5IZitibTE /-, EXP_BBvar
% Bounding box BIDZEE* R T,

Y —Za—FK 4.56 Bounding box DD Coq 1T & % 5Ll
1 EXP_BBvar "RiAEEM"

Y — 23— K 4.57 Bounding box DD EKEIED Coq 12 & 2 stibfl
1 Abb (EXP_BBvar "HiAHEM")

BXEORDEKEL BBSL FoXBoX 2z MtLLdDId, 42 HiTERLL
Bounding box £ 7% %, XEOXDOEMREKDOH %25 (4.10) 1TRT, Texp ZXEDHXD
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S, Interval XXETH %,

A; : Texp — (¥ — Interval) (4.10)

X ORDEREEE D Coq TORERY — 20— K 458 12" T, EXP Ivar 3Z# T
HY. ZEERED O ZBAA TGS 2EZER L7 O MIREER L 72 5, EXP_projx.
EXP _projy (& Bounding box @ TR, LFR%ZHUS 3 2 55 EXP lintersection,
EXP Tunion 3@ e & TH 2, ZH 6 DBEEIZZ 21 Bounding box ¥ [X[H]
DFEETHRE LB E 720 F FHRICHW S, EXP makel 13 2 5% Z17H - T
XE KT 2EXTH D, BRI 2 DOEHHEORZHHEEOAX DO EKEE Aq THR
L. ZO#EERZHWT Interval BEOEZMEKT 5, Al Aq EHAEZRLTWS79,
EIRDFEIETIX Coq DHERETH % with ZHWTEEIN TV S, TERREEIINGE A
WCEHET WS,

V—2a—FK 458 KEOARDEKEED Coq TDHEE

1 Fixpoint Ai (expr : Iexp) (env : Env) : option Interval :=
2 match expr with

3 | EXP_Ivar s =>

4 match find s env with

5 | Some (Vi i) => Some i

6 | _ => None

7 end

8 | EXP_projx bb_expr =>

9 match Abb bb_expr env with

10 | Some bb => Some (projx bb)

11 | None => None

12 end

13 | EXP_projy bb_expr =>

14 match Abb bb_expr env with

15 | Some bb => Some (projy bb)

16 | None => None

17 end

18 | EXP_Iintersection i_expr0 i_exprl =>

19 match Ai i_exprO env, Ai i_exprl env with

20 | Some i0, Some il => Some (Iintersection i0 il)

ol



21 | => None

-2 -_

22 end

23 | EXP_makeI q_expr0O q_exprl =>

24 match Aq q_exprO env, Aq q_exprl env with
25 | Some g0, Some q1 => Some (q0, q1)

26 | _, _ => None

27 end

28 end

fle LT, X 3.3 D 2217HOXBORDERD DGR % ERBIE TR 3 2 2 K
(4.60) \RT, Fhoo KEOXOMEHIETY —R2a—-F 424 KDY —Xa—FK 459 D
X SRR T E 7, FIAHEMIX Bounding box BOZHTH H. PROJ, ¥ Bounding
box @ y #li/F DX ZH D i3S TH 5, A, ZXHEDOERBEBKTH 5,

V—2a—F 459 XEORD A
1 PROJ, (Ri/AEM)

V—Za—F 4.60 XEDRDEKBEE DA
I A;[ PROJ,(BiEEM®) |

Coq TORIRIFR (4.62) DX ST 5b, F/o. KEOROMEMIETY —Ra—F 4.25
EbD Coq ZHWTY —ZXa—F 4.61 ® & S5IZFiRT X7, EXP_BBvar (& Bounding
box B OEH %R T, A IZXEOEKBEETH 5,

Y —2a—F 4.61 XHEDHKD Coq i & %zl
1 EXP_projy (EXP_BBvar "RUAEEM")
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V—2a—F 4.62 XEORDOEWRERD Coq 12 X %k

1 Ai (EXP_projy (EXP_BBvar "BUAFEM"))

BEEHONOEKEH BBSL FoFHKOR AL b0k, AEKE %5, &
OO EHREE ORI 2K (4.11) 1277, Qerp FHEHBOXOMEN . Q IFHHEK

Ay lexp — (¥ — Q) (4.11)

HFH DR OB D Coq TOEER Y — 22— F 4.63 15RF. EXP_Quar 328
THY, ZRIRED S ZBAAITHINT 2EZEUF L7 ORI R e 725, EXP_RAT
¥ Bounding box O£ AR SetBB D% RAT TH b, fi#f 1213 Bounding box d
REDFELETHEELLL RAT B2 20 F v 3, EXP_width (318 % H5 3 2 B,
EXP _projl. EXP_proju (ZXE o TR, ER%ZHIE 3 2 B EXP_projxl, EXP _projxu,
EXP _projyl. EXP_projyu & Bounding box ® x. y #i/5 M D MR, ER%Z S5 2 B
ThHb, ZNO6DOBEEIIZNZN Bounding box ¥ X DFEIETHEL -BHEZDF
FRRICH WS, Aqid Al b MHEZRLTWA70, FEEDFEETIE Coq DIEEETDH 5
with ZHWTFE SN TV, EEAERIIER A THETWD,

V—2a—FK 4.63 EEHEOROEHKBELD Coq THHEEE

1 Fixpoint Aq (expr : Qexp) (env : Env) : option Q :=
2 match expr with

3 | EXP_Q a => Some a

4 | EXP_Qvar s =>

5 match find s env with

6 | Some (Vq q) => Some q

7 | _ => None

8 end

9 | EXP_width i_expr =>

10 match Ai i_expr env with

11 | Some i => Some (width i)
12 | None => None
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end
| EXP_RAT sbb_exprO sbb_exprl =>
match Asbb sbb_exprO env, Asbb sbb_exprl env with
| Some sbb0, Some sbbl => Some (RAT sbb0O sbbl)
| _, _ => None
end
| EXP_projl i_expr =>
match Ai i_expr env with
| Some i => Some (lower i)
| _ => None
end
| EXP_proju i_expr =>
match Ai i_expr env with
| Some i => Some (upper i)
| _ => None
end
| EXP_projxl bb_expr =>
match Abb bb_expr env with
| Some bb => Some (projxl bb)
| None => None
end
| EXP_projxu bb_expr =>
match Abb bb_expr env with
| Some bb => Some (projxu bb)
| None => None
end
| EXP_projyl bb_expr =>
match Abb bb_expr env with
| Some bb => Some (projyl bb)
| None => None
end
| EXP_projyu bb_expr =>
match Abb bb_expr env with
| Some bb => Some (projyu bb)
| None => None
end

end.
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fle LT, Y—Ra—Fk 4.15 @ 35 {THOHEHBOARDH 7 OB % BRI TRT
fiis 223X (4.65) ITRT, T, ZYUETOMBMHIIY —RXa—F 428 KD, V—
23— K 4.64 DEXIWCHARTE S, qut \FEHEBOHLEKELK. BEHERLEXBEESIE
Bounding box D&% &. & D iAAHM X Bounding box TH %, A, IFHIED ZREIEL
TdH 5,

Y—2a—F 4.64 GHEHEOAXDFLE]

1 qgt(
2 RAT(sbbintersection (BENEHEFAEXMEES, {IDAAEM}),
3 sbbintersection (BFEHFEXMES, {DAAEMRY)),
4 1.0)
V—Za— K 4.65 AEEOKXOEHREEDI ARG
1 Agl
2 qgt(
3 RAT (sbbintersection ( BEEFEXMES, {EIDAAEM}),
4 sbbintersection (BB EMAXMES, {FIDAAEMRY)),
5 1.0) |

Coq TOFRIEK (4.67) DX STk, /. FHBOKXOMEMHUIY —Xa—F
429 &b Coq ZFIWVWTY —2a— K 4.66 D LI ICFIRTE R, EXP_Qgt FHHEKDLL
#BI%. EXP_SBBvar (& Bounding box D& DZE. EXP_BBvar (& Bounding box
DE. EXP_QFHEHBDY 751 ThH%, Aq ZEHBOEKRBEKTH 3,

V—2a—F 4.66 BAEHEOESEDOAD Coq i & 2 it

1 EXP_Qgt
2 (EXP_RAT
3 (EXP_SBBintersection (EXP_SBBvar "HHERAXMES") (EXP_makeSBB [

95



EXP_BBvar "E|DAAEE" 1))

4 (EXP_SBBintersection (EXP_SBBvar "BEEMAXMESR") (EXP_makeSBB [
EXP_BBvar "E|DAAEME" 1)))

5 (EXP_Q 1.0)

Y—2a—1F 4.67 AHEOXOEKRBED Coq iz X 2 iidfl

1 Aq

2 (EXP_Qgt

3 (EXP_RAT

4 (EXP_SBBintersection (EXP_SBBvar "BHEIRAXMES") (EXP_makeSBB
[ EXP_BBvar "EIDAAEME" 1))

5 (EXP_SBBintersection (EXP_SBBvar "HHEFAXRIES") (EXP_makeSBB
[ EXP_BBvar "EIDIAAEFE" 1)))

6 (EXP_Q 1.0))

B )LEORDEKE#H BBSL LoFHEHORXEERLLIzd DX, mEL k5,
T —MED KD EKREB DR %2 K (4.12) 1IZRT, Berp 3IHEHEOXOMEM L. Prop
EmERTH B,

B : Bexp — (X — Prop) (4.12)

T = IEDOKDEKRBIE D Coq TOHELESR Y — A a— K 4.68 1277, EXP_Bvar 132
BTH Y ZRIREED O 2R IR S 2 EZ UG L7z b OREER & 72 5, EXP _not,
EXP_and. EXP_or ¥ @M EGE. mHE. M TH 2, 2o OB Coq @
EHES £ 750D Prop OHEEDa VRV 722 Z2DFFHWVWE, EXP_BBeq
1355, EXP_BBoverlap [3EX% D ZHE T % B£. EXP_BBsubset, EXP_BBsupset.
EXP _BBsubseteq, EXP_BBsupseteq 3H R A OHEHATH 5, Zh oIz hzh
Bounding box DFLHETIELE U= BsE 20 % PNV 5, EXP_It. EXP_Igt 1k
HEAfR. EXP _Ieq 1355+, EXP _loverlap (3E 7% D Z2HE 3 % B EXP_Iin, EXP _linrev
FATE R HIE T 5 BE. EXP_Isubset, EXP _Isupset, EXP _Isubseteq. EXP_Isupseteq
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BT EREGDHAETH 2, IhoDEBEZNZNIXEOFETHE LBz 2D %
R W3, EXP_Qlt., EXP_Qgt. EXP_Qle, EXP_Qge g EHE, EXP_Qeq 135
5TH3, Zhs oz zhzN Coq DIFHES A 77 ) OFHBOMEZz ZDE$H
W3, EXP_forall, EXP_exists ¥ Bounding box OEEIIXT$ % forall, exists DT
»H%, ZZT. Bounding box DEFIFERTH o722 & ZEVHT & forall & exists
FEN TN L SR TR T 5 Z e 3T E 5, forall 1X Bounding box DEEITE
3 % Bounding bo IZOW T DR TN TOMMBEEIS Z & THRRL TW3, exists
¥ Bounding box O E1ZJE 3 % Bounding bo IZ DWW T DN TR T OFmMEAZ HL %
ZETHRLTW2,

V—2a—F 4.68 7 HEORDEKREED Coq THFHEE

1 Fixpoint B (expr : Bexp) (env : Env) : option Prop :=

2 match expr with

3 | EXP_Bvar s =>

4 match find s env with

5 | Some (Vb b) => Some b

6 | _ => None

7 end

8 | EXP_not b_expr =>

9 match B b_expr env with

10 | Some b => Some (not b)

11 | None => None

12 end

13 | EXP_and b_exprO b_exprl =>

14 match B b_expr0O env, B b_exprl env with
15 | Some b0, Some bl => Some (b0 /\ b1l)
16 | _, _ => None

17 end

18 | EXP_or b_expr0O b_exprl =>

19 match B b_expr0 env, B b_exprl env with
20 | Some b0, Some bl => Some (b0 \/ b1l)
21 | _, _ => None

22 end

23 | EXP_BBeq bb_expr0O bb_exprl =>

24 match Abb bb_exprO env, Abb bb_exprl env with
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| Some bbO, Some bbl => Some (BBeq bb0O bbl)

| _, _ => None

end

EXP_BBoverlap bb_exprO bb_exprl =>
match Abb bb_expr0 env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBoverlap bb0 bbl)
| _, _ => None

end

EXP_BBsubset bb_expr0 bb_exprl =>
match Abb bb_expr0 env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBsubset bb0O bbl)
| _, _ => None

end

EXP_BBsupset bb_exprO bb_exprl =>
match Abb bb_exprO env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBsupset bb0 bbil)
| _, _ => None

end

EXP_BBsubseteq bb_expr0 bb_exprl =>

match Abb bb_exprO env, Abb bb_exprl env with

| Some bb0O, Some bbl => Some (BBsubseteq bb0 bbil)
| _, _ => None

end

EXP_BBsupseteq bb_expr0 bb_exprl =>

match Abb bb_exprO env, Abb bb_exprl env with

| Some bb0O, Some bbl => Some (BBsupseteq bb0O bbil)
| _, _ => None

end

EXP_I1t i_exprO i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Ilt i0 il)

| _, _ => None

end

EXP_Igt i_exprO i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Igt i0 il)

| _, _ => None

end
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74
75
76
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78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

EXP_Ieq i_exprO i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Ieq i0 il)

| _, _ => None

end

EXP_Ioverlap i_expr0O i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some i1l => Some (Ioverlap i0 il)
| _, _ => None

end

EXP_Iin q_expr i_expr =>

match Aq q_expr env, Ai i_expr env with

| Some q, Some i => Some (Iin q i)

| _, _ => None

end

EXP_Iinrev i_expr q_expr =>

match Aq q_expr env, Ai i_expr env with

| Some q, Some i => Some (Iin q i)

| _, _ => None

end

EXP_Isubset i_expr0O i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Isubset i0 i1)
| _, _ => None

end

EXP_Isupset i_expr0O i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some i1 => Some (Isupset i0 il)
| _, _ => None

end

EXP_Isubseteq i_expr0O i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Isubseteq i0 il)
| _, _ => None

end

EXP_Isupseteq i_exprO i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Isupseteq iO il)
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101 | _, _ => None

102 end

103 | EXP_Qlt q_exprO q_exprl =>

104 match Aq q_exprO env, Aq q_exprl env with

105 | Some q0, Some gl => Some (q0 < q1)%Q

106 | _, _ => None

107 end

108 | EXP_Qgt q_exprO q_exprl =>

109 match Aq q_exprO env, Aq q_exprl env with

110 | Some q0, Some gl => Some (q0 < q1)%Q

111 | _, _ => None

112 end

113 | EXP_Qeq q_exprO q_exprl =>

114 match Aq q_exprO env, Aq q_exprl env with

115 | Some q0, Some gl => Some (q0 = q1)

116 | _, _ => None

117 end

118 | EXP_Qle q_exprO q_exprl =>

119 match Aq q_exprO env, Aq q_exprl env with

120 | Some g0, Some g1 => Some (q0 <= q1)%Q

121 | _, _ => None

122 end

123 | EXP_Qge q_expr0O q_exprl =>

124 match Aq q_exprO env, Aq q_exprl env with

125 | Some g0, Some g1 => Some (q0 <= q1)%Q

126 | _, _ => None

127 end

128 | EXP_forall bound sbb_expr b_expr =>

129 match Asbb sbb_expr env with

130 | Some sbb => List.fold_left option_and (List.map (fun bb => B
b_expr env) sbb) (Some True)

131 | _ => None

132 end

133 | EXP_exists bound sbb_expr b_expr =>

134 match Asbb sbb_expr env with

135 | Some sbb => List.fold_left option_or (List.map (fun bb => B

b_expr env) sbb) (Some False)
136 | _ => None
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137 end
138 end.

fle LT, X 3.3 D 151TH® Bounding box DR DR DGR % Z KRR T2
TH5HAEN (4.69) 1TRT, 7T EOXDMBMIEZY — 23— F 4.32 DL 5 IZEABT
%7z, loverlap IXXRIDER D ZHE 3 2%, A7 HEMIX Bounding box., JHuH X HI1X
XTH 2, BId7— M EOEKERTH 2,

V—Za—F 4.69 7— EDORDEKEK DB
1 B[ Ioverlap(PROJ, (RiAEM), BEXMHE) ]

Coq TOFIRIFK (4.70) D&k 512 %, 7—NEORXOMPHE Y — A a— K 4.33
D X S IZEA T Z 7z, EXP_loverlap IZXMDOER Y ZHE 3 5 B%. EXP_BBvar &
Bounding box DZ#, EXP Ivar IZXEOZEHTH %5, BIE 7 —NEOEKEKTDH %,

V—2a—FK 470 7= EORDEKEEED Coq 2 & % sl

1 B (EXP_Ioverlap (EXP_projy (EXP_BBvar "BUAEEM")) (EXP_Ivar "JHIEX
"))
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HFH—12, Coq ZHWTHA L7 BBSL AEKED O#fE2 32 2R T 5729
WL O DHEEZFEAT %, Coq THEEEL X, Bounding box. Bounding box 0)%’%
BlZoVnwTEFhPhil TRNEWEZAHT %,

#1T, JERML L7z BBSL Oitibfe ) 2 a8 3 5, NHTSA OH%E [2] ITHB W T, HEf
IR AT LOHEOPTHIWEROBMAE JSBF T2 00F D TH S, KITHE
7] TlETh oD%z BBSL ICX o Talihs % 2 & TEOGBREN LD TWVWS,
o otREZEA L L7 BBSL THElihd 2 Z & T, ZDitabae)) 273 2,

=12, B L 7z BBSL OMGEERE ) O FERMEZ FHlli$ 5 7. BENEIKS X7 4 Dft:
B2 T REWE 2 WL O DIEAEIT S,

5.1 Fz{b L7 BBSL OB D3R

X[, Bounding box. Bounding box DEFIZOWTZDMHEDAEHZIT S, XML
Bounding box, Bounding box D% « By ZDHHEIZOWTHR 511 H B,
FERAT 2 MR FHITOWTIE, RO, MR, RO Z1T S, HidEEIC
BLT, 52300 IEFOMNE. Thbb e, RMME, #RFHE2w:T 2
L DFEHZAT 5. XD HETERIC O W T RAE, ROSFMEIZE D AL 72720 DT, HERE
BOADIEAZITS . FELZZFRVDHOEHRPIEFOME, OF b IERFIHE L #HBHED
AEAZAT 5. X OWUEERIZOWVWT, F5230H O ROMEIZOWTEAAZITS,
Trbb. FEFOMWEEED 2 tD ERBEH. TIROAHEEETI1CR 2 2 & DiEiA%
795, %ﬁ%&iﬁb\%@ R OME ORI 21T 5, X OH@EH 7T OV T,
5.1 Dk BGEICTFS NS, K (3.9). (3.34) &b, RENZEE SN VWEZIEK
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BElfR - BEX ERES =

