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Abstract

The 15-puzzle is one of the sliding block puzzles. It consists of a grid of 4 x 4
with 15 tiles numbered 1 to 15 and one blank space. The goal of this puzzle is to
change arrangement of the tiles by repeatedly sliding a tile adjacent to the blank
space. The 15-puzzle can be generalized from 4 x 4 to m x n. In m X n puzzle,
there are (mn)! arrangement patterns. Considering permutations by arrangement
of the tiles, it is known that the number of possible states that can be reached by
sliding tiles from a given initial state is exactly (mn)!/2.

The rule of the 15-puzzle is simple and easy to understand, and the essence
of the problem is not lost when the size is changed. The larger puzzle size, the
larger the search space becomes. Thus, finding the shortest number of moves is
computationally difficult. For this reason, search methods for finding the shortest
number of moves have been used in various studies. Typical methods include
the A* algorithm and the IDA* algorithm. These algorithms are called heuristic
search and use a heuristic function. A heuristic function is a function that gives
a prediction of the shortest number of moves required to get from the current
state to the target state. A function that returns a value that is always smaller
than the actual minimum number of moves is said to be acceptable. One of the
heuristic functions for the 15-puzzle is the use of the Manhattan distance. Using
the Manhattan distance, it is possible to determine at least how many moves
are required for a tile to be in the desired position. The sum of the Manhattan
distances of all the tiles is an acceptable heuristic function.

In the n?—1 puzzle, the minimum number of moves for n < 4 has been analyzed.
The 8-puzzle (3 x 3) can be solved within 31 moves, and the 15-puzzle (4 x 4) can
be solved within 80 moves. These values are the results of computer computations.
The problem of finding the shortest number of moves for an n? — 1 puzzle is known
to be NP-hard, and the maximum number of moves for n is not known. Previous
research has shown that the lower bounds on the maximum number of shortest
moves for n? — 1 puzzles are n®> — O(n?) and the upper bounds are 5n* + O(n?).

In this study, we limit the length of one side of the puzzle to a small value
(m = 2). The purpose of this study is to find the maximum number of shortest
moves for n in such a size of 2 x n. As a result, we showed the lower and upper
bounds of the maximum shortest moves.

As an experimental method, for n < 6, where all configurations are enumerable,
we found the configurations that can reach the target state. Then, we computed
the sum of the Manhattan distances of all tiles for that configuration. From the
experimental results, we observed a pattern in the arrangement of the tiles that
were expected to have the maximum number of moves. Using the arrangement



pattern obtained for 2 x n, we showed that the lower bound on the maximum
number of shortest moves is n? + [(3/2)n| — 1. We also divided the problem of
placing tiles in the desired position into subproblems. Considering that the whole
puzzle can be solved by solving the subproblems recursively, we found regularity in
the solutions for the subproblems. From the regularity, we showed that the upper
bound of the maximum number of shortest moves is (9/2)n? — (9/2)n — 6.
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F1E LI

1.1 HEE=

I5RZANEE, ZATGAT 4770y I RAND—DThHb. 4x4DT7V v R
W2, 1205 15 FTOBEEVPEINZIEHDR AL E 1 DDLEX < R K o THAR
NG (K1.1), BETRICEHELZRZA N, BERRICATA RXELZ e
TX5%. ZOXRAVOHWE, X774 RTHEIEZEDRLITY, GBXAohx
ANVDEEZFRFEOREICELIEEZ I THD.

m

4 ) 6 7

8 9 | 10 | 11

12 | 13 | 14 | 15

1.1: 15282

I5RZANDYA X B AXx AP mx nl—RILLZH DX, mn—1EDOZ AL
E—DODREXT AL o THEREN, FBOARILE LTHEDID. m=nDk
EDRZAEn? — 1 XAV IR .

