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Abstract

RSA is a popular public key cryptosystem. The security of the RSA relies on the
difficulty of prime factoring large composite numbers. So we need to evaluate the
size of composite numbers that can be prime factorized. For numbers of the form
N = pq (p, q is prime) used in the RSA, the largest number of bits that is currently
prime factorized is 829 bits. The algorithm used for this prime factorization is the
number field sieve (NF'S).

The prime factorization method used in the inside NF'S is briefly explained.
Suppose z,y are given that satisfy 22 = ? (mod N). Then the greatest common
divisor ged(x + y, N) may be a prime factor of N. When prime factors of N are
obtained, the prime factorization can be done. To use this prime factorization
method, we need to find z,y. In the NFS, we collect several expressions of a
certain form (called the factor-relation) and use them to obtain z,y.

There are two types of prime factorization algorithms using lattices proposed
by Schnorr that perform prime factorization in a manner similar to the NFS. The
algorithm is based on the shortest vector problem (SVP) and the closest vector
problem (CVP). Both algorithms are based on computational problems in the
lattice. SVP is the problem of finding the shortest vector in a lattice. CVP is the
problem of finding a vector in a lattice that is close to a given vector. This paper
describe about an algorithm based on SVP. This algorithm constructs a lattice and
then collects factor-relations from short vectors in the lattice, and it is stated that
it is capable of prime factorizing large numbers. However, the effectiveness of the
algorithm has not been fully analyzed at present, so we discuss the effectiveness
of the algorithm.

The algorithm based on SVP constructs two values u, v from short vectors in the
lattice. If u — vN is small, factor-relation is reliably obtained. Specifically, when
the n-th prime number is p,,, if u — vN < p,, the factor-relation can be obtained
reliably. So assuming that the shortest vector in the lattice was obtained, we
obtained the order of computational complexity of the values related to u — vIN
from the upper bound of the norm of the shortest vector. We then investigated the
behavior of |u — vN| when each parameter of the lattice was varied. The results
show that v — v/N cannot be manipulated to a value smaller than p,, From this
result, an algorithm based on SVP cannot reliably obtain factor-relation. So it is
thought that difficult to factorize large composite numbers. Also the algorithm
was implemented and tested for every 10 bits from a 20-bit composite number
and successfully prime factorized a composite numbers up to 50 bits. This result
also suggests that it is difficult to prime factorize composite numbers with a large

number of bits.
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F1E [FL®HIC

BEIL L FhR TV AN ED 1 ©OTH 2 RSA BEIZA X LERMOER
BORLIREETH 2 2 2 REEORILE LTwWa. 20/, HEMNLRK/ET
KRB RERTRER SO K & X B G § 2 7= D12 2 E THA BB R R 7
NIV ZLDBEZLNTWS. RSABESTHLNS N =pq (p, ¢ 3R OF%
LA DS bEHRE TERBIREINTO I RIRERERBOL v MU
829 v M1 THB. ZDLEHVLNLZDIIRBMEORNWT LITY XL L
THSN TV 2 BUARERE 2] LW D BRBOIE 7 VTV XLTHD, RELEE
N 2 ZEEOT 2 & = ORISR T O (e($)F +o()os M3 (loglog 1))
THbHZEePHLNTWS.

BUREHEIZ S 2R e PHEN 5 5B W TR EREGHE N ORKBI R E1T
5. FHEETIE 22 =9? (mod N) Zili7cd 2,y BEZX 6Nt &, ROHE
ged(x £y, N) 25 N ORRBUT R 28D D 5 Z & ZFIH L TERE DO ZRE 2
REITS HIETH B, EHEEEZHWE =013 o,y ZRDZDERH D, Bk
FETIIREDO % L2 (BB e X)) 2 EBED Zh 5 DR 5 1,y BHEK
TE2HERL >TW5.

BUARERIE L FIRROTRN TRELE IR Z1TS 703 X4 LT, Schnorr iZ XD
RBEINTAMETF A 2BEORERBIIET NI ) ALDB3D 5. BREXT b
M (SVP) ZHIC L7 ra ) X4 (3] L a7 bLVIEE (CVP) 2RI L7
NIV AL A THS. Eb6D7L3) XLbEF LOFHEBELZEICLTED,
SVP I3MF EDRMER R M2 BOF5RETH D, CVPIEH BRI FAE
ZABNTE ZIWZEDRY PVIZHROIEWVIEF LOXRI L2 RDOT2ETH 5.
AIFFETIXSVP ZRIC L7270 TV X% D. 273V X LIS T2 K
L7zDBF EORNRT bAD»LEGRREERD 2 5EEZ L >TED, RELREK
B BRERATRETH 3 L BRHENATWS. LA LBED E 2 AFRHEICOWT
TR DIT O T VIR WD, 7TV X LDEMEICONWTERZIT5 7.