X D= = [FfERI RO EE

X[ D LLHR B R <> SR IER DMHEE

X DR (FEHD) | <,> HERS

X DTl R R C, D sREIER D PEE

X Dol & B R G, 2 FNEF D EH

(X D s FR 70 N 5.1 DEETFICT LB HE

# 5.1 BBSL ®Xf, Bounding box, Bounding box D& D% - B OME

ZVWHE L, HRoTWAGH RTINS, FiEERKIS1D1,9THD, BEIZ 205
8 THb, SHLIKRERXHEDIFDKNEREID 2206 8 XGLETTFENDL, LoT,
zhehogGa @Dz TR EWEICOWTEEAZITS . AT OVWTIIEES
AT77VOBBEZOEEME>TED, BHES A 77V THaMHEORIADS R EATY
%72 Z ZTIEAEHIZ T D2V, XA & Bounding box OER D IZDWTIE, K (3.34),
(3.35) X hHEHD L FEEZHOTERINTWVWS, 2Ok, FE5LERYOMNE
AT UI T TH 2, AR, JERATAL, RMSRAL RONFREL. HEREHZZh I
(5.1)s (5.2)s (5.3)s (5.4)s (B.5) ITRT, Fe FEF, FIEF. FMEOHEICOWT

£H2ICFLD 5,

VX, R(X,X)

VX, ~R(X, X)

VXY, R(X,Y) = R(Y, X)

VXY, R(X,Y)ARY,X) > X =Y

VXY Z, R(X,Y)ANR(Y,Z) = R(X, Z)
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@ EXMHE @ —HXEME @ mTHL

@ il i2icF LW ® iLHELW ® 21FLW

il il il
i2 i2 i2
@ ZEThHWL — X Q@ BXHE
il il il
i2 i2 i2

X 5.1 X DI@EARDY DG

g eI

FMEFE | AR ROsRRE, HERSTR

s IE FESCESRE, HERS AR

[l PG, SRR, HERS TR
#5.2 JEF

BESOME XMHE Bounding box WCIFEFEEWERIN TV S, FEIIFMEREFROME
B2z L TOWAERNETH5S, LoT. ZNENAMERRBROMEEICOWTIEHZITS, 2
0. RO, MEE, HERBROIEAZITS. FEOMWHEIZOWT Coq TOFEERZ Y —
A a— R 5.1I1ZRT,

Y—2a—F 51 FE5OMHEED Coq TOIEH
1 (x EEADEFS Ieq *)

2 Lemma Ieq_refl : forall x, x == x.

3 Lemma Ieq_sym : forall x y, x == y —> y == X.
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4 Lemma Ieq_trans : forall x y z, x ==y /\ y ==z -> x == z.
5

6 (* Bounding box MES BBeq *)

7 Lemma BBeq_refl : forall x, x == x.

8 Lemma BBeq_sym : forall x y, x ==y —> y == Xx.

9 Lemma BBeq_trans : forall x y z, x ==y /\ y ==z -> x == z.

I 5 DXE e Bounding box DS DMHEIX T N TAHLAT 2%, FEBHO2SUIEAT
A WCEHRET WD, FIHICO D07 RAT v THER I ICELD S,

e ol | AT v TR
X [H D= D 5 Teq_refl 5
X [ D= D P Ieq_sym 6
X D55 DHER A Ieq_trans 7
Bounding box DEFSD4# | BBeq_refl 5
Bounding box OE S DNFMFE | BBeq_sym 6
Bounding box O%5 DL H | BBeq_trans 7

%53 FBHR FSOUHH

BLEEREEOME XEIZOWTHEREENERINA TS, HEEBAZX, 55D 0
BIEHBELZHIZ L TWEARETH S, /2. FERLOEEITRONFME & HEEH 2 H72
LTWARETH D, &oT. XKEDHEREKRIZOWTINSDWHEDAERZIT- 72,
BHEEDOMEICOWT Coq TOEERY —2a— K 5.2 1R,

V—2a—FK 52 HEEEDOHEED Coq TODIEH
(x XEOLBER *)

Lemma Ile_trans : forall x y z, Inempty y -> x <=y /\ y <=z -> x

N =

<= z.

w

Lemma Ilt_antirefl : forall x, Inempty x -> "x < x.

4 Lemma Ilt_trans : forall x y z, Inempty y => x <y /\y <z ->x <z
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XE D HEEADOHEEIX TR T T & /2, SEHO 238 A ic#letTn3, &
GERHIC Do T2 ATy TRER AT LD S,

HE ol T | AT v T8
XEDHEHE (F5HD) OHEBAE Ile_trans 9
XHEotEEE (F52 L) O | It_antirefl 9
X DR (BF572 L) OHERE Ilt_trans 5

® 5.4 HEHR HEEEOMMH

BESEF%OME XMY Bounding box IZOWTHEEGAERINTWS, F5HD
OEEERIIFIEFOMEZHIZ L TWERETH S, DF D, KR, RIHE, #HE
HTH5, LoTZhoDWHDIEHZ XM ¥ Bounding box D ZNZNTITo 72, ¥
oo FERZLOWUEERITEPIEFOMEEZ ML TWAIRETH S, D% b, IERGHH
CHBHETH D, THHICDOVTHRERICENZNTIEHZIT 72, AEBKROMEEICD
WT Coq TOHEEERY —Xa—F 531K,

© 0o N O ot

10

11
12
13
14

V—2Za—F 5.3 WEBEFROMEED Coq TDIEA
(x FHOSESEARESHD) *)

Lemma Isubseteq_refl : forall x, Isubseteq x x.

Lemma Isubseteq_antisym : forall x y, Isubseteq x y /\ Isubseteq y x
-> x == y.

Lemma Isubseteq_trans : forall x y z, Isubseteq x y /\ Isubseteq y z
—> Isubseteq x z.

Lemma Isubseteq_intersection : forall x vy,

Isubseteq (Iintersection x y) x /\ Isubseteq (Iintersection x y) y.

(x EEOAZERMFSRL) *)

Lemma Isubset_irrefl : forall x, Inempty x —-> “Isubset x x.

Lemma Isubset_trans : forall i0 il i2, Isubset i0 il /\ Isubset il i2
—> Isubset i0 i2.

(* Bounding box DAZMF (FFHD) *)
Lemma BBsubseteq_refl : forall x, BBsubseteq x x.

Lemma BBsubseteq_antisym : forall a b, BBsubseteq a b /\ BBsubseteq b
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a —> a == b.

15 Lemma BBsubseteq_trans : forall x y z, BBsubseteq x y /\ BBsubseteq y
z —> BBsubseteq x z.

16 Lemma BBsubseteq_intersection : forall p q,

17  BBsubseteq (BBintersection p q) p /\ BBsubseteq (BBintersection p q)

q-

18

19 (* Bounding box DTFMEFR (FSHL) *)

20 Lemma BBsubset_irrefl : forall x, BBnempty x —> “BBsubset x x.

21 Lemma BBsubset_trans : forall x y z, BBsubset x y /\ BBsubset y z ->

BBsubset x z.

X & Bounding box DT EBROMEIZ T NTAEHT X 72, FEFHO2SUIITEk A
WCHE TS, BP0/ R Ty THERSSICE LD 5,

HE el ATy T
XEoUEBR (FEHD) O Isubseteq_refl 5
XEowWEER FS5HD) ORFME | Isubseteq_antisym
XEowWERER (F5HD) OHBRE Isubseteq_trans

XEowu&EEFR (FS5HD) OTR Isubseteq_intersection 18
XEowuaBGk (FS5kL) OIERGFHHE Isubset_antirefl

XHEOWUERFR FESRL) OHaREH Isubset_trans 7

#£5.5 FEBRER waBftontH

BXEoH@ESRS HEH D EXETERSI N TWS, H@EETIENR 5.1 DHBEITHT S
N7=DT, ZRNZNUTOWTEEAZATS . H@EH T OMEIZOWT Coq TOEEZ Y —
X:I_ F 54: &:ZT—\‘TO

V—2a— K 54 H@FRmoMEED Coq TODREEH

1 Lemma Iintersection_if_dividedl : forall x y, x < y —> Iempty (
Iintersection x y).

2 Lemma Iintersection_if_divided2 : forall x y,
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3  Inempty x /\ Inempty y -> (upper x == lower y)%Q -> Idot (
Iintersection x y).
4 Lemma Iintersection_if_divided3 : forall x y,
5 (lower y < upper x)%Q /\ (lower x <= lower y)%Q /\ (upper x <=
upper y)7%Q —>
Inempty (Iintersection x y).
Lemma Iintersection_if_divided4 : forall x y,

x ==y —=> x == Iintersection x y /\ y == Iintersection x y.

© 0o N O

Lemma Iintersection_if_dividedb5 : forall x y, Isubset x y —>
Iintersection x y == Xx.

10 Lemma Iintersection_if_divided6 : forall x y, Isubset y x —>

Iintersection y x == y.
11 Lemma Iintersection_if_divided7 : forall x y,
12 (lower x < upper y)%Q /\ (lower y <= lower x)%Q /\ (upper y <=
upper x)%Q —>

13 Inempty (Iintersection y x).

14 Lemma Iintersection_if_divided8 : forall x vy,

15  Inempty y /\ Inempty x ->

16 (upper y == lower x)%Q —-> Idot (Iintersection y x).

17 Lemma Iintersection_if_divided9 : forall x y, y < x —> Iempty (

Iintersection y x).

XM DOIHE I OB TR CAATE 72, aFIHO 238k A i ETWB, &
FERHIC o T ATy THEFR SO ICE D D,

5.2 I\ {E L 7c BBSL DECihaE I DFEER

JeATHISE [7] © BBSL Ot h ofERIcHW s, G5t 12 otz L %
BBSL Titih§ 2 EBRZ1To 7z SLbFEBRICHA L7 Z2 R 5.7 Ik D 5,

A1 BN 52 DX 52RO 4> -2 EroREBAZGLBLMAKTH S, 1D
HD Y — V3 ETRHEBICMEIFEL TOWRWEAETH 2, 2 DHO Y — Y IEZEREED
I b e B AR L TE D, 2o Z AN DHEB B ETREBICHEEL TWARWEE
TH2, 32HDY —VIZETEEO LAl TR Zh 2 BN FE L. SIEBICE
ALTVENREZFREINTVWARWEETH S, 4 DHD Y — VIl EREEICEE X
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HE i ol AT v TR
&5 1 | lintersection_if_divided1 11
B&57 2 | lintersection_if_divided2 12
56570 3 | lintersection_if_divided3 23
5E577 4 | lintersection_if_divided4 29
5653 5 | lintersection_if_divided5 13
5537 6 | Iintersection_if_divided6 2
5657 7 | lintersection_if_divided7 2
&5 8 | lintersection_if_divided8 2
5553 9 | Iintersection_if_divided9 2

£5.6 FHHER XHEOIEED

ftHk id (iR>E2
BMD 4> =% EPSFHRLIEDHD
Lead vehicle stopped

Debris static in lane
Vehicle cutting in
Vehicle cutting in(HWD)
HEOBEBR 1 & 2 0t
HEOBR 3 & 4 oftid
ERIfR 1 & 2 OFtid
(ERIR 3 & 4 oitid
TEBFR 1 L 2 o
KANBEGR 1 & 2 odtah

contains

£ 5.7 FLBFEERTHM L7 fhhk

© 00 N O Ot s W NN

T T
N = O

NTWBHETH 5,

LkE 2 T BEMATFEEL, FIEL TV HEEDMETH 2, HEREIZEATD 5 3
=2 UTHE, £k, VARV AR LYEDH %, BiFEMDH 3 FEET T IUIEEL
EHITEDVWTIT 8 BEIET 3 2 WO IR o T W3, L ARY R% UIRRTHEE ST
NIEWGETH 5,
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| ¢ ; 1

Desired Merge Inn / Desired Merge — | Desired Merge
Location Desired Merge Location Location

Location
- /

| 1
/ ] 1

———

‘
SES S

——— | —e—

|
FSSEE | SISNIE  RITSE

5.2 AWMD 4 ¥ — > % Bounding Box TH - 72X [7]

Lk 3 XM LIS R EEY DS 2 550 TH S, 7 — A LTHGE, F1E. L
ARV RIL U D %, tHhR 2 L RMRICEEYDED IZERE L, REINELRT 2 20
SRS 2TV B,

LRk 4 IIMEFAEHEL — S ICEH D IAATWRIGEEDEHETH 2, RiFHEGEBEOL —
Yo DEDABHEMMPIFET 2 Z L ZHHEE LTWS, 7 —R& LTELE, B, AT
BIZHES . BIDIAAEHMICHI S ZEZ D 4 0035 %, HEFICE DIAAHGHIRALTE
D, D OHEWIIZHHSGEFIUREIE. H2EERTIUIEEE RoTWwd, £, Elh
IAABEE 20 U C R B A H B IS WSS ET T EAICRE S o F D A BB A H HAR
WRAILTWRWS, H3FEEEWEEIEE D IAARERICH T 255,

Rk 5 IIMENAHEL — VIZH DIAA TV RIGAEDMERET, Hik4 L 3B EAY S
LDL—rhHDEIDABPEXAILTWVWS, F—R& LT k4 Dr—TMmAT
FEDHEMUCHIREE, HOHEFICHBREEIEMENTWS, BEMEZLLAT 2 212750
5 TEARELLDL— U oEIDIAKHETHK 2 222 XA L TW\Wa,

4% 6. 7 1% ToU(Intersection Over Union) Titih T & 2RO TH 2, ToU IXH
Bltoxr7o =7 bETLOBGRE—HEREHVWTEART 52 /51ETH 5, BBSL & IoU %
e 2 B citd X =tk e 2o T3, IoU & 2 ©2®D Bounding box &Rz
T A HEIH T DEIEGTRD HND, 2 DD Bounding box 23E X - TWBIGE % {14 6.
7T TEt4 Ol L TWwW3,

k& 8. 9 1% 2 DD Bounding box O ERFRDFIART, ToU TIFEih T 2 Z AT
BRWHDTH 5, 1k 8 DNERIR 1 TIX. 2 2D Bounding box (23X L T—772 LIz
57 —A, MEBRICTIEAERNICH 27— 2 %5 L TW5, {15k 9 ONERR 3 Tl
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—IWERCH B —A, (EBERR4TIETICH S5 —R 2L TW5,

f1:k% 10 13 Bounding box D EEERICOWVWTEHADR L TW S, IoU TIXHEHRLE KD
Bounding box % FH $ U EMNC O EBEGFRE RT3 Z e B TE %, BBSL TlHIE
28D Bounding box ZNM X FICAUEZEFRZHLATE 5, ZOMERIIZOELHEDID D
72O ENTWVWE, EEBFR 1 TlE—7 D Bounding box 23 ICEl &I T WS
F—R, UElk2 TRZOHD S —ADFERE TN S,

L4 11 1Z Bounding box O A/NERICOWTEAR L TW5, A/NEIRIEERE 10 2 [H
U< IoU TIEHEB 21D Bounding box 23 EZ 7 %23, BBSL TIIXBER W & i
P 57D I N T WS, KPR 1 TlE—7 @ Bounding box DHIFENM G DH
I D REWT =2, KPR 2 TIIHEWT =20 E T3,

ft4% 12 1% Binary topological relations THW 54 2 BfRAGECHR T LTV 5, Binary
topological relationships[11] {ZE{R LA 7Y = 7 RO ERFRZFLAR T = 2 FikE
THH, MHNZRERICE DK 53 DX 5% SHHDOMEGZRZEAT 2 TES, Z0D
fL#% Tl Binary topological relations & DD 728, 8 FEHODEIfRIZDWT BBSL T
LR LT3,

Als A A 8
B
ACONTAINS B A COVERS B ATOUCH B
B INSIDE A BCOVEREDBYA  BTOUCHA
B

A OVERLAPBDYINTERSECT B A OVERLAPBDYDISJOINT B
B OVERLAPBDYINTERSECT A B OVERLAPBDYDISJOINT A

- ’ [ |

A EQUAL B A DISJOINT B BONA
B EQUAL A B DISJOINT A A COVERS B
LEHAE L2oMKY J2/)

5.3 Binary topological relations O BIRDX [7]

N FEEROH e LT HEHAHEL — Y IZEHDIAATWS & ZDRICDOWT,
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BBSL TOitih%z Y —Xa—F 55 1TmRT, K54 3OS X—-IHTH 2,

M54 MEEREL—VICEHIDIAATHSHEEDA X —TK (7]

ZOMMED BBSLIC X Bt E Y — 23— F 5.5 1R T, Al EM & BEEHATELE Ly
D LG &5 5O HRED O HHEHEANDEH DIAATE TV R HE DGR N T
W3, 4 X=IYK 5.4 TEEMMD SMELEDIAATVWS, ZIZT, BHIHTARXT00DH
BTREREHEL-VDREELERZD. 202 EE D Bounding box D&ESE & L TRIL T
W3, CTADHBEMXBEETH S, r— R LTI HBERICHMETSE D AATNT,
DO X R & D FRNTR TOAIUIIF I, AF RS2 5 TV IR W 23R [ A3 P X R
WA COAURTFGE, F 728 D ABET ST HEM & D B EmIZE WSS SR IR
5. B DAAHTEAH HEFIE AL L TOWR WA FEEED TS ST E] D SAA R ICHTS %
HH, o TWb, ¥z, ZhaEAIbL7BBSLTY—RXa— K56 DX 5 Zidds
3P TE, HARMNCIE BBSL O SR X EER L, Coq THRELZDL
[ UFNET BBSL TEhN7-d 02 At L7z BBSL TE &2 21To 7, YL L /-
BBSL TlINEBEE 7 v v Z 3B Tw B,

Y —2Za—FK 5.5 Vehicle cutting in[7]

exfunction

//BIBEADOEEZFIVY, HNIE true ZRT
BIFEmMHS (O :bool
//BBERUNDOEDFEZF T VY, HNUd true ZIRT
EEHH S (O bool

//BIBAEED boundingbox ZIRY

BIZER (O:bb

//BIDIAHERD boundingbox ZiRT

EIDAHER (O:bb

© 0 N O ks W N
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47

//RRLRITNIEESHBVWEHEEZ boundingbox TR
FERXRE O :bb
//BEFEDOHEIHZHE L7 boundingbox DEFZIRTY

BEEXMES () :setBB

endexfunction

condition
(BIAEmHAHS (Oand MMEmEHHS (]

endcondition

case %JJ:

let E|DAAEM:bb = EIDAHER O,
HERXMEES setBB = BHEEFEXMES O,
HEXR :bb = HEXB (O in

exists x € BHEXHEES.