DN ZMINV—=ADHRTHIP DT, YA XE2ERIETCHREOARE
ERDIZWV. £, mxnDFA LT, RAVORLE X — & (mn)! @
DIFEL, m,n ODMEIC X o THREENSEN T 5. 2079, #IHHRED 5 BAYIK
RRIZE(L X270 DREFHZ KD 2HRKRFIEE, SEIERMIEONRE L
THHZIATNS.

1.2 ®FEEH

n? —1 XNV DEFEFEZ KD 2 HEIZ NP NEETH 2 Z e BFIHH T3 [1][2].
ZD7=d, nIZT BRRKDEREFERILT D> TV, BT E > T, XD
F11LIWRTY A XBBLCETEINTE DY, RRKOBRBEFEIELRTWS.
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o 1 2 3 4 5 6 7 8
1 6 21 36 55 80 108 140

2 21 31 53 &4

3 36 53 &0

=W N =

£ 1.1: m x n SV BIT 2K ORMEFR 3]

AFFETIE, RALVDO—HDORIE/NIWVE(m = 2) ICHIRT 2. 2O L57%
2xn DY A RZBWT, RROFRHFEOTHE LFICHET 2RO 2 00 EH %
R

B 1.2.1 2 x n NANVEEL 72Di2P el e b n? + [3n] — 1 OFHHILET
bH5.
EHE 1.2.2 2 x n RANVEMRL e DITRBERFRIIE 4 In* —In-6TH 3

2

1.3 AN DIFK

AKiwsE, AEZEZOTHDODOETHKT 5. H2ETIE, 15 3ANIIZET 3
AT ZREN T 5. HBI3IETIE, 2xn RANVDBERKOBEFFHD FRICOWT
RY. BAETIE, 2xn RANVDRKOBREFED LFICOWTRT. BHET
3, FABETRLAELFICHT 2WEBEBREZERT 5. MiRIC, HOFEIIRRLDE
LD SHBROAE LIRS,



FE28 FEERAZE

RETIE, 15 XM T 2 WHESRE TR Z KD 2 ERTFIEICTOWTERS.
T ZTIX 15 R AIZOWTEE T 203, FEARIICm xn OV A4 I L THEH
TEX33HDTH 3.

2.1 BFM4

RZNVDEEIZIE, ZANLDATA FIZXk > THRIREBICEEZET = 3H0E L |
ETERVEENFET 5. ZOWHEICHET 2 @M EZRIRT [5].

EIE 2.1.1 #HIREE s 5 HIPIRFE g ICEETE 2 © s L g DEETADMER
WL RANDATA RIZE o TEDERRE, shd gANELZXEZ20DXA L
DIAAEA BB T D 5

15 S 2V DBECE S X — 213 16! = 20922789888000 i D F#HES 5. ZD 5 b, X
ANDRAT A NIZ& > THIVIRBICEGZERTRERBLE X, ERLOEHEID B L5 Y
TOFHTH%. b OPHOBER, HNWORBICZ(LIES I EHNTERL.
FETERV2ODBEDAEZ, X2.11TR7.

“panl Dok
4 5) 6 7 4 5 6 7
8 9 10 | 11 8 9 10 | 11
12 | 13 | 15 | 14 12 | 13 | 14 | 15
(a) FIHAIRAE (b) HAYIREE

X 2.1: 15 2L DEEAR]RE 72 L & O il

BEZON7=RZANIIH LT, 770 7%80, XA VT E B Y B5|THR
T, BEZADOMEX, EUDICHNOMNE L —HIBTEL. B0 -E
5 BHINOBEBENDZEIX, BIIOZKERZHWOME IR ITERIETHD, Th



BEHIOHIET 2. /2, RALD1IEDZAT A FiX, BIID 2 ODOEED AN
ZThY, HHIIWHET 2. 1EDAT4 FIigkbD, BE<31 v 2ABHE)T 5.
X ANHNOMEICR 2 121E, DSEBEBEHT2. Thbb, MAEOR
faTRINZEEIIC L S TDOA, BIIREICEETX 3.

il LT, K21 0fIRED & HIVIRRBICEZE T X 2008 5 O 2tk g
5. ZIT, "ERZ0rBL.