SVP 22 L7713V ZLATIEK T LEDHORY "5 2005 21l u,v
ERERL, u—oN DN EWVWE ZEBRASHERIEONZ 7 LTV XL R 5T
5. BRINIZEn FHORBZ p, & L7ct Z |lu—uvN| 23 p, ¥ TORBTHEREK
SRT EAERBRRAE SN2 720 [u — oN| < p, 72 S IEBIGER D HEF IS SN
5. ZZT, tH8FLOREXRZ PADBELNLEIREL, TERT FAD /)L L
DERDPS u—oN IZERT2EOA —X—%RKD, TDERTX—XEHEEL
72 ZED |u—vN|DIBEVEFRTE 5, |u—vN| % p, L TNOMEIZEET 5
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ZEETERNWZ DD o7, ZORRED SVP 2RI L7 vT ) XA TIE
BRI ERICE LN LIRS WD KR ELRERBOZBRBIRITE RN
W2 E, EBIIT NV XL EEEL 20 Y POERE»S 10y FZT R
KERZToT2 8 TARKTH0 Ly FDEBEDZBRBII IR L 7h, Zhk
DREWVWE Y MO EBRBUIRRB R T E Do 7=,

AT, I 2ETHENERL LT TOERCMNE, FHEE, K&
RBERBEF 272 VB OMHEICOWTIANR S, 3 ETIE Schnorr DRERE TR T v
Y XL THEBRRNEED ZTAUCTOWTHAL, BFRRAIE SN2 LI WT
WBRZ. AFBETIIETF DRI X=X ZilEET 5 Z » TEBRAMF &0 5 5217
T XS ICHREATRED AN B . 5 BT T ATV R LB EE L, FEEICERESE%
fTolfERICOVWTIRR S,



F28 HBFHERE

2.1 _F

2.1.1 BFOEZRCHE

N7 FVERR™ @ dfHDORZ bLv% by,....bg &L, ZTNHEDRT b LD
BB OB E2RORELZ L LT 5.

d
L:= {Zcibi | ¢ € Z}
=1

AdHADRZ bV by,... . by B—RKMILTH3 %, BELEHMTFLTNdEZRIT
YR, F2, TERERT 2 AEDONZ S LD {by, ..., by} I T DR L M
O, &b ZEERY PLEMERZEIZT 5. Z LU THERY ML b, ZTICHRO1T
B = (by,...,by)T ZEETH LIPS, EEITHI BIC X o TERINAIEF%
L(B) 2 ERT. F7, span(L) EETF L DETDONRY MU K D ARSI N Z EHAR
7 PVERZERE T 5.

I BIEFVL OPETFOWEICOWTIHRRE, 2=FEY 2 7752 FEENh 3
TP £1 D d x d BEATHIRZ T35, 2O =T E2HETIB OLED»S
BNITTZ 287272175 TB b 2R UM T 24T 2 Hl OB K% Do B K 75
%%, $72d>20 2P 2 FTHNIERICHELES 2720, FUETFR
AT 2 BIEATANIIERRICTEAE T 5.

TR OEETH] B 123t L TR T ORE% vol(L) := /det(BBT) &5 5. B 2
ERITHIDE =, vol(L) = |det(B)| £ %. FiiRLz BRI U FEAERT 2
RIRIZHERETET 225, BT O vol(L) 13RI UAS T 24K T 2 EEDILEI
HLUTAETDH 5.

BT L EOBRERIEBRZ MAD IV LE N(L) TS, TDLEdRITET
LT U TR OAER (B 2.1.4) 3D 7.

A (L) < Vdvol(L)a (2.1)

RN (2.1) ZRT DIV OpiEZRT. LU E2ERL THL.



EFE 2.1.1.