(PROJx (BIDIAHEM) ~PROJx(x)) and

PROJy (B D A HEM) <PROJy GROEX ) )

endcase

case ;FESE

let BIDAAE: b = BIDIAAER O,
BEHFXHEES setBB = BEEFEXHES O,
FERXE:bb = HEXE (O in

forall x € HEEKEXHEES.

not (PROJx (B D IAHEH) ~PROJx(x)) and
PROJy (B D AAE M) <PROJy GEERX ) ) and
exists x € BEHKEXMEES.

(PROJx (BIDIAHEM) ~PROJx(x)) and
PROJy (B D IAAHEE) ~PROJy GRUOEX ) )

endcase

case RIFEICHES

let EBIDAHEM:bb = BIDAAEF O,
BHERXMEES setBB = BEHRHEES O,
AOEXRE :bb = FEXME (O in

PROJy (RIS EM) < PROJy (BIDAAET)

endcase
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48
49
50
51
52
53
54
55
56
57
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11

12
13
14
15
16
17
18
19
20

case BINAHEMICHI A ZED

let EIDAAEME:bb = EIDAHER O,
HERXMEES setBB = BHEFEXBAES O,
ERX:bb = FEXME (O in

forall x € BEFEXMEES.

not ((PROJx (EIDAHEF) ®PROJx(x)) and
(PROJy (BI D IAH ) <PROJy GRUERX ) or
PROJY (B D IAHEF) =~PROJy GRIREX) ) )

endcase
Y —Za—FK 5.6 Vehicle cutting in ®JFk L7z BBSL TODFLibfl
Definition example_vehicle_cutting_in : Spec :=
( cND (EXP_and (EXP_Bvar "RIAEMA‘$HS") (EXP_Bvar "fhEMEHHSB"))
, [ =Lk
, [ DEF_BB "EIDAAEM" (EXP_BBvar "EIDAHERH")
; DEF_SBB "HE#RXMIES" (EXp_SBBvar "HHEIRXMEES")
; DEF_BB "JBEX[E" (EXP_BBvar "JHIRX[E")
]
, EXP_exists "x" (EXP_SBBvar "HEMRXMES")
(EXP_and
(EXP_Toverlap (EXP_projx (EXP_BBvar "EIDAHEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "E|DIAAHEM")) (
EXP_projy (EXP_BBvar "iBURXR"))))
)
;0 C iEGE"
, [ DEF_BB "ZEIDAAHEM" (EXP_BBvar "EIDAAEME")
; DEF_SBB "HE{FXRIES" (EXP_SBBvar "HEIEXRIES")
; DEF_BB "JBERXR" (EXP_BBvar "JHIRXR")
]
, EXP_and
(EXP_forall "x" (EXP_SBBvar "BHERXMIESE")
(EXP_and
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22

23
24
25

26

27
28
29
30
31
32

33
34
35
36
37
38
39
40
41
42

43
44

45

46

47
48

(EXP_not (EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAE
m")) (EXP_projx (EXP_BBvar "x"))))
(EXP_I1t (EXP_projy (EXP_BBvar "EDAHEM")) (
EXP_projy (EXP_BBvar "iBUEXR")))))
(EXP_exists "x" (EXP_SBBvar "BEEIRXM")
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "EIDAHEM")) (
EXP_projy (EXP_BBvar "jJHiRXME")))))
)

; ( "EIAEmICHES"

, [ DEF_BB "EIDIAHHME" (EXP_BBvar "EIDAAEE")
; DEF_BB "BUAEEM" (EXP_BBvar "RUAHEEM")
]
, EXP_Qlt (EXP_projyl (EXP_BBvar "BUAEM")) (EXP_projyl (
EXP_BBvar "E|DIAAEM"))
)

; ( "BIDAHEMICHISZES"

, [ DEF_BB "EIDAAEM" (EXP_BBvar "E|DIAAEHEME")
; DEF_SBB "HERXMEES" (EXP_SBBvar "BHFXMEES")
; DEF_BB "/BiEXF" (EXP_BBvar "JBUEXRI")

]
, EXP_forall "x" (EXP_SBBvar "BIE#RXFIES")
(EXP_not
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAHEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_or
(EXP_I1t (EXP_projy (EXP_BBvar "EIDAAEMM")) (
EXP_projy (EXP_BBvar "iJHIRXR")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "EIDIAHEM")) (
EXP_projy (EXP_BBvar "iBiREXRI"))))))
)
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AR D FFEICEE IR EIT o720 TARTOEEDELE IR B I2&KETWS, TTOD
BBSL ToitikEg. Rt L7/7= BBSL TOXREZRFRICEFL DS,

Lk

L (17)

Bt L 7z BBSL TOilik&E (17)

BWRMD 4> =i Lok LzdD
Lead vehicle stopped
Debris static in lane
Vehicle cutting in
Vehicle cutting in(HWD)
HEoBF 1 & 2 otk
HEOBR 3 & 4 oFtid
EBIR 1 & 2 oitid
(I ERR 3 & 4 Otk
TWERGFR 1 & 2 otk
KNBIR 1 & 2 oidid

contains

37
30
44
56
112
22
26
22
29
22
22
88

44
28
43
48
158
22
40
16
27
16
20
118

#* 5.8 FEEAER JER(LL 7= BBSL DilibaEH D55k

5.3 #:z\{t L 7= BBSL DFERARES DREER

JERIL LU 7= BBSL OMEFHE I D8 5 7=, {14 Lead vehicle stopped % W T
r— 20BN DI %Z1T 5, Lead vehicle stopped @ BBSL I &k %itid%E Y — 20—
R 5.7 T, BRI TRIAHEDH 2 ()] DA, 7F—RA e LTI, F1E, L AR
YARBRLDIEENED B, TOMLFRICONWT, FHERGDPED L &, YO X5 kEGE S
ZTHBTVTND 1 O EDr —ZADHEIIKR S Z % 2 2 TET — ROM#EME L X3,

Y —AXa—F 5.7 Lead vehicle stopped

1 exfunction

FIAERDHS () :bool
//BiBEED boundingbox ZiIRY
BIAEME ():bb

[ L A ]
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//RER L BTN S B VEEF D boundinbox ZiRY
AERXRE O :bb

endexfunction

© 0o N O

10 condition

n [AAEEIHD O]

12 endcondition

13

14 case ;F'EE

15 let BUIAEM:bb = BIFEM O,
16 BIRXE:vb = FHEXME () in
17 PROJy (BIAEM) ~PROJy GRERX )
18 endcase

19

20 case {21k

21 let BIAEM:bb = BIAEE O,
22 JEXR :bb = FHEXRE (O in
23 PROJy (BI5EEM) <PROJy GRUEX )
24 endcase

25

26 case LARVXEL

27 let HIAEM:bb = BIAEE O,
28 AERXE :bb = AEXE () in
29

30 PROJy (RIAEEM) >PROJy GRGEXFE)

31 endcase

r— ZADOMFEEE K (5.6) ISR T, F—REIERBDO T, MR TIIFmEE. 7E
B FIGRENEH o TEEXEZI IR TE S, 207D, FEIED Coq TOHEETIX
EETEBVRAMEHAVWTED, BIZoRIZER->TL %, $/-. BEREEIIMHE
FRICKT 2 223D 5720, MOBEKE LTEREXRTWS, 7% %E Coq TEHE
T 57-0DHEE L LT option & HWT W3 729, option Bz bH 2 LEE B BT X LT
W3,
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Y R, R X R € BB.RITEBNFET S € bool.
AT DFIES %5 — I(label, case) € (Csprec|lead-vehicle_stopped]env). (5.6)

o ERAYL L7 BBSL Titib L72d D% Y — 23— F 5.8 IT/RT, Coq THEE
L7 BBSL ¥ 2Otk E# - Tr — 20ME O mEDOREIEZITW, T %,

YV —Za—FK 5.8 Lead vehicle stopped @A L7z BBSL 12 & %5cbd

1 Definition example_lead_vehicle_stopped : Spec :=
2 ( cND (EXP_Bvar "EUAEmHBHZ")

3, [ C "mEE"

4 , [ DEF_BB "BiAHEM" (EXP_BBvar "BiAEM")
5 ; DEF_BB "/BiRXR" (EXP_BBvar "JBEXRI")
6 ]

7 , EXP_Ioverlap

8 (EXP_projy (EXP_BBvar "RUAEM"))

9 (EXP_projy (EXP_BBvar "JHRXFRI"))

10 )

11 ; C "=LE

12 , [ DEF_BB "BUSEEM" (EXP_BBvar "BUFEM")
13 ; DEF_BB "/BIRXR" (EXP_BBvar "JHIRXR")
14 ]

15 , EXP_Ilt

16 (EXP_projy (EXP_BBvar "RUAEM"))

17 (EXP_projy (EXP_BBvar "JHiRXFR"))

18 )

19 i ("LRERVZEBEL"

20 , [ DEF_BB "BiASE" (EXP_BBvar "BiHEME")
21 ; DEF_BB ";BiRX[E" (EXP_BBvar "iRIRXFH")
22 ]

23 , EXP_Igt

24 (EXP_projy (EXP_BBvar "RUAEEM"))

25 (EXP_projy (EXP_BBvar "jEiRXRH"))

26 )

27 ]

28 ).
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r— Z2ADMEED Coq TOEERLY — 22— F 591177, iFBHOEE IR A 1]
BTW3, EBEIDr—20MENS Coq TEEL, fHEZ523 BT, i
AT v TEIZOWTE 5.9 WTRT, 7 —ADMEEMED Coq TOREBIZDOWT, LD 5.6
CHARTERABDERH IR > T WD, HEHE LTUTO 20082 Fsh 3, 1 2HIE Coq
TR BE R RIA T % 729 option B> TW B 5, Z D option K DI Z T W
5 ThH?, EREEBITEH7BEETH D option HDEZIR T /20, FDEANDUEZ
T 2 72 DI option_map ZFAWVWT WS, 2 0HIX, BRAZY X MIHRT 215 HERE
LFZ2mEANCE XA TVE D TH S, THUTE>TY R MNFEOUIEDEME 1,
SRBEHEIC TR 5TV B,

V—2a— R 59 F—2x78avrZOfE@Etoiih

1 Proposition comprehensiveness_of_example_lead_vehicle_stopped :

2 forall (exists_front : Prop) (front_bb dec : BB),

3 let evaluated :=

4 Cspec

5 example_lead_vehicle_stopped

6 (add "EXM" (Vbb dec) (add "HIAEM" (Vbb front_bb) (add
"BIHEENHB" (Vb exists_front) (empty Value))))

7 in
8 BBnempty front_bb /\ BBnempty dec /\ exists_front ->
9 match option_map (fun ev => List.fold_left or (List.map snd ev)
False) evaluated with
10 | Some b => b
11 | _ => False
12 end.
% e AERHR 7 v T8
Lead vehicle stopped | 77— 71 v 7 OfE#EM: 61

x 5.9 SEEASR R L 7= BBSL OREHRES D EER

79



E6E

i

BBSL O {ticFE L T, BBSL TRFEHEEIFDONAT VR & A%, AWFETITAE
BRI W TRERITo 72, A HWTS JWHEH 2 LT, BBSL AHEi{§% fldsifi
YL TWEEDRNEMUNPE 7L TRESNS Z e AEIToN %, BBSL 250 &
2 HENEEE S 2 7 A ORI ERERHS S A T A THGR LOA 7O 2 7 V28T 2
HEXINTEBD, ZLOEATHRIE I RX—HEHRLKR 2, N7X—HEOHED, 72
X —EHRICEET 2 2 v CTRIBICIRZ %, T2, ERTERSEEBTHET RS L
T, FERTIIHEEEICHEATREME A I N DIt Ly B FRE D H B IR E AT BEE DS B
e TFonDd, FEIMREEDD 2 Z 2T, iEHEE S BICHHIREE TIHE DT 217
HITZEMTED, PIZIR, 2 <yVy <z RETHEDIVITA S, EBRTIEHAZIT-o 72
o — 2O (5.6) X HEEE OPUERTREIED 7R W L FEIH T % Z & 23T E R0,

FULKERICELT, £ LTH/ONZ2DDIEFIV R I 2ZHWTEELIT- )
BBSL ZEBR LA 7Y = 7 ML OMEBEMFREEAT 27200 FETH D, b s fE
BIRTERE RS, £/ VR MEHWS Z L TEBROULFEREIA A D ULFR A B F
WETXZHEDD 5,

BBSL Z A bicB T, MR L ERT 24T BBSL OMXDRD & HoOlr,
BIETBILNTER, ik, BBSL DSEXKIOMEZM EXEE N TE
72o BBSL OMESUEFRICDOWT, FATHISE (7] @ BNF TOER T CH I HTaldkT
ERVWHEDDD o7z, 1 DOHIIINRBEMOERICOVWTTH S, TDEFHFEEY —Aa— K
6.1 IZRT, ZTOEFRTIIABEIEIIZ 15 % 1 D LaZ TR WA, ARIZER DT
ERZIIIMB DB TES, XoT, MXER 3.2 TEERDOSIBEZTFINS X5 EBIE
L7
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V—2a—1F 6.1 AEFEBOITOER

1 function-definition ::= function-name " (" type ")" ":" type

2o0BIZ T MEORD T ERIZOWTTH E, TOEHREEY — 22— F 6.2 1R
T, COEBCIEYEERTIAIENTERDL T2, /2. HGEOH IR ERIN
TVWARY, XoT, MXEFE 34D bexp DI T—NMEOROEXZEHRLEL 2,

V—2Z2a—FK 6.2 T—IHORDILDER

1 condition-definition ::= (* (7 condition-definition condition—binop

condition-definition )” )

2 | (quantification—definition ~ (” condition-definition ~ )” )

3 | condition-term|none-token

4 condition—term ::= value condition—-com value

5 quantification—definition ::= quantification—expr &, quantification
-definition) X ” .”

6 quantification—expr ::= quantification-token var—name quantification-
token value

7 value ::= var—namenumber | function-call

8 | (value binop value)

3OHIE let OWIZTOWTTH B, TODEHFREY —AA—F 63I1TRT, TDEFKT
Flet ¥ in ZWICEL ZENTETLE D, Lo THCERE 3L DXSIBEIEL =,

V—2a—F 6.3 let DWXDITLDTEE

1 let-definition ::= let—token let—expr ("," let—expr) [X let-token
2 let—expr ::= var-name ":" type "=" value
3 let—token ::= "let" "in"

B L L7 BBSL OME DFE 21T 5 EBRIC L D, BBSL OFEENEX L 7-@E D (28
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WTW3 Z e ZhErdohi, 53, 5.4, 55, 5.6 KD, F&ALDIFEHN 10 27 v
THIRRICINE o TV 3, Kiftge ORI & b BEREE DA D RN T v T T
1272 LL, EHNARBETH 27y —2 70y 7 OMEEOIHICIZE 5.9 X b 61
AT T oTWb, Fie, FEDIEITD T TICHEAEZ i/ 2 BT 25 2
T ThhroTW5, X Bounding box D% - O EREZRET Z L TRET S
AfREMED B B

3t L7z BBSL ToOiikEEIc oW T, Rk L% BBSL Tidtd BBSL & A%
DELIREEN 23D 2 Z L DR TE T £72. £ 5.8 XD BBSL Toidh&E e B LL 7
BBSL ToOitdhEIZIFE AL EDL LR o72, L L, BRI L7z BBSL T EREEEL
70y Z7EERL TOWARWSIERESEEI TWdeEZI NS, $7-, ERIL L7 BBSL
THREZRER T 2BRICIIMEMYARE ZDOE Fd T2 2 212D T, iidic#rd -
7zo PRI L LT, BBSL OREX#EMAR 2 EE L, Coq THEE L LBOMRMORE HE)
AT 2 e BTN 5,

BBSL OHRFEFREH O EAMEICE T 2 EBRICOWT, 7 — 2ADOMBMEAAATE 28T
FEHEDHED D HbNTz, EETIEr — AOMEEOSFEZHA L LTRldh L%, 2h%
Coq CEELIHHZEITo72e L L. 7 — ZADOMRMEDEIERICEEDHEEIC X BTTOM
Y OTEHED D - 720 TTOTMEDN (5.6) THolzoizxt L, b L7 BBSL 12k > T
IR L7@lE 5.9 bR oz, EZDFEEHERIICEIARTE S X5 RANAETIIRD -
720 5.9 K DFEHHIZ 61 2T v ThhhoTW5, fRREKYE LT, MiEL7-WHEE DR
WICRHE L 7= RIASFEDRENZEIT SN 5,
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ETE

L&« SED

QL

gﬁ
Fam

BBSL DXt 2 OEKEKEERL, 26 % Coq ETHEET 222 TBBSL O
XL Z1T o7z, Coq ZHWTEIHEME LTHELZ vick b, BBSL @ EKimd HE
WEE->7e THICK->TBBSL T EEHINGMEMRELILARTESE K517, X
7= RIL L7 BBSL ZHWWTHMICOWTEE LWHEZ AR LA T 3 2 e T %
7zo THUTE o T, BBSL TilR SN DMEZ X VM LEXEEZENTEL LD
o7,

SHROMEL LT, FIEIBEMBOFEENZE T NS, BFIRTIIEA{L L= BBSL
HOWTERIAEZTRT 2 1B h RO, TSR EORE ERGR T 2 72581
L, B I RZFEFHIER TV, Fh, $TI BBSL Tt LTV 3 k2 TEMH T
XM OMEND B, HXETEE % EEE L BBSL O iED S MR SOKE BB T4
T5ZET, ZNSLDOMENFIRTE B,

b5 —ODFHEL LT, ROV THGEE L 72 WIHE DGRBS TR WHEDL D 5,
ZHLHEBEOMBE L R U MR ORZ ERGR T 28 L X0 H 5, LorL. BBSL I
ERREE U 72 W E 2 Riib 3 2 I 7 W o, BESURTER 2 5 LT d Z MBI L
W0, F2, BEEL2WHEZER T 3 12H 72 o TIERIL L7z BBSL %% F#E
Coq DEBEICAEASINR T VRIED D %, MEE L2 WHEEZFR T 2 -0 ORIAFE
ERTDIIETINLOMBERRERT 5D TE 5,
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BBSL #E:{t. L7z Coq DY —2a— FD L% A1 ITRT,

© 0 N O Ot ks W N
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© 00 g O Ot ks W N = O

Y—2a—F Al Coqizks3ftoy—2a—F

Require Import ClassicalDescription ClassicalFacts QArith OrdersFacts
QO0rderedType Qminmax GenericMinMax String Bool List FMapList
OrderedTypeEx Ensembles Bool Ltac2.0ption.

Import ListNotatioms.

Declare Scope BBSL_scope.

Local Open Scope bool_scope.
Local Open Scope (_scope.
Local Open Scope string_scope.

Local Open Scope list_scope.

Local Open Scope BBSL_scope.

(* helper *)

Lemma DNE : forall A, "7A <-> A.

Proof.
intros.
destruct (excluded_middle_informative A).
split.