0123456789 1011 12 13 15 14\ (15 14 _(M w)
01 2345678910 11 12 13 14 15) \ 14 15 )

FRHROXIDFHERTDH 270, FETEZLRVEHETE 3.
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2.2 BEEFE

RRDOHEFHE KD 27D DHANLRIREEL LT, RBELERPEITS
N3, RXVOEEZTES, ZRALDRAT A FIZ X > CTEBAREREE IS
ZIEMNRI L Z2UTRHALE S 7%2EZ 3. 777128132 2 HAZHEIRE DY
DE XX MEh, TEO 2THEAOMERICNT 2 ORAEXS 7 70
BEREMENS. 15 AN SEZTT 7 7DERE, 15 3 ANMCBIT2HRAD
BEFHTH2. BHIREBIZHIGT 2THAD» OHERZHD S 2 T, IXXTOIH
R OREIEENIE SRS, 15 LT BIRELEFEROB 2 — FE LTI
2N

Algorithm 1 BreadthFirstSearch(g)
Input: HHYVIKRE ¢
Output: ¢ ITELXE % 7= DITHERACE DRKDRIEFE
OpenList < 2D ¥ 2 —
ClosedList + §XTOREEDREFBZE oo
OpenList 12 g % 3B
ClosedList 12 g DImFEFEIZ0TH 5 Z & Zaix
while OpenList 22T\ do
v < OpenList 2> HHH K3
forv PHRANERATA FLTEETZS0E w do
if ClosedList \ZEL# ST W2 w DImFEFE > (Closed List \ZFLFx ST
W5 v DERMFE + 1) then
OpenList \Z w %8B/
ClosedList 12 w DEFEFE % EH
end if
end for

end while
return ClosedList IZECER I N T WS R AHE

HEE V]| 2T 2L, REBEAERRICDELRLEARE, ClosedList IZ3XT
DOELEWCE T 2 FHZHR L TEBBERDHL2DTO(|V]) TH 5. /hEWVWHA X
WX LTI ERDIAIREE DY, NALDY A AW KEL LB, FHUE-TEF
R AR DM T 5. 15 RAMRBVT, V| =9 ~1.0x 108 TH 3.
FATIZEIC K o T, IBEBAERRIDVEXT Y TIMET2HEE7 VIV XL LT,
Frontier Search MR XL TW 5 [6]. ClosedList 1%, BECHRRFADELE % Flix
T D7D EIR T — X TH 5. Frontier Search I&, OpenlList PFIZ& ENALBHC
BRI LT, ZOMENEDELENGERELLDD2ZRBL THL. ZhiZ
D, BANBRATA FSELLE, DHIOREBICHUOZT S 22 2lic. %
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D7z, ClosedList #EY LW, ZOT7NIY ALEHWT, 2x7,2x8,4x4
PRI B 2B ROBREFEBEINT NS,

PRI E o TV 272 51X, HIIREBE TOREFEEZ KD 2HREFiEL
LTA*7 LY XL [7]RIDA*7 LT X 4 [8] R EDRBMNRER 7 LY X
LERWAZEDNTES., ba— V) RAT 4y 7R MIN, BEOKE»SH
PPREE X TCORBTFHOTHEERZ 522 2a— Y AT 4y ZEBZLS. ZOTFH
iz L ICHERE2ITOI0, 71TV XLDOMEEEE 2— Y X7 4 v Z BB OMRE
WHRIFST 5. 15 % AMZx T 52—V T 4v 7B THRb 2 REWNZGIE
LT, Uy RUFEEND 5.

AL TIE, RROBREFROTRERD 572012, HIVKEFZTOTHIER
BRZ2ZenTELZw oy XRVEHZRHWS. %72, LRZ2RDZ7012, &
REMMPNSVWEEZE 2, Z ORI L TIRELERE21TS.
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FE3IEZE TR

ARETIE, 2xn ST 2RAKOBREFHO THRICOWTIERS. R
TiE, K3.1IRTEEYZ HIVIKREE 5.