R™ DENEEE S T3, FTREOxcSIINLT—xeSTHbx, £5S
WWEAIWCBELTHMTH S WS, 72, TEDx,yc S EIEROFEHO<t<1
WAL Tix+(1—t)yeSThHsrE, £EESEMNTHL V.

e 2.1.2.
BT L e RiERROEE S C span(L) 1L T, U FORERDEDIIOL
5.
vol(S) > vol(L)

:@Z %, QOo)iﬁﬁéﬁzl,Zg c Sﬁiﬁﬁbf Z1 — Zo € L ’Zf?ﬁﬁf:“ﬁ_
Proof.
A LTS 255 2EKTHBEZHVWTES P 2D X 512EB<.

P.={y+x|yePB)}
P(B): {anl | TiER, 0<r< 1}
=1
TDrE, BESERDISIWCHET 5.
S = |_|Sx, S, =SnNP,

xeL
F7z, &S BEFATBEIIELES S ERD LS 1TBL.
S, =5«—x=(S—x)NP(B)

ZIT, 2200R%%xye LITHLTS, NS, =0 (D 3EEELRT) T2
INENOF:w IRTACN

ZVOl(S,I() = vol (I_l S;) < vol(P(B))

xeL xeL

—7 T, RGE vol(S) > vol(L) & b AR D 3D,
D vol(Sy) = vol(Sy) = vol(S) > vol(L)

xeL xeL

ZHUS, vol(L) = vol(P(B)) ICFIET 5. LEdioTS,NS, 40 &g 8z
X,y € LPFETS. ZIT, 22 S, NS, #0DILL L, 21,20 ZELFD LS
BXL.

Z1 =Z+ X € S, zo=2z+y €Sy
CDEE, 20,2 3R SDILTHD. ¥722, —2o=x—-yc LTH5. O
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8 2.1.3.
AT T L 2 JERICBE L TRITH D, 2ofiEEHoMES S C span(L)
WKRLT, UTFDOAREFEXDBEKD IO T 5.

vol(S) > 2¢vol(L)
ZDLE, SIEL EOIFRZRT 2.
Proof.
BESZUTDO LS ITEXL.
S'={xeR"|2xe€ S}
DL ZLLRORDD ID.
vol(S") = 27%ol(S) > vol(L)

fME212&D 2 —2, € LERDBERRD 2,20 € S DFHETSH. SODEFLEELD,
221,220 €S D, SOFRANIELD —22, € S &3, F/SHNTHBZ
XD D 2z, —22, € SOHED SICEENS.

2Z1 — 2Z2

2
L7z oT, SIZIEBENRY Mvz=2, —2, € L &5, O

=17y — Zy

EIE 2.1.4.
d XTehE T LI U TR D AREFERDL D 7D,

A(L) < Vdvol(L)a

Proof.
T L D span(L) DEBTEEZLTD XS ITEL.

S = B(0, Vidvol(L)#) N span(L)

7272l x e R Z2HLE LB Er OBERZ B(x,r) ={z e R" | |x—z| <r} &
T3, 20 E, SEEACEHLTHHZMNESTHD, BOEIH 2vol(L)s D
d RICEBAL TR % BT 7= DIRFEI 29vol(L) K D B REW. Ld-T, flidE2.1.3
D SIEL EDIEFERY MLz 2 ELDI R D LD,

M(L) < ||z|| < Vdvol(L)4



2.1.2 HwIEANRY MILRIRE

AITERETF- DRI B 9352 bt %, M FOREMETAY Flv e £(B)
% ROV 2 BRI 2 L LRIEE (SVP) L IEA,

VIl = M (£(B))

2.2 EAREZICEDIERRAHSHE

Schnorr DZRETET7 L3V XA TIEEREE ZRBGEST 5 & 2B EE
W2 7D ST AR OWTHAT 5. 200RR2HZEME p,g 2 LN =pg D
FEDEWEN 20 Ll nwe 35, F-F0EFEIRn@liX7=5D% pi,....p,
35, ZorEToEcRanzznen B3 (BB ER) 23n+2
525670 TVW32T5%. (pp=-127F3)

n

Hp?"j = Hpj;’j (HlOd N) (ei,j, €;7j c Z) (22>
=0

=1

ZOrER 22 B [[r” ™ =1 (mod N) EZHTE 2720 FDn+ 1K

TERT PVBREZD. 2L, j=1,....n+2, ;=07 5.
Vi = (Vogs Vigs *t s Unyg)
= (_66,]'7 €15 — 6/1,]'7 Tty €ng T e%,j)