— intros. assumption.
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23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57

— intros.
unfold not. intros.
apply (HO H).
- unfold not. split.
intros. contradiction. intros. apply (HO H).
Qed.

Lemma nor_nandn : forall A B, ~(A\/B) -> “A/\"B.

Proof.

intros A B HnAorB. split.
intro HA. apply HnAorB. now left.
intro HB. apply HnAorB. now right.
Qed.
Lemma nandn_nor : forall A B, "A /\ "B -> “(A \/ B).

Proof.
intros A B HnAandnB. destruct HnAandnB as (HnA & HnB).
intro HAorB. destruct HAorB. contradiction. contradiction.
Qed.

Lemma norn_nand : forall A B, “A /\ "B -> “(4 \/ B).

Proof.
intros A B HnAnB. destruct HnAnB as (HnA & HnB).
intro HAandB. destruct HAandB. contradiction. contradiction.

Qed.

(* require classical facts *)
Lemma nand_norn : forall A B, ~(& /\ B) —> ~A \/ "B.

Proof.

intros A B HnAandB.
destruct (excluded_middle_informative A) as [ HA | HnA].
right. intro HB. apply (HnAandB (conj HA HB)).
now left.
Qed.
Lemma Qlt_not_ge_iff : forall x y, x < y <> 7y <= x.

Proof.

intros x y. split.
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58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95

apply Qlt_not_le. apply Qnot_le_1t.
Qed.
Lemma Qle_not_gt_iff

Proof.

intros x y. split.

apply Qle_not_1t. apply Qnot_lt_le.
Qed.
Definition Interval Type = Q * Q.
Definition lower Q *Q —>Q := fst.
Definition upper Q * Q —>Q := snd.
Definition Iin (v : Q) (i : Interval) := lower i <= v <= upper i.
Definition Inin (v Q) (i Interval)
Definition Iempty (i : Interval) := lower i > upper i.
Definition Inempty (i :Interval) := lower i <= upper i.
Lemma Iempty_not_nempty forall i, Iempty i -> "Inempty
Proof.

unfold Iempty, Inempty. intros i H.

now apply Qlt_not_le.
Qed.
Lemma Inempty_not_empty forall i, Inempty i -> “Iempty
Proof.

unfold Inempty, Iempty. intros i H.

now apply Qle_not_1t.
Qed.
Lemma Inot_empty_nempty forall i, "Iempty i —> Inempty
Proof.

unfold Iempty, Inempty. intros i H.

now apply Qnot_lt_le.
Qed.
Lemma Inot_nempty_empty forall i, “Inempty i -> Iempty

Proof.

forall x y, x <=y <> 7y < x.

88
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96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133

unfold Iempty, Inempty. intros i H.
now apply Qnot_le_1t.
Qed.
Lemma Inot_empty_and_nempty : forall i, ~(Iempty i /\ Inempty i) .

Proof.
unfold not. intros i H. destruct H as (H & HO).
apply Inempty_not_empty in HO. contradiction.
Qed.

Lemma Iempty_not_nempty_iff : forall i, Iempty i <-> “Inempty 1i.
Proof.

intros i. split.

apply Iempty_not_nempty. apply Inot_nempty_empty.
Qed.

Lemma Inempty_not_nempty_iff : forall i, Inempty i <-> "Iempty 1i.
Proof.

intros i. split.

apply Inempty_not_empty. apply Inot_empty_nempty.
Qed.

Lemma Iempty_nempty_dec : forall i, {Iempty i} + {Inempty il}.
Proof.

unfold Iempty, Inempty. intros 1i.

apply Qlt_le_dec.
Qed.

Lemma Inempty_empty_dec : forall i, {Inempty i} + {Iempty il}.
Proof.

intros 1i.

elim (Iempty_nempty_dec i) .

* now right.

* now left.

Qed.

Lemma Iin_not_nin : forall v i, Iin v i -> "Inin v i.

Proof.
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134

135

136
137
138
139
140

141

142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167

unfold Iin, Inin, not. intros v i H HO. destruct H as (H & H1).
destruct HO as [HO | HO].
apply (Qle_not_1t (lower i) v H HO). apply (Qle_not_lt v (upper i)
H1 HO) .
Qed.

Lemma Inin_not_in : forall v i, Inin v i -> "Iin v i.
Proof.
unfold Inin, Iin, not. intros v i H HO. destruct HO as (HO & H1).
destruct H as [H | H].
apply (Qle_not_1t (lower i) v HO H). apply (Qle_not_lt v (upper i)
H1 H).
Qed.

(* use a classical fact *)
Lemma Inot_in_nin : forall v i, “Iin v i -> Inin v i.
Proof.
unfold Iin, Inin. intros v i H.
rewrite Qlt_not_ge_iff.
rewrite Qlt_not_ge_iff.
now apply nand_norn in H.
Qed.

Lemma Inot_nin_in : forall v i, "Inin v i -> Iin v i.
Proof.

unfold Inin, Iin. intros v i Hnnin.

rewrite Qle_not_gt_iff.

rewrite Qle_not_gt_iff.

now apply nor_nandn in Hnnin.
Qed.

Lemma Iin_not_nin_iff : forall v i, Iin v i <-> "Inin v i.
Proof.

intros v i. split.

apply Iin_not_nin. apply Inot_nin_in.
Qed.

Lemma Inin_not_in_iff : forall v i, Inin v i <-> "Iin v i.
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169
170
171
172
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179
180
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183
184
185
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188
189
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194
195
196
197
198
199
200
201
202
203
204
205

Proof.

intros v i. split.

apply Inin_not_in. apply Inot_in_nin.
Qed.

Lemma Iin_nin_dec : forall v i, {Iin v i} + {Inin v i}.
Proof.
unfold Iin, Inin. intros v 1i.
destruct (Qlt_le_dec v (lower i)) as [ Hltvli | Hleliv].
right. now left.
destruct (Qlt_le_dec (upper i) v) as [ Hltuiv | Hlevui ].
right. now right.
left. apply (conj Hleliv Hlevui) .
Qed.

Lemma Inin_in_dec : forall v i, {Inin v i} + {Iin v i}.
Proof.

intros v i.

elim (Iin_nin_dec v i).

* now right.

* now left.

Qed.

Lemma Iin_lower : forall i, Inempty i -> Iin (lower i) i.
Proof.

unfold Inempty, Iin. intros i H. split.

apply Qle_refl. assumption.
Qed.

Lemma Iin_upper : forall i, Inempty i -> Iin (upper i) i.
Proof.

unfold Inempty, Iin. intros i H. split.

assumption. apply Qle_refl.

Qed.
Definition width (i : Interval) := Qmax O (upper i - lower 1i).
Definition Ieq (i0 il : Interval) := lower i0 == lower il /\ upper iO
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207
208
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213
214
215
216
217
218
219
220
221
222
223
224
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228
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230
231
232
233
234
235
236
237
238
239
240
241
242

== upper il.

Definition Ilt (i0 il : Interval) := upper i0 < lower il.
Definition Ile (i0 il : Interval) := upper i0 <= lower il.
Notation Igt a b := (Ilt b a) (only parsing).

Notation Ige a b := (Ile b a) (only parsing).

Infix "==" := Ieq (at level 70, no associativity) : BBSL_scope.
Infix "<" := Ilt : BBSL_scope.

Infix "<=" := Ile : BBSL_scope.

Notation "x > y" (I1t y x) (only parsing) : BBSL_scope.

Notation "x >= y" := (Ile y x) (only parsing) : BBSL_scope.

Notation "x <= y <= z" := (x<=y/\y<=z) : BBSL_scope.
Lemma Ieq_refl : forall x, x == x.
Proof.

unfold Ieq. intros.
split. apply Qeq_refl. apply Qeq_refl.
Qed.

Lemma Ieq_sym : forall x y, x ==y —> y == X.
Proof.
unfold Ieq. intros. destruct H. split.
apply (Qeq_sym (lower x) (lower y) H).
apply (Qeq_sym (upper x) (upper y) HO).
Qed.

Lemma Ieq_sym_iff : forall x y, x == y <-> y == x.
Proof.

intros. split.

apply Ieq_sym. apply Ieq_sym.
Qed.

Lemma Ieq_trans : forall x y z, x ==y /\ y == z -> x == z.
Proof.
unfold Ieq. intros. destruct H. destruct H, HO. split.
apply (Qeq_trans (lower x) (lower y) (lower z) H HO).
apply (Qeq_trans (upper x) (upper y) (upper z) H1 H2).

Qed.
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243

244 Lemma Ilt_antisymm : forall i0 il, “Iempty i0 /\ “Iempty il -> Ilt iO
il -> 7Ilt i1 io.

245 Proof.

246 unfold Ilt. intros.

247 unfold Iempty in H. destruct H.

248 gq_order.

249 Qed.

250

251 Lemma Igt_antisymm : forall iO i1, “Iempty i0 /\ “Iempty il -> Igt i0
i1 -> “Igt il i0.

252 Proof.

253 intros i0 il.

254  rewrite (and_comm (“Iempty i0) (“Iempty il)).

255  apply (Ilt_antisymm i1 i0).

256 Qed.

257

258 Lemma Ilt_not_gt : forall iO il,

259  “Iempty i0 /\ “Iempty il -> Ilt i0 i1l -> “Igt i0 il.

260 Proof.

261 intros iO il.

262  apply (Ilt_antisymm i0 il).

263 Qed.

264

265 Lemma Igt_not_lt : forall iO il,

266  “Iempty i0 /\ “Iempty il -> Igt i0 il -> ~Ilt i0 il.
267 Proof.
268 intros i0 il.

269 rewrite (and_comm (“Iempty i0) (“Iempty il)).

270  apply (Ilt_not_gt il i0).

271 Qed.

272

273 Lemma Ile_trans : forall x y z, Inempty y -> x <=y /\ y <= z -> x
= z.

274 Proof.

275 unfold Ile, Inempty.

276  destruct x as (xl, xu). destruct y as (yl, yu). destruct z as (z1,

zu) .
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287
288
289
290
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292
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297
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299

300
301
302
303
304
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307
308
309

simpl.

intros.

destruct HO.

apply (Qle_trans xu yu zl (Qle_trans xu yl yu HO H) H1).

Qed.

Lemma Ilt

Proof.

unfold Ilt,

_trans

forall x y z, Inempty y -> x <y /\y <z ->x<z

Inempty.

destruct x as (x1, xu). destruct y as (yl, yu). destruct z as (zl,

zu) .

simpl.

intros.

destruct HO.

apply (Qlt_trans xu yu zl (Qlt_le_trans xu yl yu HO H) H1).

Qed.

Lemma Ilt_irrefl

Proof.

unfold Ilt,

forall x, Imempty x —> "x < x.

Inempty. intros.

apply (Qle_not_1t (lower x) (upper x) H).

Qed.

Definition Iintersection (i0 il : Interval) : Interval :=

(Qmax (lower i0) (lower i1), Qmin (upper i0) (upper il1)).

Definition Isubset (i0 il : Interval) := (lower il < lower i0)%Q /\ (
upper i0 < upper i1)%Q.

Definition Isubseteq (i0 il : Interval) := (lower il <= lower i0)%Q
/\ (upper i0 <= upper i1)%Q.

Notation Isupset a b := (Isubset b a) (only parsing) .

Notation Isupseteq a b := (Isubseteq b a) (only parsing) .

Lemma Isubseteq_refl : forall x, Isubseteq x X.

Proof.

unfold Isubseteq. intros. split.

apply Qle_refl.

Qed.

apply Qle_refl.

Lemma Isubseteq_antisym : forall x y, Isubseteq x y /\ Isubseteq y x

-> x

= y.
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310 Proof.

311 unfold Isubseteq, Ieq. intros. destruct H. destruct H, HO. split.

312  apply (Qle_antisym (lower x) (lower y) HO H).

313  apply (Qle_antisym (upper x) (upper y) H1 H2).

314 Qed.

315

316 Lemma Isubseteq_trans : forall x y z, Isubseteq x y /\ Isubseteq y z
—> Isubseteq x z.

317 Proof.

318 unfold Isubseteq. intros. destruct H. destruct H, HO. split.

319  apply (Qle_trans (lower z) (lower y) (lower x) HO H).

320  apply (Qle_trans (upper x) (upper y) (upper z) H1 H2).

321 Qed.

322

323 Lemma Isubseteq_intersection : forall x y,

324  Isubseteq (Iintersection x y) x /\ Isubseteq (Iintersection x y) y.

325 Proof.

326 unfold Iintersection, Isubseteq. simpl. intros. split.

327 - split.
328 —— rewrite (Q.max_le_iff (lower x) (lower y) (lower x)). left.
apply Qle_refl.
329 —— rewrite (Q.min_le_iff (upper x) (upper y) (upper x)). left.
apply Qle_refl.
330 - split.
331 —— apply (Q.max_le_iff (lower x) (lower y) (lower y)). right. apply
Qle_refl.
332 —— apply (Q.min_le_iff (upper x) (upper y) (upper y)). right. apply
Qle_refl.
333 Qed.
334

335 Lemma Isubset_irrefl : forall x, Inempty x —> "Isubset x x.

336 Proof.

337 unfold Isubset, Inempty, not. intros. destruct HO.

338  apply (Qlt_irrefl (lower x) HO).

339 Qed.

340

341 Lemma Isubset_trans : forall i0 il i2, Isubset iO il /\ Isubset il i2
—> Isubset i0 iZ2.
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368
369
370

371
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374
375

Proof.

unfold Isubset. intros. destruct H. destruct H, HO. split.
apply (Qlt_trans (lower i2) (lower il) (lower i0) HO H).
apply (Qlt_trans (upper i0) (upper il) (upper i2) H1 H2).

Qed.

Lemma Isubset_intersection_1
Iintersection i0 il == iO.

Proof.

forall i0 i1, Isubset i0O il ->

unfold Isubset. unfold Iintersection.

destruct i0. destruct il. simpl.

intros. destruct H.

unfold Ieq. simpl. split.

- rewrite (Q.max_1 q q1 (Qlt_le_weak ql q H)). apply Qeq_refl.

- rewrite (Q.min_1 qO0 q2 (Qlt_le_weak q0 g2 HO)). apply Qeq_refl.

Qed.

Lemma Isupset_intersection_r
Iintersection i0 il == il.

Proof.

forall i0 i1, Isupset i0 i1 ->

unfold Isupset. unfold Iintersection.

destruct i0. destruct il. simpl.

intros. destruct H.

unfold Ieq. simpl. split.

- rewrite (Q.max_r q ql (Qlt_le_weak q ql H)). apply Qeq_refl.

- rewrite (Q.min_r q0 g2 (Qlt_le_weak g2 qO HO)). apply Qeq_refl.

Qed.
Definition Idot (i : Interval)

Lemma Iintersection_if_dividedl
Iintersection x y).
Proof.
unfold Iintersection, Iempty.
rewrite (Q.min_lt_iff (upper
))).
rewrite (Q.max_1lt_iff (lower

rewrite (Q.max_1lt_iff (lower

:= (lower i == upper i)%Q.

forall x y, x < y —=> Iempty (

simpl. intros.

x) (upper y) (Qmax (lower x) (lower y

x) (lower y) (upper x)).
x) (lower y) (upper y)).
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377
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398
399
400

401
402
403
404
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406
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408
409
410

left. right. unfold Ilt in H. assumption.
Qed.

Lemma Iintersection_if_divided2 : forall x vy,
Inempty x /\ Inempty y —-> (upper x == lower y)%Q —> Idot (
Iintersection x y).
Proof.
unfold Iintersection, Idot, Inempty. simpl. intros. destruct H.
apply Q.max_1 in H. apply Q.min_1 in H1.
rewrite <- HO. rewrite Q.max_comm. rewrite H.
rewrite HO. rewrite H1. apply Qeq_refl.
Qed.

Lemma Iintersection_if_divided3d : forall x vy,
(lower y < upper x)%Q /\ (lower x <= lower y)%Q /\ (upper x <=
upper y)%Q —>
Inempty (Iintersection x y).
Proof.
unfold Iintersection, Inempty. simpl. intros.
destruct H. destruct HO.
rewrite (Q.max_lub_iff (lower x) (lower y)).
split.
- rewrite (Q.min_glb_iff (upper x) (upper y)). split.
—— apply Qle_lteq. left.
apply (Qle_lt_trans (lower x) (lower y) (upper x) HO H).
—— apply Qle_lteq. left.
apply (Qlt_le_trans (lower x) (upper x) (upper y) (Qle_lt_trans (
lower x) (lower y) (upper x) HO H) H1).
- rewrite (Q.min_glb_iff (upper x) (upper y)). split.
—— apply Qle_lteq. left. assumption.
—— apply Qle_lteq. left.
apply (Qlt_le_trans (lower y) (upper x) (upper y) H H1).
Qed.

Lemma Qeq_sym_iff : forall x y, (x == y)%Q <-> (y == x)Q.
Proof.
intros. split.

— intros. apply Qeq_sym. assumption.
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412
413
414
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426
427
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429
430
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432
433
434

435
436

437

438

439

440

441

442
443

— intros. apply Qeq_sym. assumption.

Qed.
Lemma Iintersection_if_divided4 forall x y,
x == y —-> x == Iintersection x y /\ y == Iintersection x y.

Proof.

unfold Iintersection,

rewrite
rewrite
rewrite
rewrite
rewrite
rewrite
rewrite
rewrite

split.

apply Qle_lteq. right.
apply Qle_lteq. right.

split.

apply Qle_lteq. right.
apply Qle_lteq. right.

Qed.

(Qeq_sym_iff
(Q.max_1_iff
(Qeq_sym_iff
(Q.min_1_iff
(Qeq_sym_iff
(Q.max_r_iff
(Qeq_sym_iff

(Q.min_r_iff

split.

Ieq.
(lower
(lower
(upper
(upper
(lower
(lower
(upper
(upper

x)
x)
x)
x)
y)
x)
y)
x)

Lemma Iintersection_if_divided5

Iintersection x y == Xx.

Proof.

unfold Iintersection,

Isubset,

simpl. intros. destruct H.

(Qmax (lower x) (lower y))).

(lower y)).

(Qmin (upper x) (upper y))).

(upper y)).

(Qmax (lower x) (lower y))).

(lower y)).

(Qmin (upper x) (upper y))).

(upper y)).

apply Qeq_sym. assumption.

assumption.

assumption.

apply Qeq_sym. assumption.

forall x y, Isubset x y —>

Ieq. simpl. intros. destruct H.

split

rewrite (Q.max_1_iff (lower x) (lower y)). rewrite Qle_lteq. left.

assumption.

rewrite (Q.min_1_iff (upper x) (upper y)). rewrite Qle_lteq. left.

assumption.

Qed.

Lemma Iintersection_comm

Iintersection il iO.

Proof.

unfold Iintersection.

forall iO i1, Iintersection iO i1l
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444 intros.

445 destruct i0. destruct il.

446 simpl. unfold Ieq. simpl.