1 2 |- mn—1

2n

n m+1ln+2 - .

X 3.1: REHXTHWS 2 x n 2SR L0 HIIKAE

2 X nRZIUIZBWVWT, BLE X —20& (2n) @D 2O FET 5. BLEOEFE
ED, BRZAONTMHREDL S XA LDRT 4 FIZk > THIIKRRBICEETX 2
B, 5xo 20X (2n)/2 TH 5. AROREFHDO THREEZRD 25 X T,
HIVIKEE L [F T 8) 7 4 DELEDAEE Z UL KWV, 20D &5 2EE D 5 HIVIKRE
WAL B2 FTIARL EDRBELRFHE, v oy X VHEHEEZHOWTRD 5.

3.1 TY/I\vAips

2 X n SR BNWT, 174, FljITET B R4t DAER (1,7) (0 <i <
,L0<j<n—-1)t3%t, K31 TRLLZHMNKREgDODXA VLt =1,---,2n—1)
DREE ([L], tmodn) LRES. ZOLE, v ¥y X HEHEmd(t) 2RO &
IICERT 5.

md(t) = | ULJ — 1|+ |(t mod n) — j

ZANVDEEICE T 32XV DIRER s £ BL. sDITXRTDRAINLLIIHT S
md(t) DA,
2n—1

MD(s) =Y md(t)

t=1

n

KFEFTEN |(t mod n) — | ZUITHER T WS, 207, t z HNOMNEICALET %
72X, md(t) ALOFEBIBETDHS. D% D, MD(s) ks % glTZLEE
272DICRERTFHDO THRELE WZ 5.

THB. N (i, ) LT B XA V1%, HNOMEISH L CREATIC || L] -],
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3.2 7OV XLOFH

ZIZTE, RANVDYA ZXnE AN LTEZ, ROKRKEWVWMD(s) Dfiz 2D
NRANVDIREE s EHNT A7 VTV AL %EZ 5.

%9, HIPREZRTAEY g = (0,1,...,.2n—1) ZHET 3. EE<2ZI0LT 3.
RIZ, BAIED (i,5) ITMEBET 2 L ZD md(t) ZERisIELTEL. X410
Bldon—1, ZANLDPMETEZEANE 2n LRV, Z070, TEOXALE
MNEDORTZIINT 23y X V2 TXTEHINCHRFEL TEWTSH, 240D
FEEAEREDEY LRV,

ZLT, 0205 2n— 1 FTOEETRING 2n HOEZLZDNES s 2 —DF D%
2L, LTOFIEZITS.

1. s g KEGERIRETH 20 ¥ 5 1R HET .

ZAE, EH211XKD, sEgIIELZIEE720DD, XA INLDREAEEDHE
e, BETAOBEBIMOBGTLZHET LI TRDEIENTX S,

T3, XA NDOKHEEBOMBFERD 5. 2nfll OBEZRE S 205 A & H
BL, sDERANDBYE ZIMET 2020 TH L. R, s DiE
(i,§) Z O DT OMRL, g DOLE (i,)) ITHFET 2 XAt e—HLTW3
DIARD. L TORWERE, s DXA VBT ZRERH 3. (i,7)
WHBET 2 ZANE, ARBIRL Tt X1 T 5. 2O, LIE4L
WIES 5 ADELREZEHRL, KA EDID Y VT35, ZOBEZTRT
DEA ML TITWY, s g ICBLXE 3.

ZLT, ZE2AOBHE#HOMBITICONTIRD ZLENDH 5. KiiiL T
X, HIVIREEDZRE < 2 DMEIX (0,0) 2 LTW5. DD, BE<T %
RANEt=0L LIz ZDmdt) 5182 L NTE 3.