DL En+IRIERY MADRInA2MlH 272D FOREM 2T 11, ..., thes € {0,1}
ZRDOND.

n—+2

thvj =(0,...,0) (mod 2)
j=1

K7z [ Y A PHOWT X ZRD L 51281,

1 n+2, .
2 E]’:l tjvi,j

ZDE ZLLTOADLD LD,
X?*=1 (mod N)

FoTX?—1ENDOEKTH 2720, (X+1)(X-1D)IXHFETHZLT(XE1)
N O phrqels b Z PR TE S, ALK ged(X £ 1,N) %
AR TE2Z e Tpo g PEOLNNIHERBE RN TES. ged(X £1,N) 25102 N
WRDDBETERVWE XX, o X 287, ZOHETEREDEZ T 27012
RN n + 2 OB L ED 20EDNH 5. [1] TEEF LOT AT M oLh
HEABRAEMK T 2 FIEZREL TV 3.
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2.3 H>OIBEH

EH 2.3.1. (F~BE
r € RICWHT Z2LUTNOREE T (z) 24 > < BE & FEA.

F(:C):/ t" e tdt
0
7 < BB OMEEICOWTL R TWL D2vRT,

T 2.3.2.
r € NIZHLUTELRORDL D 7.

Mx+1)=a!

Proof.
HY<BEBROERID T2+ 1) IFUATO LI IEKES.

F@+U=/)ﬂaw
0

= [—tmeft};o —/0 —rt* e tdt

EIE 2.3.3.
neNDEELTFORDE DD, 727 L ~ldn >0 &L EICELAE
WO 1173 2 2R T.

nl ~nte™

Proof.
Tl OMEE L 5 ELTD XS ITRE S.

log(n!) = Z log i
i=1



EROGAEIUTD X 512RE 3.
Zlogiw/ log xdx
i=1 1
= [xloga:]?—/ dx
1

=nlogn — [z]}
=nlogn—n+1
Ko TN Z TR S L AP DOHDE D 7.

n

n! ~n"e” (n — o00)

2.4 KEFHRZRRERBZFL-LZVBABICOWVWT

EFE 2.4.1. (y-smooth)

D2 e NBPHORRKOZERBD y LT TH 2L X, 213 y-smooth RETH
0. F7, 2 LN y-smooth BEDMEKZRD K 512RKT. 72721 M(a)
FaBdbORRKOZARBEET.

U(x,y) ={1<a<az| M) <y}
EFE 2.4.2. (dickman function)
RDGEA 7% i 7z $ 1 BEL p(u) % dickman function & FES.
plu) =1 fo<u<l1
up' (u) + plu—1)=0 ifu>1

YP(z,y) & dickman function p(u) IZ2WT y* D+ RKRE2WVE ZLIFDOHDLD
MO ZENRFHRTWS [5].

— p(u) (2.3)

R (2.3) DT y* 23 y-smooth WEL 7R BHERE BB Z e TES. £z, pu)
B L TR DOAFERDLD 32D [6].
(2.4)

1
p(u) < Tut1)

X (2.3) £ (2.4) & D, y“ 23 y-smooth REUT R ZHERIIA ¥ ~BAK T (u+1) D
W THZoNB70, uPRELIRBIFE y* B y-smooth RBUT 7R BRI/ E
K BDBZEDTDD.



B3E Schnorr®7JLIJ XL

3.1 Schnorr DZEREEEET7ILI) X Ln

Schnorr DRKFE TR T NIV X 213D 5 FHEEATHN 2R L TR T 24 L, #
DIET EDFNRZ Mo & R LA BELRBOBERANED N &
S EETE BB OZRBEEITS. T 2Tl Schnorr DERBE 7 LTV X
LTHBRRZE 2 FTORMUIOVWTHHAL, BRAIELNE & ZDEHAICD
WTihR 3,

3.1.1 ZEER¥HET7ILIVXL

TR 7ZATY X L0WNESHHAT S, FITLUTNORETHI B 2R T 5.
72U fo[L2,. 0] = (1,2, 0] 3B L, C>08TF 5.