447  rewrite (Q.max_comm ql q).

448  rewrite (Q.min_comm g2 q0).

449 split. apply Qeq_refl. apply Qeq_refl.

450 Qed.

451

452 Lemma Iintersection_if_divided6 : forall x y, Isubset y x —->
Iintersection y x == y.

453 Proof.

454 intros x y.

455  apply (Iintersection_if_divided5 y x).

456 Qed.

457

458 Lemma Iintersection_if_divided7 : forall x y,

459  (lower x < upper y)%Q /\ (lower y <= lower x)%Q /\ (upper y <=

upper x)%Q —>

460 Inempty (Iintersection y x).

461 Proof.

462 intros x y.

463  apply (Iintersection_if_divided3 y x).

464 Qed.

465

466 Lemma Iintersection_if_divided8 : forall x y,

467  Inempty y /\ Inempty x ->

468 (upper y == lower x)%Q -> Idot (Iintersection y x).
469 Proof.
470 intros x y.

471 apply (Iintersection_if_divided2 y x).

472 Qed.

473

474 Lemma Iintersection_if_divided9 : forall x y, y < x —-> Iempty (
Iintersection y x).

475 Proof.

476 intros x y.

477 apply (Iintersection_if_dividedl y x).

478 Qed.
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480

481
482
483
484
485
486
487
488
489
490
491
492
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494
495
496
497
498
499
500
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502
503

504
505
506
507
508
509
510
511
512
513

Lemma Iempty_intersection

Iintersection i0 il).

forall i0 il, Iempty i0 -> Iempty (

Proof.
unfold Iempty. unfold Iintersection. simpl.
intros. destruct i0. destruct il. simpl. simpl in H.

rewrite (Q.min_1t_iff q0 q2 (Qmax q q1)).

rewrite (Q.max_lt_iff q q1 qO0).
left. left. assumption.
Qed.

Definition Ioverlap (i0 il

“Iempty (Iintersection i0 i1).

(* helper *)
Lemma Qmin_1ltl_comm
Qmin q1 q0 < q)%Q.

Proof.

forall g q0 qi

intros.

rewrite (Q.min_comm q1 qO0).
split.

— intros. assumption.
— intros. assumption.

Qed.

(* helper *)
Lemma Qmax_ltr_comm
Qmax q1 q0)%Q.

Proof.

forall g q0 qi

intros.
rewrite (Q.max_comm ql1 qO0).
split.
— intros. assumption.
— intros. assumption.
Qed.
Lemma Ioverlap_comm forall i0O i1,

Proof.

100

Interval)

Prop :=

Q, (Gmin q0 q1 < @)%Q <-> (

Q, (q < Qmax q0 q1)%Q <-> (q <

Ioverlap i0 i1l <-> Toverlap il iO.



514 unfold Ioverlap. unfold Iempty. unfold Iintersection. unfold not.

simpl.
515 intros. destruct i0. destruct il. simpl. split.
516 — intros.
517 rewrite (Qmin_ltl_comm (Qmax q1 q) 92 q0) in HO.
518 rewrite (Qmax_ltr_comm (Qmin q0 q2) ql q) in HO.
519 apply H.
520 assumption.
521 — intros.
522 rewrite (Qmin_1tl_comm (Qmax q q1) qO0 g2) in HO.
523 rewrite (Qmax_ltr_comm (Qmin g2 q0) q ql1) in HO.
524 apply H.
525 assumption.
526 Qed.
527

528 Lemma Ilt_not_overlap : forall iO il,

529 I1t i0 i1 -> "Ioverlap iO il.

530 Proof.

531 unfold I1lt. unfold Ioverlap. unfold Iempty. unfold Iintersection.
unfold not.

532 intros. destruct i0. destruct il. simpl in HO. simpl in H.

533 destruct HO.

534  rewrite (Q.max_lt_iff q q1 (Qmin q0 q2)).

535  rewrite (Q.min_lt_iff q0 g2 q1).

536 right. left.

537 assumption.

538 Qed.

539

540 Lemma Igt_not_overlap : forall i0O i1,

541 Igt i0 i1 -> "Ioverlap iO il.

542 Proof.

543 intros i0 il.

544  rewrite (Ioverlap_comm i0 il).

545  apply (Ilt_not_overlap il i0).

546 Qed.

547

548 Lemma Ioverlap_not_lt : forall iO i1, Ioverlap iO il -> 7Ilt iO il.

549 Proof.
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556
557
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559
560
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563
564
565
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568
569

570
571
572
573
574
575
576
577
578
579
580
581
582
583
584

unfold Ilt. unfold Ioverlap. unfold Iempty. unfold Iintersection.
unfold not.

intros. destruct i0. destruct il. simpl in H. simpl in HO.

destruct H.

rewrite (Q.min_1t_iff q0 q2 (Qmax q q1)).

rewrite (Q.max_lt_iff q g1 qO0).

left. right.
assumption.
Qed.

Lemma Ioverlap_not_gt : forall i0 il, Ioverlap i0 il -> "Igt i0 il.
Proof.

intros i0 il.

rewrite (Ioverlap_comm i0O il1).

apply (Ioverlap_not_lt il iO).
Qed.

(* use classical facts *)

Lemma not_Ioverpal_lt_gt : forall i0 i1, “Iempty i0 /\ “Iempty il -> ~

Ioverlap i0 il <-> Ilt i0 i1 \/ Igt i0 il.
Proof.
unfold Ioverlap. unfold Iempty. unfold Iintersection. unfold Ilt.
unfold Igt.

intros. destruct i0. destruct il. simpl.
rewrite (DNE (Qmin g0 g2 < Qmax q q1)%Q).
simpl in H. unfold not in H. destruct H.
rewrite (Q.min_1t_iff q0 92 (Qmax q q1)).
rewrite (Q.max_lt_iff q q1 qO0).
rewrite (Q.max_lt_iff q ql q2).
split.
— intros.

destruct H1. destruct H1.

contradiction.

left. assumption.

destruct H1.

right. assumption.

contradiction.

- intros.
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585 destruct H1.

586 left. right. assumption.
587 right. left. assumption.
588 Qed.

589

590 Lemma not_lt_gt_overlap : forall i0 il, “Iempty iO0 /\ “Iempty il -> ~

I1t i0 i1 /\ “Igt i0 il -> Ioverlap i0 il.
591 Proof.
592 unfold I1lt. unfold Igt. unfold Ioverlap. unfold Iempty. unfold
Iintersection. unfold not. simpl.
593 intros.
594 destruct i0. destruct il. simpl in H. simpl in HO. simpl in H1.
595 destruct H. destruct HO.
596 rewrite (Q.min_lt_iff q0 q2 (Qmax q ql1)) in H1.
597 rewrite (Q.max_lt_iff q ql1 qO0) in H1.
598  rewrite (Q.max_lt_iff q ql g2) in H1.
599 destruct H1. destruct H1.
600 contradiction.
601 contradiction.
602 destruct H1. contradiction. contradiction.
603 Qed.
604
605 Lemma Qlt_asym : forall q0 ql : Q, ~((q0 < q1)%Q /\ (q1 < q0)%Q).
606 Proof.
607 unfold not. intros. destruct H.
608 q_order.
609 Qed.
610
611 Lemma Ilt_overlap_gt : forall i0O il,
612  Inempty i0 /\ Inempty il ->
613 I1t i0 i1 \/Ioverlap i0 i1l \/ Igt i0 il.
614 Proof.
615 unfold Ioverlap. unfold Ilt. unfold Igt. unfold Iempty. unfold
Inempty. unfold Iintersection. unfold not. simpl.
616 destruct i0 as (i0l, iOu). destruct il as (i1l, ilu). simpl.
617  rewrite (Q.min_lt_iff iOu ilu (Qmax i01 i11)).
618  rewrite (Q.max_lt_iff i0l i1l iOu).
619 rewrite (Q.max_lt_iff i01 i1l ilu).
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644
645

646

647
648
649
650
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652
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intros. destruct H.

destruct (Qlt_le_dec iOu ill).

— left. assumption.

- destruct (Qlt_le_dec ilu iO0l).

—— right. right. assumption.

—-— right. left. intros. destruct Hl1. destruct H1.
-—- apply (Qle_lteq i01 iOu) in H. destruct H.
-—-—— apply (Qlt_asym i0l1 iOu (conj H H1)).

--—— rewrite H in H1. apply (Qlt_irrefl iOu H1).
--- apply (Qle_lteq ill iOu) in q. destruct q.
--—- apply (Qlt_asym iOu i1l (conj H1 H2)).

-——- rewrite H2 in H1. apply (Qlt_irrefl iOu H1).
——— destruct H1.

--—— apply (Qle_lteq i0l ilu) in qO0. destruct qO.
————— apply (Qlt_asym i01 ilu (conj H2 H1)).
————— rewrite H2 in H1. apply (Qlt_irrefl ilu H1).
-——- apply (Qle_lteq i1l ilu) in HO. destruct HO.
————— apply (Qlt_asym i1l ilu (conj HO H1)).
————— rewrite HO in H1. apply (Qlt_irrefl ilu H1).

Lemma Isubset_overlap
forall i0 i1, “Iempty i0 /\ “Iempty il —> Isubset i0 il —> Ioverlap
i0 i1.
Proof.
unfold Ioverlap. unfold Isubset. unfold Iintersection. unfold Iempty.
unfold not. simpl.
intros. destruct i0. destruct il. simpl in H. simpl in HO. simpl in
H1.
destruct H. destruct HO.
rewrite (Q.min_1lt_iff q0 92 (Qmax q q1)) in H1.
rewrite (Q.max_lt_iff q q1 qO0) in H1.
rewrite (Q.max_lt_iff q ql g2) in H1.
destruct H1. destruct H1.
contradiction.
apply (H (Qlt_trans q0 ql q H1 HO)).
destruct H1. apply (H (Qlt_trans q0 g2 q H3 H1)).
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655 contradiction.

656 Qed.

657

658 Lemma Isupset_overlap

659  forall i0 i1, “Iempty i0 /\ “Iempty il -> Isupset i0 il -> Ioverlap
io i1.

660 Proof.

661 intros i0 il.

662 rewrite (Ioverlap_comm i0 il).

663 rewrite (and_comm (“Iempty i0) (“Iempty il)).

664  apply (Isubset_overlap il i0).

665 Qed.

666

667 Definition BB : Type := Interval * Interval.

668

669 Definition projx (bb : BB) : Interval
670 match bb with

671 | (x, ) =>x
672 end.
673

674 Definition projy (bb : BB) : Interval
675 match bb with

676 | (L, y) =>y
677 end.
678

679 Definition projxl (bb : BB) : Q :=
680  lower (projx bb).

681

682 Definition projxu (bb : BB) : Q :=
683  upper (projx bb).

684

685 Definition projyl (bb : BB) : Q :=
686  lower (projy bb).

687

688 Definition projyu (bb : BB) : Q :=
689  upper (projy bb).

690

691 Definition BBempty (bb : BB) : Prop :=
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692
693
694
695
696
697
698
699
700
701
702
703
704

705
706
707
708
709
710
711

712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727

Iempty (projx bb) /\ Iempty (projy bb).

Definition BBnempty (bb : BB) : Prop :=

Inempty (projx bb) \/ Inempty (projy bb).

Definition BBeq (bb0O bbil

BB) : Prop :=

Ieq (projx bb0) (projx bbl) /\ Ieq (projy bb0) (projy bbil).

Infix "==" := BBeq (at level 70, no associativity) : BBSL_scope.

Lemma BBempty_not_nempty
Proof.
unfold BBempty, BBnempty,
destruct I as [I |

forall x, BBempty x —> “BBnempty x.

not. intros x H I. destruct H as (H & HO).
I].

apply (Inot_empty_and_nempty (projx x) (conj H I)).

apply (Inot_empty_and_nempty (projy x) (conj HO I)).

Qed.

Lemma BBnempty_not_empty
Proof.
unfold BBempty, BBnempty.
Hex & Hey) .

forall x, BBempty x —> “BBnempty x.

intros x Hexandey. destruct Hexandey as (

intro Hnxorny. destruct Hnxorny as [Hnx | Hny].

apply (Inot_empty_and_nempty (projx x) (conj Hex Hnx)).

apply (Inot_empty_and_nempty (projy x) (conj Hey Hny)).

Qed.

Lemma BBnot_nempty_empty

Proof.
unfold BBnempty, BBempty.
rewrite Iempty_not_nempty
rewrite Iempty_not_nempty
now apply nor_nandn.

Qed.

(* require classical facts
Lemma BBnot_empty_nempty

Proof.

forall x, “BBnempty x —> BBempty x.
intros x H.

_iff.
_iff.

*)
forall x, "“BBempty x —> BBnempty x.
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728 unfold BBempty, BBnempty. intros x Hnexandey.

729 rewrite Inempty_not_empty_iff.

730

731 Lemma BBempty_not_nempty_iff : forall x, BBempty x <-> “BBnempty x.
732 Proof.

733 intro x. split.

734 apply BBempty_not_nempty.

735 apply BBnot_nempty_empty.

736 Qed.

737

738 Lemma BB

739

740

741 Lemma BBeq_refl : forall x, x == x.

742 Proof.

743 unfold BBeq. intros. split.

744 apply Ieq_refl. apply Ieq_refl.

745 Qed.

746

747 Lemma BBeq_sym : forall x y, x == y —> y == Xx.

748 Proof.

749 unfold BBeq. intros. destruct H. split.

750  apply (Ieq_sym (projx x) (projx y) H).

751  apply (Ieq_sym (projy x) (projy y) HO).

752 Qed.

753

754 Lemma BBeq_sym_iff : forall x y, x == y <-> y == x.

755 Proof.

756 intros. split.

757 apply BBeq_sym. apply BBeq_sym.

758 Qed.

759

760 Lemma BBeq_trans : forall x y z, x ==y /\ y == z -> x == z.
761 Proof.

762 unfold BBeq. intros. destruct H. destruct H, HO. split.

763  apply (Ieq_trans (projx x) (projx y) (projx z) (conj H HO)).
764  apply (Ieq_trans (projy x) (projy y) (projy z) (conj H1 H2)).
765 Qed.
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769
770
771
772
773

774
775
776
T
778
779
780
781
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784
785

786
787
788
789
790
791

792
793

794
795
796
797

Definition BBoverlap (bbO bbl : BB) : Prop :=
Ioverlap (projx bb0) (projx bbl) /\ Ioverlap (projy bb0) (projy bbi

).

Definition BBsubset (bbO bbl : BB) :=

Isubset (projx bb0) (projx bbil) /\ Isubset (projy bb0) (projy bbil).
Definition BBsubseteq (bbO bbl : BB) :=

Isubseteq (projx bb0) (projx bbl) /\ Isubseteq (projy bb0) (projy

bb1) .
Notation BBsupset a b := (BBsubset b a) (only parsing).
Notation BBsupseteq a b := (BBsubseteq b a) (only parsing).

Lemma BBsubseteq_refl : forall x, BBsubseteq x x.
Proof.

unfold BBsubseteq. intros. split.

apply Isubseteq_refl. apply Isubseteq_refl.
Qed.

Lemma BBsubseteq_antisym : forall a b, BBsubseteq a b /\ BBsubseteq b
a —> a ==
Proof.
unfold BBsubseteq. destruct a as (ax, ay). destruct b as (bx, _by).
unfold BBeq.
simpl. intros. destruct H. destruct H, HO. split.
apply (Isubseteq_antisym ax bx (conj H HO)).
apply (Isubseteq_antisym ay _by (conj H1 H2)).
Qed.

Lemma BBsubseteq_trans : forall x y z, BBsubseteq x y /\ BBsubseteq y
z —> BBsubseteq x z.
Proof.
unfold BBsubseteq, BBnempty. intros. destruct H. destruct H, HO.
split.
apply (Isubseteq_trans (projx x) (projx y) (projx z) (conj H HO)).
apply (Isubseteq_trans (projy x) (projy y) (projy z) (conj H1 H2)).
Qed.
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Definition BBintersection (bbO bbl : BB) : BB :=
(Iintersection (projx bb0) (projx bbl), Iintersection (projy bb0) (
projy bbil)).

Lemma BBsubseteq_intersection : forall p q,
BBsubseteq (BBintersection p q) p /\ BBsubseteq (BBintersection p q)
q-
Proof.
unfold BBsubseteq, BBintersection. destruct p as (px, py). destruct
q as (gx, qy).
simpl.
apply and_assoc.
rewrite (and_comm (Isubseteq (Iintersection py qy) py) (Isubseteq (
Iintersection px qx) gx /\ Isubseteq (Iintersection py qy) qy)).
rewrite (and_assoc (Isubseteq (Iintersection px qx) qx) (Isubseteq (
Iintersection py qy) qy) (Isubseteq (Iintersection py qy) py)) .
rewrite <- (and_assoc (Isubseteq (Iintersection px gx) px) (
Isubseteq (Iintersection px qx) qx) (Isubseteq (Iintersection py
qy) qy /\ Isubseteq (Iintersection py qy) py)).
split.
apply (Isubseteq_intersection px gx).
apply and_comm.
apply (Isubseteq_intersection py qy) .
Qed.

Lemma BBsubset_irrefl : forall x, BBnempty x —-> "BBsubset x x.
Proof.
unfold BBsubset, BBnempty, not. intros. destruct H, HO.
apply (Isubset_irrefl (projx x) H HO).
Qed.

Lemma BBsubset_trans : forall x y z, BBsubset x y /\ BBsubset y z —>
BBsubset x z.
Proof.
unfold BBsubset. intros. destruct H. destruct H, HO. split.
apply (Isubset_trans (projx x) (projx y) (projx z) (conj H HO)).
apply (Isubset_trans (projy x) (projy y) (projy z) (conj H1 H2)).
Qed.
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Definition BBarea (bb : BB) : Q :=
width (projx bb) * width (projy bb).

Definition SetBB : Type := list BB.

Fixpoint _BB_SBBintersection (bb : BB) (sbb accum : SetBB) : SetBB :=
match sbb with

nil => accum
cons bb’ sbb’ => _BB_SBBintersection bb sbb’ (cons (BBintersection

bb bb’) accum)

end.

Fixpoint _SBBintersection (sbbO sbbl accum : SetBB) : SetBB :=
match sbb0 with

nil => accum
cons bb sbb => _SBBintersection sbb sbbl (_BB_SBBintersection bb

sbbl nil ++ accum)

end.

Definition SBBintersection (sbbO sbbl : SetBB) : SetBB :=
_SBBintersection sbb0 sbbl nil.

Definition SBBunion (sbbO sbbl : SetBB) : SetBB :=
sbb0 ++ sbbil.

Definition BB2area (bbO bbl : BB) : Q :=
BBarea bb0 + BBarea bbl - BBarea (BBintersection bb0O bbil).