2. FEARER 51X, MD(s) Ko 2. UL, sDXA LI LT, md(t)
OMAZEFETIUI XV, md(t) EEFEFIELEEFHAT 3.
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Algorithm 2 CheckSolvability(s)

Input: »SXVOELE % K SHEA s
Output: s 25HIIREE ¢ ICEHEREER 51X true, £ 5 TRV 5 false
for s DX A )Lt do
BiHl A < t DALIE
end for
KA NDIHRER © + 0
for s DiHE (i,5) do
if s (1,7) WIFEST B XAV 5[(i,5)] # gD (i,7) WWIFHEST 5 XA )Lt then
swap(s[(i, 7)], s[A[t]])
AR LU T2 R A V] AL T2 iE
r—v+1
end if
end for
return x OHF = md(0) DHF

L7V X6 ZHWT, RROBREFEROTHRERDZ. ALY A
AN =2xnlZMNLT, ZOZhORREFHAERZ,

o md(t) DEHIFIHE O(N?)
o CheckSolvability O(N)
e MD(s) DFtHE O(N)

TH5. RAVDOEBEARZ—=ENIEY HZDT, 713V X LEEROFFEEHHE
BIZON -N)THd. £/, HEAlatE Lz md(t) DEZRFFT 272012, O(N?)
DFEEREZVEL T 5.

3.3 ERER

HIfiCRUFiER, C++TEEL, Yot v ¥ 2.6GHz Intel Core i5-7300U,
XY 8GB OFtEEE H W TEE 2T - 7.

n < 61T 3 MD(s) DIERAME L FHERR 22 3.112, ZOAE s X 3.2 1R
T, 2L, 2Xx5,2Xx6ICDOWTOREDEIZZNZI40, 216 EFEMET %729,
ZD5HD 10O AEFEHT 5.
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n

1 2 3

4 5 6

MD(s) D KIHE

1 6 12

21 31 44

SRR [s)

0.015 0.017 0.021

0.036 0.416 46.2

£ 3.1 EBHERICLZ 2 xn AV D TR (n <6)

T
2
(a) 2x1 (¢)2x3
6 7 4 ) 6 5 4
3 2 1 2 1
7 6 4 b} 7 5 4
2 3 1 3 1
(d)2x4
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© — 0 — © ™
0 o © N 10 —
o0 ™ o o ~ ™
I~ <t I~ <t 0 <t
© o 0 o © —
0O — Ne) — 10O (@]
o0 <t o <t r~ <t
- o I~ ™ 0 e

(e)2x5
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9 | 10 | 11 7 8 9 | 10 | 11

9 | 10 | 11 10 | 11

9 | 10 | 11 8 7 9 | 10 | 11

E N EEE
E N EEN

(f)2x6
3.2: KD MD(s) £725HE s (n <6)

ANt t=1,...2n—1) %, RD4DDEH A, B,C,DIZH¥ET 5.
e A={t|1<t< 3] -1)

e B={t| 2] <t<n-—1}

e C={t|n<t<[3n] -1}

e D={t||3n] <t<2n-1}

tDBTIEBICEoTERANETNNUMITFT B, K32 TRULLEBEIZTA
T, XDK33DLIITHR-TWVS.
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2% 2

=~ | Q

(b

~—

D | D|C|C
B

B A
(d) 2x4
D C D|D|D|C|C]|C
B A B | B | B A A
(e)2x5 (f)2x6

X 3.3: X323 2 X4 NVOELE X —
3.3(c)(d)(e)(f) 1, RO 34D LS CHBINTNS Z L AFEAENS. ¥

7z, HEPIREBIIN L, XA NLDETIEBICEID 70T LZIKREZRDK
3517,
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(b) n DSTFEK
X 3.4: 2 x n T2 XAINDELENSR —

(a) n DMEEL

(b) n DYFFHL
X 3.5: HEYIREEIZHT S 2 X A L DELE X — >

X 3.4 DELED 5K 3.5 DELEANDZ(IZHE L TFEIZOWT, XA LDy
2 VIFBEDRMZHAWTEZ S Z T, UTOEMERT.