b, f) - 0 Clhp

B — : _ : : :
b, 0 - f(n) Clnp,
b1 0o -~ 0 ChN

K2 Z DEJEATHI B TER SN BHEF L(B) L0 MR 5. 18T L(B)
FORZ FIZEE {by,. .., by} DBEFRBOMEAETEE LD Tz € 2"
ELEEZY RO LS BREWNRYZ ML zZB 605,

by
ZB: (21,"' ,Zn+1) :
bn+1
= <21f<1)7 oy znf(n), Z?:l(ZiChlpi) + 2,410 In N)

zB 3 WARY PR DO TEERDEIT/NE V. X7 PILORYID n HOERIL f
D1on DELZDOT/HNIWHEEZ>TWS., ZLTEBOEZENNIZMETDH
HWVWD NS R e LBV ZICRBOBERZZMUTO LS ICRT I
MWTED.

n

Z(ziC'lnpi) + 2,41 CIn N =€

i=1



NWREBRERBOLEZClup, DD Cln N DAFBRKEWED, Clnp; OEEELS
DY CIn N BHTHBHELE> TNEREL 720 TW 3 X5 BEWRY b LG
bhreEzoN3. ATRITLERDEIITHKS.

n

Z(ziClan-) —CInN =e¢ (3.1)
=1
L7oT, 2IZhBiEz =18 LTEATWZLIZTS. 2Dk EX(3.1)
WBATDXSITRT LTS,

n

Z(zi(]lnpi) —CInN =e¢
i=1
£

= lnp?--.p” —InN =
pl pn C

Z 2T, u:Hzi>0pfi, v = HZ1<OpZ-_zi Bl

u €
In— =—

vN C

4FiDHR (4.2) &D, CEXD D cDWEMALY — FPBWD CERKERETE 52
ETEROEDITIBIENTES. Ko T LMW LITEDL LD, u—vN /D
BB EEZBIENTES. L TCuldp,-smooth R TH 5729, |[u—vN|
D3 pp-smooth RE S u, u —vN IZEH 5B p,-smooth BE L 72 5. FDI=2HR
DESICERREEBEL Z e THFRAIELNS.

u=u—vN (mod N)
= pr“ = Hp:’l” (mod N)
i=1 i=0
HEITIBD f 2 BZ B BB u v WERIN2 DB ZEFRAIESNS.
ZDEEE n+ 2 HOBBRAIE SN S FTHDIET. n+ 2H0BKRAIEETH
RS EEE VT N OfRERAS.

3.1.2 u—uvNICDOWT

Schnorr OFREE T VTV X A TEGRRZE 2 720121 ju—vN| 53 p,-smooth
BRI DVEDRD 5. |u—vN| < p, DE ZIIBHS DT p,-smooth TH B, —
AT, |u—vN|>p, D& ZIZ|u—vN| D p,-smooth IZ/R BHERIZOVWTHEZ 5.
u=log, (Ju—uvN|) LEL & pt =|u—uvN|&7%5. TITYP(pL,p,) IKOWVWTH
Z25e3(23) & (24) &b, +HRELRpLITHLUTELFORDHED LD,

py T Dlu+1)

(3.2)

10



CHED Ju—oN|DRELRBIEE uDEPKREL 257D, [u—vN| D p,-smooth
W27 BHERII/NE {725, KXo T Schnorr ORRKE R 7 V3V X L CTRABRAEE
FKIZBE27DIE ju—uN| < p, IZT2REDNH 3. X (31)ZREELTu—ovN
DIETRTERDE ST 5.

n

Z(ziC’lnpi) —CInN =e¢

=1

SN — (3.3)
— =e )
vIN

= u =eCuN
= u—vN = (e? — 1)uN (3.4)

R (3.4) DEL%E p, L FOEIEDT 5 Z e 3 TEUIBBRR 2R ICFEL 2k
MTELDT, TIDBIFNRNTRA—=&n, CZiET 222 TK(34) DEAZE/NE
BAEICT 2 Z W TEZHND.

11



F4a4E BREANY BFMILICHT B u-vN

4.1 BREANT ML T B u-vN D{E

ZIDBIERT MLzB 28T EORERZ L LTEZ, TOE X2, ..., 2, €
D7z TSI ONWTIRR S, RZ ML zBD /L LI RO X512k 5.

1zB]| = /(21 (1)) + - + (2 f (n))? + €

IOt E, KT LB) DERBIIEETY B BIEATAO=AITITH L I D
vol(£(B)) =n!CIn N 2DT, £ 2.1.4 XD FOXE D 320.

|zB|| < v'n + 1(n!C’lnN)%+1
CNE D RDAFERDKD L.