857 Fixpoint _SetBBarea (sbb accum : SetBB) (area : Q) : Q :=
match sbb with

858
859
860
861
862

nil => area

cons bb sbb’ =>

let sbb’’ := _BB_SBBintersection bb accum nil in

let sbb’’area := List.fold_right Qplus O (List.map BBarea sbb’’)

in
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863 _SetBBarea sbb’ (cons bb accum) (area + BBarea bb — sbb’’area)

864 end.

865

866 Definition SetBBarea (sbb : SetBB) : Q :=
867 _SetBBarea sbb nil O.

868

869 Definition RAT (sbbO sbbl : SetBB) : Q
870  SetBBarea sbb0 / SetBBarea sbbil.

871

872 Inductive SBBexp : Set :=

873 | EXP_SBBvar (x : string)
874 | EXP_SBBintersection (sbbO sbbl : SBBexp) | EXP_SBBunion (sbbO sbbl
SBBexp)
875 | EXP_makeSBB (bbs : list BBexp)
876 with BBexp : Set :=
877 | EXP_BBvar (x : string)
878 | EXP_makeBB (x y : Iexp)
g79  (x EHRE(EDBB *)
880 | EXP_BBimg
881 with Iexp : Set :=
882 | EXP_Ivar (x : string)
883 | EXP_projx (bb : BBexp) | EXP_projy (bb : BBexp)
884 | EXP_Iintersection (i0 il : Iexp)
|

885 EXP_makeI (1 u : Qexp)

886 with Qexp : Set :=

887 EXP_Q (a: Q)
888 EXP_Qvar (x : string)
889 EXP_width (i : Iexp) | EXP_RAT (sbbO sbbi : SBBexp)

|
|
|
890 | EXP_projl (i : Iexp) | EXP_proju (i : Iexp)
|
|

891 EXP_projxl (bb : BBexp) | EXP_projxu (bb : BBexp)
892 EXP_projyl (bb : BBexp) | EXP_projyu (bb : BBexp).
893

894 Inductive Bexp : Set :=

895 | EXP_Bvar (x : string)

896 | EXP_not (b : Bexp) | EXP_and (bO bl : Bexp) | EXP_or (b0 bi
Bexp)

897 | EXP_BBeq (bbO bbl : BBexp)

898 | EXP_BBoverlap (bbO bbl : BBexp)
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899 | EXP_BBsubset (bbO bbl : BBexp) | EXP_BBsupset (bbO bbl : BBexp)

900 | EXP_BBsubseteq (bbO bbl : BBexp) | EXP_BBsupseteq (bbO bbl : BBexp
)

901 | EXP_I1t (i0 il : Iexp) | EXP_Igt (i0 il : Iexp) | EXP_Ieq (iO i1

Iexp)

902 | EXP_Ioverlap (i0 il : Iexp)

903 | EXP_Iin (q : Qexp) (i : Iexp) | EXP_Iinrev (i : Iexp) (q : Qexp)

904 | EXP_Isubset (i0 il : Iexp) | EXP_Isupset (i0 il : Iexp)

905 | EXP_Isubseteq (i0 il : Iexp) | EXP_Isupseteq (i0 il : Iexp)

906 | EXP_Q1t (q0 ql : Qexp) | EXP_Qgt (q0 ql : Qexp)

907 | EXP_Qeq (q0 ql : Qexp)

908 | EXP_Qle (q0 g1 : Qexp) | EXP_Qge (q0 ql : Qexp)

909 | EXP_forall (bound : string) (sbb : SBBexp) (b : Bexp)

910 | EXP_exists (bound : string) (sbb : SBBexp) (b : Bexp).

911

912 Inductive Cond : Set :=

913 | CND_None
914 | cND (b : Bexp).
915

916 Inductive Def : Set :=
917 | DEF_SBB (x : string) (sbb : SBBexp)

918 | DEF_BB (x : string) (bb : BBexp)

919 | DEF_I (x : string) (i : Iexp)

920 | DEF_Q (x : string) (q : Qexp)

921 | DEF_B (x : string) (b : Bexp).

922

923 Definition Case : Set := string * list Def * Bexp.
924

Cond * list Case.

925 Definition Spec : Set
926

927 Module Import M := FMapList.Make(String_as_0T).
928

929 Inductive Value : Type :=

930 | Vb (x : Prop) | Vg (x : Q) | Vi (x : Interval)
931 | Vvbb (x : BB) | Vsbb (x : SetBB).

932

933 Definition Env := M.t Value.

934
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935 Fixpoint Asbb (expr : SBBexp) (env : Env) : option SetBB :=
936 match expr with

937 | EXP_SBBvar s =>

938 match find s env with

939 | Some (Vsbb sbb) => Some sbb

940 | _ => None

941 end

942 | EXP_SBBintersection sbb_expr0O sbb_exprl =>

943 match Asbb sbb_exprO env, Asbb sbb_exprl env with
944 | Some sbb0, Some sbbl => Some (SBBintersection sbb0 sbbil)
945 | _, _ => None

946 end

947 | EXP_SBBunion sbb_expr0 sbb_exprl =>

948 match Asbb sbb_exprO env, Asbb sbb_exprl env with
949 | Some sbb0, Some sbbl => Some (SBBunion sbb0O sbbl)
950 | _, _ => None

951 end

952 | EXP_makeSBB bb_exprs =>

953 List.fold_left (fun obbs obb =>

954 match obbs, obb with

955 | Some bbs, Some bb => Some (cons bb bbs)

956 | _, _ => None

957 end

958 ) (List.map (fun bb_expr => Abb bb_expr env) bb_exprs) (Some nil)
959 end

960 with Abb (expr : BBexp) (env : Env) : option BB :=
961 match expr with

962 | EXP_BBimg =>

963 match find "IMG" env with
964 | Some (Vbb bb) => Some bb
965 | _ => None

966 end

967 | EXP_BBvar s =>

968 match find s env with

969 | Some (Vbb bb) => Some bb
970 | _ => None

971 end

972 | EXP_makeBB i_expr0O i_exprl =>
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974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
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1003
1004
1005
1006
1007
1008
1009
1010

match Ai i_exprO env, Ai i_exprl env with
| Some i0, Some il => Some (i0, il)

| _, _ => None

end

end

with Ai (expr : Iexp) (env : Env) : option Interval

match expr with

| EXP_Ivar s =>
match find s env with
| Some (Vi i) => Some i
| _ => None

end

| EXP_projx bb_expr =>

match Abb bb_expr env with

| Some bb => Some (projx bb)
| None => None

end

| EXP_projy bb_expr =>
match Abb bb_expr env with
| Some bb => Some (projy bb)
| None => None
end
| EXP_Iintersection i_expr0 i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Iintersection i0 il)

| _, _ => None
end
| EXP_makeI q_exprO q_exprl =>
match Aq q_exprO env, Aq q_exprl env with
| Some q0, Some ql1 => Some (q0, q1)
| _, _ => None
end

end

with Aq (expr : Qexp) (env : Env) : option Q
match expr with
| EXP_Q a => Some a
| EXP_Qvar s =>
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1011 match find s env with

1012 | Some (Vq q) => Some q

1013 | _ => None

1014 end

1015 | EXP_width i_expr =>

1016 match Ai i_expr env with

1017 | Some i => Some (width i)
1018 | None => None

1019 end

1020 | EXP_RAT sbb_exprO sbb_exprl =>
1021 match Asbb sbb_expr0 env, Asbb sbb_exprl env with
1022 | Some sbb0, Some sbbl => Some (RAT sbb0O sbbil)
1023 | _, _ => None

1024 end

1025 | EXP_projl i_expr =>

1026 match Ai i_expr env with

1027 | Some i => Some (lower i)
1028 | _ => None

1029 end

1030 | EXP_proju i_expr =>

1031 match Ai i_expr env with

1032 | Some i => Some (upper i)
1033 | _ => Nonme

1034 end

1035 | EXP_projxl bb_expr =>

1036 match Abb bb_expr env with
1037 | Some bb => Some (projxl bb)
1038 | None => None

1039 end

1040 | EXP_projxu bb_expr =>

1041 match Abb bb_expr env with
1042 | Some bb => Some (projxu bb)
1043 | None => None

1044 end

1045 | EXP_projyl bb_expr =>

1046 match Abb bb_expr env with
1047 | Some bb => Some (projyl bb)
1048 | None => None
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end
| EXP_projyu bb_expr =>
match Abb bb_expr env with

| Some bb => Some (projyu bb)

| None => None
end

end.

Definition option_and (a b : option Prop)

match a, b with

| Some a, Some b => Some (a /\ b)

| _, _ => None

end.

Definition option_or (a b : option Prop)

match a, b with

| Some a, Some b => Some (a \/ b)

| _, _ => None

end.

Fixpoint B (expr : Bexp) (env
match expr with
| EXP_Bvar s =>
match find s env with
| Some (Vb b) => Some b

| _ => None

end
| EXP_not b_expr =>
match B b_expr env with
| Some b => Some (not b)
| None => None
end
| EXP_and b_expr0O b_exprl =>

Env)

option Prop

option Prop

match B b_exprO env, B b_exprl env with
| Some b0, Some bl => Some (b0 /\ bl)

| _, _ => None

end

| EXP_or b_expr0O b_exprl =>
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1088
1089
1090
1091
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1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124

match B b_exprO env, B b_exprl env with

| Some b0, Some bl => Some (b0 \/ bl)

| _, _ => None

end

EXP_BBeq bb_exprO bb_exprl =>

match Abb bb_exprO env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBeq bb0O bbl)

| _, _ => None

end

EXP_BBoverlap bb_exprO bb_exprl =>

match Abb bb_exprO env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBoverlap bb0O bbl)
| _, _ => None

end

EXP_BBsubset bb_expr0 bb_exprl =>

match Abb bb_expr0 env, Abb bb_exprl env with

| Some bb0O, Some bbl => Some (BBsubset bb0O bbl)
| _, _ => None

end

EXP_BBsupset bb_expr0 bb_exprl =>

match Abb bb_expr0 env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBsupset bb0 bbil)
| _, _ => None

end

EXP_BBsubseteq bb_expr0 bb_exprl =>

match Abb bb_expr0 env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBsubseteq bb0O bbl)
| _, _ => None

end

EXP_BBsupseteq bb_expr0 bb_exprl =>

match Abb bb_expr0 env, Abb bb_exprl env with

| Some bbO, Some bbl => Some (BBsupseteq bb0O bbl)
| _, _ => None

end

EXP_I1t i_exprO i_exprl =>

match Ai i_exprO env, Ai i_exprl env with

| Some i0, Some il => Some (Ilt i0 i1)

| _, _ => None
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1125 end

1126 | EXP_Igt i_exprO i_exprl =>

1127 match Ai i_exprO env, Ai i_exprl env with
1128 | Some i0, Some il => Some (Igt i0 i1)
1129 | _, _ => None

1130 end

1131 | EXP_Ieq i_expr0 i_exprl =>

1132 match Ai i_exprO env, Ai i_exprl env with
1133 | Some i0, Some il => Some (Ieq i0 il)
1134 | _, _ => None

1135 end

1136 | EXP_Ioverlap i_exprO i_exprl =>

1137 match Ai i_exprO env, Ai i_exprl env with
1138 | Some i0, Some il => Some (Ioverlap i0 il)
1139 | _, _ => None

1140 end

1141 | EXP_Iin q_expr i_expr =>

1142 match Aq q_expr env, Ai i_expr env with
1143 | Some q, Some i => Some (Iin q i)

1144 | _, _ => None

1145 end

1146 | EXP_Iinrev i_expr q_expr =>

1147 match Aq q_expr env, Ai i_expr env with
1148 | Some q, Some i => Some (Iin q i)

1149 | _, _ => None

1150 end

1151 | EXP_Isubset i_expr0 i_exprl =>

1152 match Ai i_exprO env, Ai i_exprl env with
1153 | Some i0, Some il => Some (Isubset i0 il)
1154 | _, _ => None

1155 end

1156 | EXP_Isupset i_exprO i_exprl =>

1157 match Ai i_exprO env, Ai i_exprl env with
1158 | Some i0, Some il => Some (Isupset i0 il)
1159 | _, _ => None

1160 end

1161 | EXP_Isubseteq i_expr0 i_exprl =>

1162 match Ai i_exprO env, Ai i_exprl env with
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1163 | Some i0, Some il => Some (Isubseteq i0 il)

1164 | _, _ => None

1165 end

1166 | EXP_Isupseteq i_expr0O i_exprl =>

1167 match Ai i_exprO env, Ai i_exprl env with
1168 | Some i0, Some il => Some (Isupseteq i0 il)
1169 | _, _ => None

1170 end

1171 | EXP_Qlt q_exprO g_exprl =>

1172 match Aq q_exprO env, Aq g_exprl env with
1173 | Some q0, Some ql => Some (q0 < q1)%Q
1174 | _, _ => None

1175 end

1176 | EXP_Qgt q_exprO q_exprl =>

1177 match Aq q_exprO env, Aq q_exprl env with
1178 | Some q0, Some ql => Some (q0 < q1)%Q
1179 | _, _ => None

1180 end

1181 | EXP_Qeq q_exprO q_exprl =>

1182 match Aq q_exprO env, Aq q_exprl env with
1183 | Some g0, Some ql1 => Some (q0 = q1)
1184 | _, _ => None

1185 end

1186 | EXP_Qle q_exprO q_exprl =>

1187 match Aq q_exprO env, Aq q_exprl env with
1188 | Some q0, Some g1 => Some (q0 <= q1)%Q
1189 | _, _ => None

1190 end

1191 | EXP_Qge q_exprO q_exprl =>

1192 match Aq q_exprO env, Aq g_exprl env with
1193 | Some q0, Some g1 => Some (q0 <= q1)%Q
1194 | _, _ => None

1195 end

1196 | EXP_forall bound sbb_expr b_expr =>

1197 match Asbb sbb_expr env with

1198 | Some sbb => List.fold_left option_and (List.map (fun bb => B

b_expr env) sbb) (Some True)
1199 | _ => None
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1200 end

1201 | EXP_exists bound sbb_expr b_expr =>

1202 match Asbb sbb_expr env with

1203 | Some sbb => List.fold_left option_or (List.map (fun bb => B
b_expr env) sbb) (Some False)

1204 | _ => None

1205 end

1206 end.

1207

1208 Definition Ccond (cond : Cond) (env : Env) : option Prop :=
1209 match cond with

1210 | CND_None => Some True
1211 | CND b => B b env

1212 end.

1213

1214 Definition Cdef (def : Def) (env : Env) : option Env :=
1215 match def with

1216 | DEF_SBB s sbb_expr =>

1217 match Asbb sbb_expr env with

1218 | Some sbb => Some (add s (Vsbb sbb) env)
1219 | _ => None

1220 end

1221 | DEF_BB s bb_expr =>

1222 match Abb bb_expr env with

1223 | Some bb => Some (add s (Vbb bb) env)
1224 | _ => None

1225 end

1226 | DEF_I s i_expr =>

1227 match Ai i_expr env with

1228 | Some i => Some (add s (Vi i) env)
1229 | _ => None

1230 end

1231 | DEF_Q s g_expr =>

1232 match Aq q_expr env with

1233 | Some q => Some (add s (Vq q) env)
1234 | _ => None

1235 end

1236 | DEF_B s b_expr =>
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1237
1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253

1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
1271
1272
1273

match B b_expr env with
| Some b => Some (add s (Vb b) env)

end

end.

Fixpoint

_ => None

Cdefs (defs

match defs with

| nil

=> Some env

| cons def defs’ =>

match Cdef def env with

| Some env’

end

end.

_ => None

Definition Ccase (case

match case with
| (1, defs, b_expr) =>
match Cdefs defs env with

| Some env’ =>

list Def) (env

=> Cdefs defs’ env’

Case) (env : Env)

match B b_expr env’ with
| Some b => Some (1, b)

_ => None

end

I
end

end.

Lemma toTrue

Proof.

intros.
intros.

intros.

Qed.

Fixpoint

_ => None

split.
trivial.

apply H.

Ccases (cases

forall P

Env) : option Env

Prop, P => P <-=> True.

list Case) (env

121
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1274
1275
1276
1277
1278
1279
1280
1281
1282
1283

1284
1285
1286
1287
1288
1289
1290
1291
1292
1293
1294
1295
1296
1297
1298
1299
1300
1301
1302
1303
1304
1305
1306
1307
1308
1309

* Prop)) : option (list
match cases with
| nil => Some accum
| cons case cases’ =>

match Ccase case env with

(string * Prop)) :=

| Some 1b => Ccases cases’ env (cons 1b accum)

| _ => None
end

end.

Definition Cspec (spec : Spec) (env : Env) : option (list (string *

Prop)) :=
match spec with

| (cond, cases) =>

match Ccond cond env, Ccases cases env nil with

| Some b, Some 1lbs => Some (List.map
(fun 1b => match 1b with (1, b’) => (1, b /\ b’) end)

1bs)
| _, _ => None
end

end.

Lemma or_falser : forall A

Prop, A \/ False <-> A.

Proof.
intros. split.
— intros. destruct H. assumption. contradiction.
- intros. apply (or_introl H).

Qed.

Lemma or_falsel : forall A

Proof.
intros.
rewrite (or_comm False A).
revert A.
apply or_falser.
Qed.

Prop, False \/ A <-> A.

Lemma and_1 : forall A B : Prop, B -> (A /\ B <-> A).
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1310 Proof.

1311 intros. split.

1312 — intros. destruct HO. assumption.
1313 - intros. apply (conj HO H).

1314 Qed.

1315

1316 Proposition comprehensiveness_of_example_lead_vehicle_stopped

1317
1318
1319
1320
1321

1322
1323
1324

1325
1326
1327
1328
1329
1330
1331

1332

1333
1334
1335
1336
1337
1338
1339
1340
1341
1342
1343

forall (exists_front : Prop) (front_bb dec : BB),
let evaluated :=
Cspec
example_lead_vehicle_stopped
(add "AGEXM" (Vbb dec) (add "HIHFEM" (Vbb front_bb) (add
"BIHFEENHS" (Vb exists_front) (empty Value))))
in
BBnempty front_bb /\ BBnempty dec /\ exists_front ->
match option_map (fun ev => List.fold_left or (List.map snd ev)
False) evaluated with
| Some b => b
| => False

end.

Proof.

simpl. unfold BBnempty. unfold Inempty. unfold Igt. unfold Ilt.

unfold Ioverlap. unfold Iempty. unfold Iintersection. unfold not.

intros. destruct dec as (dec_x, dec_y). destruct front_bb as (f_x,
fy).

destruct dec_x as (dec_x1, dec_xu). destruct dec_y as (dec_yl,
dec_yu) .

destruct f_x as (f_x1, f_xu). destruct f_y as (f_yl, f_yu).

simpl. simpl in H. destruct H. destruct H. destruct HO. destruct HO.

rewrite (Q.min_1t_iff f_yu dec_yu (Qmax f_yl dec_yl)).

rewrite (Q.max_lt_iff f_yl dec_yl dec_yu).

rewrite (Q.max_lt_iff f_yl dec_yl f_yu).

destruct (Qlt_le_dec dec_yu f_yl).