EHE 3.3.1 2 x n RANEML DI e b n® + [(3/2)n] — 1 DT E
Th%.
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SERR
2 X n X ACH LT, WIHABE Y L TRDON3.6 D XD RIRERZEZ 5.

3
3 2n n
2" 1] " .
n n 3
2 -1 1 -1

ol o[ [ 2] [ B
EE BRE

X 3.6: WIHACE
n HMBRDZE

ZAN1IE, BIIDAE L KEAANSN LT 2, BES AN LT 1R TR T
W5, XoT, YNy X VI L +18725. 1Z2D20252n -1 ETOT
RTDEANZOWTHFEFETH 3.

L7eh3o T, X3.6(a) DECEICE T 2~ >y X VHREEDRBHINE,

RTINS NS
(2n 1)(2+1)—n —|—2n 1
TH5.
n HEFPDHBE

£ AV 1IZENOAE L KPS LT 2L, BE AN LT 172 TR T
W3, XoT, Uy RUVEBHEZ S 185, 205 (2] -1 %T, [3n] 2
52 —1FETDXANIZOVTHRKTH 5.

KAV 2]1%, BROOE 2 ACEATANC LT 22, BE S AN LT 1720
NTV3. XoT, Uy X VHBHI M +12 22, [2]+1226n—1, nk
5 [3n] —1ETOXANZOVTHRETH 5.

L7235 T, X 3.6(b) DECEIZEET 2~ >y & VHRREDFRANZ,

n—1n-—1 n+1 n+1n-—1
1 —1 1 _
(o D+ (= D+ 1)+ (P

TH5.

3
—|—1):n2—|—[§nj—1

21



PIEXD, 2xn NANVZELEROBFFHROTRE LT, n?+ [3n] — 155
biLd.
O
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F48 LR

ARETIX, 2xn 2NANVEHTZHRAKOBEFETFED FFRIZOWTIRR 3.

4.1 F&

AL TIE, 2n — 1ATXRTDO XA V% BNDONAEICEE 3 5 [RE % 5870 i
WHEI L THRINSEL. BoRMEEIRDE>RIDEEZ 5.

2 x n 2L HRPIRREIZN LT, G| 1 DAL D & 4 LD Xl 72 i 5
5. ZDEIRRANEEZ-E, HIIREBIZELXE 272D B R FHD
RAMEIZWL D5

COEORIEER AL 5 2T, BB L72WAETRD Z A LD AXHITE TVl
BVWOT, IRTOXRANIERZHFKS % 7NN T 2H0EZITR V. 2D,
K 4.1 D XTI RANF LKV %E 2O EICE T 2 HIIREEX 55, &
T, RAlF2HEDRNWR A MIITRTX 7T L THEL.

T/, TOEIRBRVLDODPDEANDADREIZONWTE 2 L FIEFI K-
T—=RRX=ZMING. RANEERZHEL TTOMEOHEETH 27280, §F
BRe2a—VRT 4y 7B LTHHVWLNS [9).

X n—1

2n

0y

4.1: Fo D HHIRA

b

AY

X 4.1 DRZVBT BELEASRX— %, 2n(2n—1)(2n —2)8H LOFIEL R
V. 20, HIPREZOHIKEL L, FETE3IXNTORE L ZORETF
e, WELERICXZ22HKTRD 5.

2 X n SR BETIEDRE f(n) LB, RANVEREHEL DI
RBERFRO EFEZ, f(n)+ f(n—1)+ f(n—2)+---+ f(2) + f(1) £ LTH
BIEMTES.
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4.2 HEER

RIEICRUATFIEEHAOVT, 2 x n XM 2 5 HIREDR f(n) DFER Y
FHAEREZ, R41I1TRT.

n 1 2 3 4 5 6 7 .-+ 100
f(n) 1 6 20 27 36 45 54 . 891
FHERR [s] | 0.012 0.015 0.018 0.026 0.027 0.026 0.021 --- 510

£ 4.1: 2 x n T B E D RIE O ERER

HIPREEAZ(L X B 272012 f(n) PREREEE, K421R7.