2y Zny € < n+1(n!C’lnN)n$1 (4.1)

4.2 COIMEMSE-EE

TITRENRIRX—=&Zn,CZBIELLEGEICK (34) 0GLE/NSIWEICT S Z
EHAREDTAND. EFTWEn REEL C OAEMILLHEEEZS. RN (4.1) &
D e ITBILTUATRAID 320,

e = O(C'wi) (4.2)

viFK (4.1) KDRDO XS ITKE 5.

IHE DR (3.4) ODELEIRD X 51TFEKE 5.
(e¢ —1)uN = O((ec_# — l)ecﬁ)

12



TR f(2) ZRD XD ITED 5.
fle) = (e = e
DL ZLUNOEMDIALD LD,

EE 4.2.1.
BEEL f(z) %

fla)= (" = e
£3%. O ELROIADHD LD,

Jin /() = o0
Proof.
0 EXLDOEBEHWS 2D g(z) ZRD X H128X.
) = 43
gla) = (e " 1)
h(z) = =™
DL ELURDD LD,
25, 9(2) = g, e) =0
g(x) & h(z) BBOTHEUTD L5125 5.
() = e
h%$):‘_nj—1x_$déﬁnh

IHRXDLIRDOHDILD LD,

lim g(x) _ e = 0
z—o0 B/ () x

XoTrEZLDOER LD LITIHAED IO,

n 1
xr ntlfgpntl

Ji ) = i £
9

'(z)

= 2D ()

= o0

O

421 ED, nZEELTCOAEME LG [u— vN| 3N ZRAEIZIPER
LIBNZ D00 %.

13



4.3 nCEZIE-IEE

Rizn t CEELZERRGEICK (3.4) OEABINKET 2085, K (4.1) &

Del vERDEIITRE 3.
€ = O(Vn F1(nIC)7), v = O(eVmFime) ™)
£oTHK(34) DELEIRD XS5 ITREB.
(& — 1)uN = O((e/PFIMC ™ T _ ) VaFTnic) ™y

ZTCUTOREE f(r,y) ®EZ 5.

ﬂH

flay) = (e\/gm(”“"!y_%)ﬁ _1)eVaHiE)®

y=a & L7z &KX (4.4) 1IZRD X5 12HRKE 3.

_1

f(l') _ (ex/erl(:p!x’z)%H _ 1)6\/m@!z)1+1

ZDYELUNDEBEMNKD L.

EIE 4.3.1.
BAEL f(x) %

1

f(l’) _ (6\/$+1(z!$x)1'1*‘1 . 1) ex/z—l—l(zlzt)“'l

£5%. ZOEEURNORADBED LD,
lim f(x) = o0

T—00

Proof.
ROBEE g(z) ®EZ 5.

glr) =V +1 (x!x’x)z%l
COLEFEM233 XDUTDLIITEKES.



AR 2 L LA RD X 5127 %.

T
z+1

EROGAAE = 00 DE ZF 00 ITHT 272D DD D LD

1
Ing(z) ~ an (x+1)—

lim Ing(z) = 00 = lim g(x) = o0

T—00 T—r00

RS () BIFEEET 5 £ 05 2 2 XL () Do & OFIBFEET 5 72 L F O
3D LD,
li_}m f(z) =00

]

y=xDEERN (4.4) OB f(z,y) BFBT 200 o7DT f(z,y) DR
DIE»S y <z THEHMEXBZLZIRHITLZ2I02005.
RIZK (44) I LTy =€ ETEHERD LI ITEKYE S.

ZDr ZLTNDEBEMNKD LD,

EIE 4.3.2.

35, 2O ZLINOHADD LD,
ILm f(z) =00

Proof.
TP f(2) BXEH 233 FHVTU RO S ICREHTE 3.

z 7‘+1 e~
6
3z+1  z(z+2) 3z+1
(6 z2(x+1) g7 TaFT ) z2(z+1) em
( T

_x(z+2)
x+1
e* — 1)




ZZT, B g(x),h(x), k) ZBLLFD XS ICEL.