- left. left. right. apply (conj H2 q).

- destruct (Qlt_le_dec f_yu dec_yl).

-- left. right. apply (conj H2 qO0).

—— right. split. assumption. intros. destruct H4. destruct H4.

--— apply (Qle_lteq f_yl f_yu) in H1. destruct H1.
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1344  ———- apply (Qlt_asym f_yl f_yu (conj H1 H4)).

1345  —--—- rewrite H1 in H4. apply (Qlt_irrefl f_yu H4).
1346 —-—— apply (Qle_lteq dec_yl f_yu) in qO. destruct qO.
1347  ———- apply (Qlt_asym dec_yl f_yu (conj H5 H4)).

1348  ———- rewrite H5 in H4. apply (Qlt_irrefl f_yu H4).
1349 ——— destruct H4.

1350 -——- apply (Qle_lteq f_yl dec_yu) in q. destruct q.
1351 ————-— apply (Qlt_asym f_yl dec_yu (conj H5 H4)).

1352 ————— rewrite H5 in H4. apply (Qlt_irrefl dec_yu H4).
1353  ———- apply (Qle_lteq dec_yl dec_yu) in H3. destruct H3.
1354  ————- apply (Qlt_asym dec_yl dec_yu (conj H3 H4)).
1355 ~ ————— rewrite H3 in H4. apply (Qlt_irrefl dec_yu H4).
1356 Qed.
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{JEx B
2Vt L7z BBSL I & B Xk DECah

At L7 BBSL Z# HW TR L 72D Y —2a— F &% B.1 IZRT,

Y—2a—F Bl Ll 7% BBSL i X 3 {LkDdcid

1 Definition example_confluence : Spec :=

2 ( CND_None

3, L C"o=>1r

4 , [ DEF_I "&MMEE" (EXP_Ivar "&MmAE")

5 ; DEF_SBB "fthEE&ES" (EXP_SBBvar "fHEEESR")

6 ]

7 , EXP_forall "x" (EXP_SBBvar "fHEEES")

8 (EXP_not (EXP_Ieq (EXP_projy (EXP_BBvar "x")) (EXP_Ivar "&
TR "))

9 )

10 ; ("= 2r

11 , [ DEF_I "&HRfEE" (EXP_Ivar "&mEE")

12 ; DEF_SBB "fhEESER" (EXP_SBBvar "fHEEEER")

13 ]

14 , EXP_exists "x" (EXP_SBBvar "{HEEES")

15 (EXP_and

16 (EXP_Qeq (EXP_projyl (EXP_BBvar "y")) (EXP_proju (EXP_Ivar

"EmmEE")))
17 (EXP_forall "y" (EXP_SBBvar "fHEHES")
18 (EXP_or (EXP_not (EXP_Ieq (EXP_projy (EXP_BBvar "y")) (

EXP_Ivar "&7REE")))
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19
20
21
22
23
24
25
26
27

28
29
30
31

32

33
34

35
36
37
38
39
40
41

42
43
44
45
46
47
48
49
50
51

)

(EXP_BBeq (EXP_BBvar "x") (EXP_BBvar "y")))))

; ( n¢/_\/3n

b

[ DEF_I "&RmEE" (EXP_Ivar "&I7REE")

; DEF_SBB "{thEE&ES" (EXP_SBBvar "fHEEES")

]

, EXP_exists "x" (EXP_SBBvar "{HEEESR")

)

(EXP_and
(EXP_Qeq (EXP_projyl (EXP_BBvar "x")) (EXP_proju (EXP_Ivar
"SmmEE")))
(EXP_and
(EXP_exists "y" (EXP_SBBvar "HEHES")
(EXP_and
(EXP_Qeq (EXP_projyu (EXP_BBvar "y")) (EXP_projl (
EXP_Ivar "&MmEEH")))
(EXP_not (EXP_BBeq (EXP_BBvar "x") (EXP_BBvar "y
")))))
(EXP_forall "z" (EXP_SBBvar "fthESFEIZ")
(EXP_not (EXP_Isupseteq (EXP_Ivar "&REIE") (
EXP_projy (EXP_BBvar "z")))))))

; ( v|~‘/_\/4n

b

[ DEF_I "SRMEE" (EXP_Ivar "SRMEIE")

; DEF_SBB "fHEE&ES" (EXP_SBBvar "fHEEESR")

]

, EXP_exists "z" (EXP_SBBvar "{HEEES")

(EXP_Isupseteq (EXP_Ivar "&MMEIEH") (EXP_projy (EXP_BBvar "z
"))

Definition example_lead_vehicle_stopped : Spec :=

( cND (EXP_Bvar "BIAHE@mAHBZ")

[ ( n;’a Lll

b

b

[ DEF_BB "B HEM" (EXP_BBvar "BIHEM")

; DEF_BB ";BiEXR" (EXP_BBvar "iBUEXRI")

]
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52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
v
78
79
80
81
82
83
84
85

86
87

, EXP_Toverlap
(EXP_projy (EXP_BBvar "RUAEM"))
(EXP_projy (EXP_BBvar "JBiRXE"))
)
; ( "BLEn
, [ DEF_BB "RIAEEM" (EXP_BBvar "HiAEM")
; DEF_BB "/BiEXR" (EXP_BBvar "JBEXRI")
]
, EXP_TI1t
(EXP_projy (EXP_BBvar "RUAEM"))
(EXP_projy (EXP_BBvar "JHRXRI"))
)
; ("LRRYREL"
, [ DEF_BB "BUAEM" (EXP_BBvar "HIAEM")
; DEF_BB "iBiRXFE" (EXP_BBvar "iRIERXFEI")
]
, EXP_Igt
(EXP_projy (EXP_BBvar "RUAEM"))
(EXP_projy (EXP_BBvar "JHiRXFR"))

Definition example_debris_static_in_lane : Spec :=
( cND (EXP_Bvar "ERHIEEMNHB")
, [C miRE"
, [ DEF_SBB "[EEYESA" (EXP_SBBvar "[EEYIESE")
; DEF_SBB "#{TXRIESR" (EXP_SBBvar "HE{TXRIEAR")
; DEF_BB ";BiEX[H" (EXP_BBvar "iRBIEXFE")
]
, EXP_exists "x" (EXP_SBBvar "[EEYIESE")
(EXP_exists "y" (EXP_SBBvar "#{TXRIES")
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (EXP_projx (
EXP_BBvar "y")))
(EXP_and
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (EXP_projy (
EXP_BBvar "y")))
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88

89
90
91
92
93
94
95
96
97
98

99
100

101

102
103
104
105
106
107
108
109
110
111

112
113

114

115
116
117
118

(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (EXP_projy (
EXP_BBvar "RUEXFRI"))))))
)
; ( "ELEn
, [ DEF_SBB "FEEY)ESR" (EXP_SBBvar "[EEYES")
; DEF_SBB "H{TXRIES" (EXP_SBBvar "HITXHEES")
; DEF_BB "JBiEXR" (EXP_BBvar "JBEXRI")
]
, EXP_exists "x" (EXP_SBBvar "[EEYIES")
(EXP_exists "y" (EXP_SBBvar "HE{TXMIESR")
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (EXP_projx (
EXP_BBvar "y")))
(EXP_and
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (EXP_projy (
EXP_BBvar "y")))
(EXP_11t (EXP_projy (EXP_BBvar "x")) (EXP_projy (
EXP_BBvar "iEIEXFME"))))))
)
; C"LRKRYRABL"
, [ DEF_SBB "FEEYIESR" (EXP_SBBvar "[EEYES")
; DEF_SBB "E{TXMES" (EXP_SBBvar "#ITXMES")
; DEF_BB "/BiRXR" (EXP_BBvar "JBIEXRG")
]
, EXP_exists "x" (EXP_SBBvar "[EEYIES")
(EXP_exists "y" (EXP_SBBvar "EITXMEESR")
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (EXP_projx (
EXP_BBvar "y")))
(EXP_and
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (EXP_projy (
EXP_BBvar "y")))
(EXP_Igt (EXP_projy (EXP_BBvar "x")) (EXP_projy (
EXP_BBvar "iRUEXFM"))))))
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119 Definition example_vehicle_cutting_in : Spec :=
120 ( CND (EXP_and (EXP_Bvar "BUAEMmMH3") (EXP_Bvar "MMEEHHSZ"))
121 , [ ( n{%"-ltn

122 , [ DEF_BB "EIDAAEM" (EXP_BBvar "EIDAAERH")

123 ; DEF_SBB "HEEXMES" (EXP_SBBvar "HEEXMEES")

124 ; DEF_BB ";RiRXFR" (EXP_BBvar "JRRXFR")

125 ]

126 , EXP_exists "x" (EXP_SBBvar "BHERXMEEESE")

127 (EXP_and

128 (EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAEHEM")) (

EXP_projx (EXP_BBvar "x")))
129 (EXP_Ioverlap (EXP_projy (EXP_BBvar "E|DIAAEM")) (
EXP_projy (EXP_BBvar "JRURXRI"))))

130 )

131 ;0 C MROE"

132 , [ DEF_BB "ZEIDAHHEE" (EXP_BBvar "EIDAHEHEE")

133 ; DEF_SBB "HEEXMIES" (EXP_SBBvar "BHEHRXRIES")

134 ; DEF_BB "JBERXR" (EXP_BBvar "JHIRXR")

135 ]

136 , EXP_and

137 (EXP_forall "x" (EXP_SBBvar "BHERXMIESE")

138 (EXP_and

139 (EXP_not (EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAEH
")) (EXP_projx (EXP_BBvar "x"))))

140 (EXP_I1t (EXP_projy (EXP_BBvar "EIDAAEM")) (
EXP_projy (EXP_BBvar "iBIRXR")))))

141 (EXP_exists "x" (EXP_SBBvar "BHEEXME")

142 (EXP_and

143 (EXP_Ioverlap (EXP_projx (EXP_BBvar "EIDAHEM")) (
EXP_projx (EXP_BBvar "x")))

144 (EXP_Ioverlap (EXP_projy (EXP_BBvar "EIDAAEM")) (
EXP_projy (EXP_BBvar "iBUERXR")))))

145 )

146 ; C "BIAEEICRES"

147 , [ DEF_BB "EIDAAEM" (EXP_BBvar "EIDAHERH")

148 ; DEF_BB "R EM" (EXP_BBvar "BUAEM")

149 ]

150 , EXP_Qlt (EXP_projyl (EXP_BBvar "BUAEEM")) (EXP_projyl (
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EXP_BBvar "E|DAAEM"))

151 )

152 ; ( "BIDAAEBICHIAZED"

153 , [ DEF_BB "EIDAAEM" (EXP_BBvar "EIDAHERH")

154 ; DEF_SBB "HEEXMES" (EXP_SBBvar "HEEXMES")

155 ; DEF_BB ";BIRXF" (EXP_BBvar ";RIRXFG")

156 ]

157 , EXP_forall "x" (EXP_SBBvar "BE#EXRIES")

158 (EXP_not

159 (EXP_and

160 (EXP_Ioverlap (EXP_projx (EXP_BBvar "EIDIAHEM")) (

EXP_projx (EXP_BBvar "x")))

161 (EXP_or

162 (EXP_I1t (EXP_projy (EXP_BBvar "EIDAAEM")) (
EXP_projy (EXP_BBvar "iBUIRXR")))

163 (EXP_Ioverlap (EXP_projy (EXP_BBvar "EIDIAHEM")) (
EXP_projy (EXP_BBvar "iBiREXRI"))))))

164 )

165 ]

166 ).

167

168 Definition example_vehicle_cutting_in_hwd : Spec :=
160  ( CND (EXP_and (EXP_Bvar "BIHEMM#HB") (EXP_Bvar "MEMAHHS"))
1o, [ ( "BOERICEREE"

171 , [ DEF_BB "EIDIAHHEM" (EXP_BBvar "EIDIAAEME")

172 ; DEF_SBB "fhEEMEER" (EXP_SBBvar "fHEEMESR")

173 ; DEF_SBB "HEMAXMES" (EXP_sBBvar "HEMAEXMHES")

174 ; DEF_SBB "HEEXMES" (EXP_SBBvar "BEFAXRIES")

175 ; DEF_SBB "HHEMEZBEXMES" (EXP_SBBvar "HHFLTEXME
a"

176 ]

177 , EXP_and

178 (EXP_Bvar "HEREFEESR")

179 (EXP_forall "x" (EXP_SBBvar "{HEEHES")

180 (EXP_exists "y" (EXP_SBBvar "HHEFZEEXMHES")

181 (EXP_and

182 (EXP_not (EXP_and

183 (EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (EXP_projx
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184

185
186
187

188

189
190
191
192
193
194
195
196
197

198
199
200
201
202
203
204
205

206

207

208
209

210

b

)

b

b

(EXP_BBvar "y")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (EXP_projy
(EXP_BBvar "y")))))
(EXP_Qgt
(EXP_RAT
(EXP_SBBintersection (EXP_SBBvar "BHE#RAEXMEE
&") (EXP_makeSBB [ EXP_BBvar "EIDAHZEE"
1)
(EXP_SBBintersection (EXP_SBBvar "BHFAXMEE
&")
(EXP_makeSBB [ EXP_BBvar "EIDAHZEM" 1)))
(EXP_Q 1.0)))))

; ( "EDERICEREE"

[ DEF_BB "&EIDIAAEME" (EXP_BBvar "EIDIAAEHEME")
; DEF_SBB "fhEEMEER" (EXP_SBBvar "fHEEMES")
; DEF_SBB "HERAEXMES" (EXP_SBBvar "HEFEXMBES")
; DEF_SBB "HEFAKXM&ES" (EXP_SBBvar "HEFREAEXMEES")
; DEF_SBB "EHMEBEXMES" (EXP_SBBvar "HKHIFEZEXEE
=)
]
EXP_and
(EXP_Bvar "HAEIRETERER")
(EXP_forall "x" (EXP_SBBvar "{HEEHES")
(EXP_exists "y" (EXP_SBBvar "EHGEEXMHES")
(EXP_and
(EXP_not (EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (EXP_projx
(EXP_BBvar "y")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (EXP_projy
(EXP_BBvar "y")))))
(EXP_Qle
(EXP_RAT
(EXP_SBBintersection (EXP_SBBvar "B HFAXME
&") (EXP_makeSBB [ EXP_BBvar "EIDAHEM"
1))
(EXP_SBBintersection (EXP_SBBvar "BE#FAXMKE

am
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211
212
213
214
215
216
217
218
219

220

221
222
223
224
225
226
227
228
229
230
231
232

233

234

235
236

237

238
239
240

||f$¢l|
[ DEF_BB "EIDIAAEM" (EXP_BBvar "EIDAHEM")

b
b
b

b

b

DEF_SBB

; DEF_SBB
; DEF_SBB
; DEF_SBB

an

; DEF_SBB

O

(EXP_makeSBB [ EXP_BBvar "EIDIAHEM" 1)))
(EXP_Q 1.0)))))

"B ES " (EXP_SBBvar "fHEHES")

"HEFEXBES" (EXP_SBBvar "BHERAEXMEES")
"BESEXBES" (EXP_SBBvar "BHEFLEXMBES")
"HERTEXES" (EXP_SBBvar "HHEMGEEXMEE

"EHRETEXMES" (EXP_SBBvar "HAHIFEETEXME

; DEF_BB "/BIRXF" (EXP_BBvar "JHIRXFE")

]
EXP_and
(EXP_not
(EXP_or
(EXP_and
(EXP_Bvar "GHIRTFTHE")
(EXP_and

(EXP_forall "x" (EXP_SBBvar "{HEEmES")
(EXP_exists "y" (EXP_SBBvar "HHEIFTEXRIES")
(EXP_not (EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (
EXP_projx (EXP_BBvar "y")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (
EXP_projy (EXP_BBvar "y")))))))
(EXP_Qgt
(EXP_RAT
(EXP_SBBintersection (EXP_SBBvar "BEFAXMEE
&") (EXP_makeSBB [ EXP_BBvar "EIDIAHEM"
1))
(EXP_SBBintersection (EXP_SBBvar "BHEFAXRE
£&") (EXP_makeSBB [ EXP_BBvar "E|DAHEM"
D
(EXP_Q 1.0))))

(EXP_and

(EXP_Bvar " EIRTF{ERESR"
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241
242
243
244
245

246

247
248
249

250

251
252

253
254

255

256
257
258
259
260
261
262

263

264
265
266
267

)

(EXP_and
(EXP_forall "x" (EXP_SBBvar "MMEMmESR")
(EXP_exists "y" (EXP_SBBvar "HHEBRZEBEXMEE")
(EXP_not (EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (
EXP_projx (EXP_BBvar "y")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (
EXP_projy (EXP_BBvar "y")))))))
(EXP_Qle
(EXP_RAT
(EXP_SBBintersection (EXP_SBBvar "HEREXRIE
4&") (EXP_makeSBB [ EXP_BBvar "E|DAKEEM"
1)
(EXP_SBBintersection (EXP_SBBvar "BEFHXRIE
&") (EXP_makeSBB [ EXP_BBvar "E|DiAHEm"
DN
(EXP_Q 1.0))))))
(EXP_exists "x" (EXP_SBBunion (EXP_SBBvar "HERAXMES")
(EXP_SBBvar "HEFEXMEESF"))
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAEHEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_I1t (EXP_projy (EXP_BBvar "EIDAHAEM")) (
EXP_projy (EXP_BBvar "jBUEXF")))))

3 (R
[ DEF_BB "E|DIAAEM" (EXP_BBvar "E|DIAAEM")

b

b

I
I
b

b

I

]

; DEF_SBB "fhEEMEES" (EXP_SBBvar "fHEEHES")

; DEF_SBB "BEH{FEXMESR" (EXP_SBBvar "BHIFEXMHES")
; DEF_SBB "BEHFAKXMES" (EXP_SBBvar "HEEFHXMES")
; DEF_SBB "HHGFLEXMES" (EXP_SBBvar "HEGEZEXRHE

=)
DEF_SBB "EHIFEERXRES" (EXP_SBBvar "KHRETEXME

an)

; DEF_BB "JBiEXFE" (EXP_BBvar "ERXME")

EXP_and

(EXP_not
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268
269
270
271
272
273
274
275

276

277
278
279

280

281
282
283
284
285
286
287
288

289

290

291
292

293

(EXP_or

(EXP_and
(EXP_Bvar "G HIRFEIERER"
(EXP_and

(EXP_forall "x" (EXP_SBBvar "MMEHMmESR")
(EXP_exists "y" (EXP_SBBvar "HHEMZEBEXRESE")
(EXP_not (EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (
EXP_projx (EXP_BBvar "y")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (
EXP_projy (EXP_BBvar "y")))))))
(EXP_Qgt
(EXP_RAT
(EXP_SBBintersection (EXP_SBBvar "B E{FEXRIE
&") (EXP_makeSBB [ EXP_BBvar "E|DiAHEm"
1)
(EXP_SBBintersection (EXP_SBBvar "HE{FAXRIE
&") (EXP_makeSBB [ EXP_BBvar "E|DAHER"