T
X | 2
(a)n=1 (b) n = (c)n=3
3| X | X 4 | X X
T X | X | X 9 | X X
(d)n=4 (e)n=>5
5 | X | X

11X | X | X | X | X

(f)n=6
4.2: f(n) FRERE (n < 6)

K41 ED, n>4HLT, f(n)=9n—1)THhsIDHANE. T,
X 4.2(d)(e)(f) R 2 &, BDX A ADBEKDY|, ZE<ZADHELEONBETH S
Zebhb. 20D, EHOMEEEL 72DIZRDFRO»D HHEICET 5
FIEIZ, ﬁ%@ﬁ%ét%x%ﬂ% 4.2 TRUTz f(n) FREREBD S H
FPRERICZENL S B 2 720D XA VOF X T 2 FEHIE, 1272 TR, WD
PIFEL. ZOFIEDOARX -2 E, R42I1TRT.
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n 1 234 5 6 7 - 100
FlIEDOE |1 2 8 12 24 40 60 --- 19404

£ 4.2: f(n) F2h 2 FIED X — 2V H

FA2TRULEBEOBD SO>S, n=4,5,67TXBI2FIEDO—2%, LITITRT.
ZIZTE, 79070 ETEEOEIEEZNZENUDLR EBE, ZhzFEHE L
TRT. o, FlEO—#HOFHNE A, B,C,D,ED5DIZX53T 5.

2 x4

DLLLU RRDLLU RRDRULDLURDRU LLL
A B D E

2x5
DLLLLU RRDLLU RRRDLLU RRDRULDLURDRU LLLL

A B C D E

2x%x6

DLLLLLU RRDLLU RRRDLLURRRDLLU RRDRULDLURDRU LLLLL
A B c D E

2x7

DLLLLLLU RRDLLU RRRDLLURRRDLLURRRDLLU RRDRULDLURDRU LLLLLL
A B c D E

FREOFIEICOWT, 2x5 %2612, K4.2(e) DELED S HIIKEE TOZE(LE
RDX 4.31TRF.

X | X | X | X

4 9 | X | X | X

(a) X 4.2(e) DECED HFMEAK X 2 2L
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X | X | X | X

X | 4 9 | X | X

(b) (a) DELED & FNEBIC & 52t

4 X | X | X

9 | X | X | X | X

(c) (b) DECED &FMECIC X B2

X | X | 4

X1 XX | X9

(d) (c) DBECED & FIMEDIZ & 521k

X | X 4

X X | X 9
) (d) DEEH & FIFEIC & 5254k

) Frir 3 FIEIC B 2 BB O£

n

~—~

X 4.3: f

—H#HDOFNEL, n>4WH L TR o7 KO LEZRZRDOFIEDTFE
WZOWT, Aldn—1F, Bid6F, Cld7(n—4)F, DIZ13F, Dign—1FT
H3. XoTLIKT,

n—1+6+7n—-4)+13+n—-1=9(n—-1)

THDIEDHREE. n<3DPA AZBWT, KD OEZIETERWED, |
A CRLEFIEHIERO» SR ozEZION5.

I 4.2.1 2 X n SANVEEL e DITRELTRIIE £ 5n> —in—6 TH 2
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FERA

2 X n RANZ R e DITE R TFEHD L5 % Upper Bound(n) £ 5% &,

Upper Bound(n) = 9(n — 1) + Upper Bound(n — 1)  (n > 4)

ERES. 2721, UpperBound(3) =21 £BL. ¥R 6, R1.1XD, 2x3%
AW BT 2BRROBREFHIZ21 20T, ZThrREEEWVWZRS. Zoicon

TS &,

Upper Bound(n)

BEHN5.