1))
(EXP_Q 1.0))))
(EXP_and
(EXP_Bvar "EEIRTFERES")
(EXP_and

(EXP_forall "x" (EXP_SBBvar "{HEEHES")
(EXP_exists "y" (EXP_SBBvar "HHEBREEXMES")
(EXP_not (EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "x")) (
EXP_projx (EXP_BBvar "y")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "x")) (
EXP_projy (EXP_BBvar "y")))))))
(EXP_Qle
(EXP_RAT
(EXP_SBBintersection (EXP_SBBvar "B HfRALXRHEE
") (EXP_makeSBB [ EXP_BBvar "EDAAHEM"
1)
(EXP_SBBintersection (EXP_SBBvar "BHEFAXREE
&") (EXP_makeSBB [ EXP_BBvar "EIDIAHEM"
DN
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294
295
296

297
298

299

300

301
302

303

304
305
306
307
308
309

310
311
312
313
314
315
316
317
318
319

320
321

322

(EXP_Q 1.0))))))
(EXP_and
(EXP_forall "x" (EXP_SBBunion (EXP_SBBvar "HERAXME
/") (Exp_SBBvar "HEFEXMEES"))
(EXP_not (EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_I1t (EXP_projy (EXP_BBvar "EDAHEM")) (
EXP_projy (EXP_BBvar "JRURXRI"))))))
(EXP_exists "x" (EXP_SBBunion (EXP_SBBvar "HE{RAXRIE
&") (Exp_sBBvar "BEMHEXMEESES"))
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "EIDIAAEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "EIDAHEM")) (
EXP_projy (EXP_BBvar "iRBUEXRI"))))))
)

s C "RUREMmICHES "

, [ DEF_BB "EIDAAEM" (EXP_BBvar "E|DIAAEHEME")
; DEF_BB "RUAEM" (EXP_BBvar "BUAEM")
]
, EXP_Qlt (EXP_projyl (EXP_BBvar "BU/AEEM")) (EXP_projyl (
EXP_BBvar "EIDAAEME"))
)

; ( "EIDAHERICHISZES"

, [ DEF_BB "EIDAAEM" (EXP_BBvar "EIDAHEMH")
; DEF_SBB "HE#FXMES" (EXP_SBBvar "BHEFEXMES")
; DEF_BB "JBERXR" (EXP_BBvar "JHIERXR")
]
, EXP_forall "x" (EXP_SBBvar "BHEEXMES")
(EXP_not
(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "E|DIAAEM")) (
EXP_projx (EXP_BBvar "x")))
(EXP_or
(EXP_I1t (EXP_projy (EXP_BBvar "EIDAHZEM")) (
EXP_projy (EXP_BBvar "iBEXRI")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "EIDIAAEM")) (
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EXP_projy (EXP_BBvar ";RUIRXR"))))))
323 )
324 ]
325 ).
326
327 Definition example_ratio_relationl_2 : Spec :=
328 ( CND_None
320 , [ ( "BIEOBER1 (1oU=0.5DIFE)"

330 , [ DEF_BB "A" (EXP_BBvar "A %R RIZ")
331 ; DEF_BB "B" (EXP_BBvar "B %3R3 EI#")
332 ]

333 , EXP_Qeq

334 (EXP_RAT

335 (EXP_SBBintersection

336 (EXP_makeSBB [ EXP_BBvar "A" ])
337 (EXP_makeSBB [ EXP_BBvar "B" ]))
338 (EXP_SBBunion

339 (EXP_makeSBB [ EXP_BBvar "A" 1])
340 (EXP_makeSBB [ EXP_BBvar "B" ]1)))
341 (EXp_Q 0.5)

342 )

343 ; ( "EIEDBEF%R L (1oU=0.15DBE) "

344 , [ DEF_BB "A" (EXP_BBvar "A ZESEIH")
345 ; DEF_BB "B" (EXP_BBvar "B %#iR9BI#")
346 ]

347 , EXP_Qeq

348 (EXP_RAT

349 (EXP_SBBintersection

350 (EXP_makeSBB [ EXP_BBvar "A" 1])
351 (EXP_makeSBB [ EXP_BBvar "B" 1))
352 (EXP_SBBunion

353 (EXP_makeSBB [ EXP_BBvar "A" ])
354 (EXP_makeSBB [ EXP_BBvar "B" 1)))
355 (EXP_Q 0.15)

356 )

357 ]

358 ).

359
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360 Definition example_rational_relation3_4 : Spec :=
361 ( CND_None

362, [ ( "BISORAFK3 (Tou=0.12H'D

ADELDTERL BOETOERIAER>TVRHEE)"
363 , [ DEF_BB "A" (EXP_BBvar "A %R EI%")
364 ; DEF_BB "B" (EXP_BBvar "B %#iRJBI%")
365 ]
366 , EXP_and
367 (EXP_Qeq
368 (EXP_RAT
369 (EXP_SBBintersection
370 (EXP_makeSBB [ EXP_BBvar "A" ])
371 (EXP_makeSBB [ EXP_BBvar "B" 1))
372 (EXP_SBBunion
373 (EXP_makeSBB [ EXP_BBvar "A" ])
374 (EXP_makeSBB [ EXP_BBvar "B" ])))
375 (EXP_Q 0.5))
376 (EXP_and
377 (EXP_Ioverlap (EXP_projx (EXP_BBvar "A")) (EXP_projx (

EXP_BBvar "B")))
378 (EXP_Ioverlap (EXP_projy (EXP_BBvar "A")) (EXP_projy (
EXP_BBvar "B"))))
379 )
380 ; ( "BIBEDOBEE®R3 (1oU=0.12HD
ADETOERYE BOAELDEANER>TWRIHE)"

381 , [ DEF_BB "A" (EXP_BBvar "A ZESEIH")
382 ; DEF_BB "B" (EXP_BBvar "B %:R9EIH")
383 ]
384 , EXP_and
385 (EXP_Qeq
386 (EXP_RAT
387 (EXP_SBBintersection
388 (EXP_makeSBB [ EXP_BBvar "A" 1)
389 (EXP_makeSBB [ EXP_BBvar "B" 1))
390 (EXP_SBBunion
391 (EXP_makeSBB [ EXP_BBvar "A" ])
392 (EXP_makeSBB [ EXP_BBvar "B" ])))
393 (EXP_Q 0.5))

137



394
395

396

397
398
399
400
401
402
403
404
405
406
407

408
409
410
411
412
413

414
415
416
417
418
419
420
421
422
423
424
425

426

(EXP_and
(EXP_Ioverlap (EXP_projx (EXP_BBvar "A")) (EXP_projx (
EXP_BBvar "B")))
(EXP_Ioverlap (EXP_projy (EXP_BBvar "A")) (EXP_projy (
EXP_BBvar "B"))))

Definition example_positional_relationl_2 : Spec :=
( CND_None
[ ( "IERRL (ALDHBOANEICHS)"

b

b

b

)

b

b

[ DEF_BB "A" (EXP_BBvar "A %:R¥RIE")

; DEF_BB "B" (EXP_BBvar "B ZiR9REAH")

]

EXP_I1t (EXP_projy (EXP_BBvar "A")) (EXP_projy (EXP_BBvar "B
"))

( "WERRL (AW&DHBOAENEICHS)"

[ DEF_BB "A" (EXP_BBvar "A %ZR¥RIE")

; DEF_BB "B" (EXP_BBvar "B %ZiERJBI%")

]

EXP_I1t (EXP_projx (EXP_BBvar "A")) (EXP_projx (EXP_BBvar "B
"))

Definition example_positional_relation3_4 : Spec :=
( CND (EXP_Bvar "EHRE{FZEUIFAIEE")
[ ( "UERFR3 GHADELL LOBHEE5EHICMBLTVS)"

b

b

b

[ DEF_BB "A" (EXP_BBvar "A ZiESEIE")
; DEF_BB "B" (EXP_BBvar "B %ZiRJBI#")
]
EXP_and
(EXP_I1t (EXP_projy (EXP_BBvar "A")) (EXP_projy (EXP_BBvar "
B")))
(EXP_Ioverlap (EXP_projx (EXP_BBvar "A")) (EXP_projx (
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EXP_BBvar "B")))

427 )

428 ; ( "UERBR4 B 20 0. 3D dETICBELTWLWS)"

429 , [ DEF_BB "A" (EXP_BBvar "A %R9RIE")

430 ; DEF_BB "B" (EXP_BBvar "B %ZiERJBI%")

431 ; DEF_BB "A KL TF" (EXP_makeBB

432 (EXP_makeI (EXP_projxl EXP_BBimg) (EXP_projxl (EXP_BBvar "A
")))

433 (EXP_makeI (EXP_projyl EXP_BBimg) (EXP_projyl (EXP_BBvar "A
"))))

434 ]

435 , EXP_Qge

436 (EXP_RAT

437 (EXP_SBBintersection

438 (EXP_makeSBB [ EXP_BBvar "AKETF" ])

439 (EXP_makeSBB [ EXP_BBvar "B" ]))

440 (EXP_makeSBB [ EXP_BBvar "B" 1))

441 (EXP_Q 0.3)

442 )

443 ]

444 ).

445

446 Definition example_inclusion_relationl_2 : Spec :=
447 ( CND_None
was, [ ("EERFRL GBHAKEEThTVLS)"

449 , [ DEF_BB "A" (EXP_BBvar "A ZESEIH")

450 ; DEF_BB "B" (EXP_BBvar "B %:R9EIH")

451 ]

452 , EXP_BBsupseteq (EXP_BBvar "A") (EXP_BBvar "B")
453 )

454 ; ("EEE®R2 WHBICEAEETNTVS)"

455 , [ DEF_BB "A" (EXP_BBvar "A %ZiRSRIH")

456 ; DEF_BB "B" (EXP_BBvar "B %#iRJBI#")

457 ]

458 , EXP_BBsubseteq (EXP_BBvar "A") (EXP_BBvar "B")
459 )

460 ]

461 ).
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462
463
464
465
466
467
468
469
470

471
472
473
474
475
476
477
478

479
480
481
482
483
484
485
486
487
488
489
490
491
492
493

494
495

Definition example_comparison_relationl_2 : Spec :=
( CND_None
[ C"RDEFRL (A&DBAPTL)"

b

b

]

b

)

b

]

b

(

[ DEF_BB "A" (EXP_BBvar "A ZiRJRI%")
; DEF_BB "B" (EXP_BBvar "B ZiRJBI%")

EXP_Qgt
(EXP_RAT (EXP_makeSBB [ EXP_BBvar "A" ]) (EXP_makeSBB [
EXP_BBvar "B" 1))
(ExpP_Q 1.0)

"KBER2 (A kD BAKTL)"
[ DEF_BB "A" (EXP_BBvar "A ZiE$RA%")
; DEF_BB "B" (EXP_BBvar "B &R I EA%")

EXP_Qlt
(EXP_RAT (EXP_makeSBB [ EXP_BBvar "A" 1) (EXP_makeSBB [
EXP_BBvar "B" 1))
(EXP_Q 1.0)

Definition example_contains : Spec :=
( CND_None

[ ¢ "A contains B"

b

b

b

[ DEF_BB "A" (EXP_BBvar "A ZiRIEIE")
; DEF_BB "B" (EXP_BBvar "B %#iRJBI%")
]
EXP_and
(EXP_BBsupseteq (EXP_BBvar "A") (EXP_BBvar "B"))
(EXP_not (EXP_or
(EXP_Qeq (EXP_projxl (EXP_BBvar "A")) (EXP_projxl (
EXP_BBvar "B")))
(EXP_or
(EXP_Qeq (EXP_projxu (EXP_BBvar "A")) (EXP_projxu (
EXP_BBvar "B")))
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496
497

498

499
500
501
502
503
504
505
506
507

508
509

510
511

512

513
514
515
516
517
518
519
520
521

522

523

524
525

I

b

)

(EXP_or
(EXP_Qeq (EXP_projyl (EXP_BBvar "A")) (EXP_projyl (
EXP_BBvar "B")))
(EXP_Qeq (EXP_projyu (EXP_BBvar "A")) (EXP_projyu (
EXP_BBvar "B")))))))

( "A covers B"

b

b

)

[ DEF_BB "A" (EXP_BBvar "A ZiRIEIE")
; DEF_BB "B" (EXP_BBvar "B %R RBA#")
]
EXP_and
(EXP_BBsupseteq (EXP_BBvar "A") (EXP_BBvar "B"))
(EXP_or
(EXP_Qeq (EXP_projxl (EXP_BBvar "A")) (EXP_projxl (
EXP_BBvar "B")))
(EXP_or
(EXP_Qeq (EXP_projxu (EXP_BBvar "A")) (EXP_projxu (
EXP_BBvar "B")))
(EXP_or
(EXP_Qeq (EXP_projyu (EXP_BBvar "A")) (EXP_projyl (
EXP_BBvar "B")))
(EXP_Qeq (EXP_projyl (EXP_BBvar "A")) (EXP_projyu (
EXP_BBvar "B"))))))

( "A touch B"

b

b

[ DEF_BB "A" (EXP_BBvar "A ZiESEIH")
; DEF_BB "B" (EXP_BBvar "B %:R9EIH")
]
EXP_and
(EXP_Qeq
(EXP_RAT
(EXP_SBBintersection (EXP_makeSBB [ EXP_BBvar "A" ]) (
EXP_makeSBB [ EXP_BBvar "B" 1))
(EXP_SBBunion (EXP_makeSBB [ EXP_BBvar "A" 1) (
EXP_makeSBB [ EXP_BBvar "B" ])))
(EXP_Q 0))
(EXP_or
(EXP_Qeq (EXP_projxl (EXP_BBvar "A")) (EXP_projxl (
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EXP_BBvar "B")))

526 (EXP_or

527 (EXP_Qeq (EXP_projxu (EXP_BBvar "A")) (EXP_projxu (
EXP_BBvar "B")))

528 (EXP_or

529 (EXP_Qeq (EXP_projyl (EXP_BBvar "A")) (EXP_projyl (
EXP_BBvar "B")))

530 (EXP_Qeq (EXP_projyu (EXP_BBvar "A")) (EXP_projyu (
EXP_BBvar "B"))))))

531 )

532 ; ( "A overlapbdyintersect B"

533 , [ DEF_BB "A" (EXP_BBvar "A ZERSEIH")

534 ; DEF_BB "B" (EXP_BBvar "B %#iRJBI#")

535 ]

536 , EXP_not (EXP_and

537 (EXP_Qeq

538 (EXP_RAT

539 (EXP_SBBintersection (EXP_makeSBB [ EXP_BBvar "A" ]) (
EXP_makeSBB [ EXP_BBvar "B" ]))

540 (EXP_makeSBB [ EXP_BBvar "B" ]))

541 (EXP_Q 1))

542 (EXP_Qeq

543 (EXP_RAT

544 (EXP_SBBintersection (EXP_makeSBB [ EXP_BBvar "A" ]) (
EXP_makeSBB [ EXP_BBvar "B" ]))

545 (EXP_makeSBB [ EXP_BBvar "B" ]))

546 (EXP_Q 0)))

547 )

548 ; C "A equal B"

549 , [ DEF_BB "A" (EXP_BBvar "A %R RBA%")

550 ; DEF_BB "B" (EXP_BBvar "B ZiRJREAH")

551 ]

552 , EXP_BBeq (EXP_BBvar "A") (EXP_BBvar "B")

553 )

554 ; ( "A disjoint B"

555 , [ DEF_BB "A" (EXP_BBvar "A %3R3 RI%")

556 ; DEF_BB "B" (EXP_BBvar "B %:R9EIH")

557 ]
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558 , EXP_not (EXP_BBoverlap (EXP_BBvar "A") (EXP_BBvar "B"))
559 )

560 ; ("A overlapbdydisjoint B"

561 , [ DEF_BB "A" (EXP_BBvar "A %R RBA%")

562 ; DEF_BB "B" (EXP_BBvar "B %3R3 EI#")

563 ]

564 , EXP_or

565 (EXP_and

566 (EXP_Qeq (EXP_width (EXP_projy (EXP_BBvar "B"))) (EXP_Q

0))

567 (EXP_or

568 (EXP_and

569 (EXP_Iin (EXP_projxl (EXP_BBvar "A")) (EXP_projx (
EXP_BBvar "B")))

570 (EXP_Iin (EXP_projxu (EXP_BBvar "A")) (EXP_projx (
EXP_BBvar "B"))))

571 (EXP_and

572 (EXP_Iin (EXP_projxu (EXP_BBvar "A")) (EXP_projx (
EXP_BBvar "B")))

573 (EXP_not (EXP_Iin (EXP_projxl (EXP_BBvar "A")) (
EXP_projx (EXP_BBvar "B")))))))

574 (EXP_and

575 (EXP_Qeq (EXP_width (EXP_projx (EXP_BBvar "B"))) (EXP_Q

0))

576 (EXP_or

577 (EXP_and

578 (EXP_Iin (EXP_projyl (EXP_BBvar "A")) (EXP_projy (
EXP_BBvar "B")))

579 (EXP_Iin (EXP_projyu (EXP_BBvar "A")) (EXP_projy (
EXP_BBvar "B"))))

580 (EXP_and

581 (EXP_Iin (EXP_projyu (EXP_BBvar "A")) (EXP_projy (
EXP_BBvar "B")))

582 (EXP_not (EXP_Iin (EXP_projyl (EXP_BBvar "A")) (
EXP_projy (EXP_BBvar "B")))))))

583 )

584 ; ( "A on B"

585 , [ DEF_BB "A" (EXP_BBvar "A ZESRIH")
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586
587
588
589
590

591
592

593

594
595

596
597

598

599

600
601

b

; DEF_BB "B" (EXP_BBvar "B ZiERJBI%")

]
EXP_or
(EXP_and
(EXP_Qeq (EXP_width (EXP_projy (EXP_BBvar
0))
(EXP_or
(EXP_Iinrev (EXP_projy (EXP_BBvar "B"))
EXP_BBvar "A")))
(EXP_Iinrev (EXP_projy (EXP_BBvar "B"))
EXP_BBvar "A")))))
(EXP_and
(EXP_Qeq (EXP_width (EXP_projx (EXP_BBvar
0))
(EXP_or

(EXP_Iinrev (EXP_projx (EXP_BBvar "B"))
EXP_BBvar "A")))

(EXP_Iinrev (EXP_projx (EXP_BBvar "B"))
EXP_BBvar "A")))))

IIBII))) (EXP_Q

(EXP_projyu (

(EXP_projyl (

"B"))) (EXP_Q

(EXP_projxu (

(EXP_projxl (
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