9n — 9 + Upperbound(n — 1)
I9n+n—14+n—2+---4) —9(n — 3) + Upper Bound(3)

9> k—9n+27+21

k=4
n 3
9> k—> k) —9n+48
k=1 k=1
9
5 (n+1)—9(14+2+3) —9n + 48
9 9
§n2—fn—6
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BTHhE EXR

9, BIRICIDBoNALTR, ERERLLITRT.

n 4 5 6 7 8 9 10
TFYE 21 31 44 58 75 93 144
RAKORETFE |36 55 80 108 140

5E 58 84 129 183 246 318 399

% 5.1 RROBRETHO FHREL EFES X OEEDE

5105, FBEORKOREFHRE NS 2, SERLAE TR ERIcTdEE
DFRMHBH 5 & Bbh 3.

CITIE, FPROBEREEZ D, BABTRLEERSHEEZ, RSXLOF
D 1IN T B RANDAEZT=. T ZTIE, KT 2X4L0EEHEP T
DIZ, HEDOFN LS EFNCH LU TRBDZ L 2E X 5. B LHoMEEZ, X
DEICEFWVIZ 3.

(2 x n 2L HEIPIRREIZXNT LT, HsaDFD0 6 kFILAL & A VDX % i
T5. FDOEIBAZNMIIHL, HIVKRRBIZZEL X E 2 7-DITHERRRKDFK
=4AR QoYY

K52 FOERERT. B, STERFMEEn = 7TITHLT, k=10 %
0.016[s], k=2D & & 1.01[s], k=3 DY & 151[s] Zo .

k

20 21 21
27 35 36
36 48 54
45 61 71
o4 74 88

Ng|lo|o|elwv|s

£ 5.2: SOEEDOY A4 X2 BB T

=10 EIF, n>41THLTIn-1)FThHol. K52%ZHZ L, k=20
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CEn AT LTIBn—17TF, k=3DEn>51LT1Tn-31FXko
TWB Z AL, ZOZenb, k=10 TR, k>2THEX
~ADENXICETAHAIMERD D, 2O XS LFIEL»SHIRMICHEL 22 TLERA

DFEIND LHERITE 5.
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Fe6E IbHDIC

AKEFFETIE, 15 RV EHENZNRZANDY A X Z A Xx4D6 2xn DA X2
REL, ZORRKODRETFEIZOWTOEZ 2. ZOFE,

TR 02+ 3n] -1
ER 02 —In—-6

ThHdZrZmLlz. LhL, BECEIPNTWE n < 8IZBIT2HmADERETH
LHRZ e, WEOSRHMEDHZEZONS.

30



S2& Xk

[1] D. Ratner and M. K. Warmuth. The (n? — 1)-puzzle and related relocation
problems, Journal for Symbolic Computation, 10:11-137 (1990)

2] Erik D. Demaine, Mikhail Rudoy. A simple proof that the (n? — 1)-puzzle is
hard, Theoretical Computer Science, Vol.732, pp.80-84 (2018)

3] http://oeis.org/A151944 (FRALBIEH 2021 4F 1 H 28 H)

[4] T. Parberry. A real-time algorithm for the (n? — 1)-puzzl, Information Pro-
cessing Letters 56 (1) 23-28 (1995)

[5] Johnson, W. W and Story, W. E. Notes on the “15” puzzle, American Journal
of Mathematics, Vol.2, No.4, pp.397-404 (1879)

(6] R.E. Korf. Linear-time Disk-based implicit Graph Search, Journal of the ACM
55 No.6 (2008)

[7] Hart, P.E., Nilsson, N.j., and Raphael, B. A formal basis for the heuristic
determination of minimum cost paths, IEEE transactions on Systems Science
and Cybernetics, Vol.4 No.2, pp.100-107 (1968)

[8] R.E. Korf. Depth-First Iterative-Deepening: An optimal admissible tree
search, Artificial Intelligence, Vol.27, No.1, pp.97-109 (1985)

9] R.E. Korf and Felner, A. disjoint pattern database heuristics, Artificial Intel-
ligence, Vol.134, No.1-2, pp.9-22 (2002)

31