) _ (eze_(’”+2) - 1)emeﬁf

g(w
h(z) = e " 1

®

k(z) =e 2™
DL ELLRDORDLD LD,
lim h(x) = lim k(z) =0

K72 h(z), k(z) DBTIELTD X 51272 5.
M@):(l—i>xafmm<ﬂm

s
1 1 pe T4 1
k-/ — - = rezxrt+ +z+1
(SU) ((ZL‘ + 1)2 x) xe
Lo T
1
h'(x) _ (5 - 1) em(e_(x+2)+ez—}_1_1)€%+le_2

O (e 2)
CZTCROBES(2) ZEZD.
S(z) = x(e” @) 4 et — 1)
Z LTRSS (2), Sa(x) BRD X 5125

Sl (iL‘)
Sy(z) =~

ORa-3Y 9 NOF: Wil ARVAH
lim S)(z) = lim Sy(z) =0

e~ (2 4 e 1

Tr—00 T—00
F72 S1(x), Sa(x) ZMAT T2 ERDEIITR 5.
/ ]. 1
= — 7(I+2) —_ x+1
Sy () € (z + 1)26 i
Sy(x) = —22
22T S (2)/Sy(x) BEZ B L LR D V0.
Sy(z)  a? x? =
@) e Ty
- Si(2)
= lim = =1
200 Sy ()
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XoTrvEZLOEHLD

lim S(z) = lim —
T—00 T—$00 Q(x)

ZHED K () /K (2) ERD & 512k .

4 -1 L
(2) _ (x ) oS@) i1 o2
K () T 1)
(z+1)? T
/
= lim W(x) = 00
T—00 ]{:’(J;)

S o) = B
f(@) > g(z) &b
li_r}n f(z) =00

]

ER 431 2 EM432&D, CXD n 2@ NIV LGELCEn kD dHl
BRI M X BB EITR L Cu—oN ZICRLZWZ g h oz, T Ok
RPBERIRX=Kn,CEFEETZZ8ICED ju—uN|Zp, LFOEIZTZZ
I TERW2®, Schnorr ORREGET LTV X LA TIXHEFICEFRREZE2 2 &
BEELWEEZ LN,
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F£5E RBRER

Z Z TIFSERRIC Schnorr D BRBE T L2V X L% U BRB REE %
fToTAERITDOWVWTIRR S, 703V X L DFEEEX SageMath[7] TITW, #HHAL
FEH D CPU X AMD EPYC 7H12 CPU @ 2.6GHz TH 3. 712V XANET
T LR WY R LTS B BRICIE SageMath TEEXNTWS BKZ 713V X
LS| EHAWE. RFXA—=RZFIC=NrL, n2 NOty MUER CEIZEREL
TW3., EEBRTIX, BFEERLEVWRY ML EETEGRAIE SN S 2HET
2 ZAFTOIMNE I V—=Tt L, BEREBDOEGRIEE 2 £ TOL— T
ZHIES 2. DELBOBBAIEE O THRBARTE R o581, &%
WEARAIE LN 2N —TE 2T 2. GOy MIZ20E Y F 2
580y FETIOE Y MERTREL TV, REEIToEREFR51ITRT.

& 5.1: AR ARSERSAG IR

’ n ‘ N=pxq \ N— TR | 15RO | FER ‘

20 | 997517 255 22 O
=977 x 1021

30 | 926619433 1789 32 O
= 30047 x 30839

40 | 612145380227 26342 42 O
= 928651 x 659177

50 | 607866613162429 427949 52 O
= 23248319 x 26146691

60 | 596119758828291667 3564162 15 X

70 | 777485403522862648811 1850167 2 X

80 | 913798641293319716740109 | O 0 X

FERTIXRAK TS0 By b DERBOZRREG I L. 2 L TRHEREE
DREBRRPEE L ETONL—THIZERBOL Y M n DEEINT 2 & 2 HITK
XL RDBEWVWHIRERER. 60 €y MLLEDEBEBUIOWTIXET AR D 5 R
HIFRIC & D BDELEARDOEBRRPED SNTVRNY, 60y FET0E Y FDEK
B OWTIEERE D WL O E ST W S 72D R 2 D T AU R IR 03T
XRA[REM DD B EZ 3. 80y FOEHREBUCHOWTIEBEFBRABE SR TV
WO Z 2 728 LT RN TE B A[REMEDH 2 008 5 D AHTH
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5. ZOEBFERD S Schnorr DRRFB R 7 L) XLATHEE vy hOKER
ERECH L CERREZED 2 I3 LW EEZHNS.
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FeE DI

Schnorr DFERE DT VTV X LI |u — vN| B3 pp-smooth 728 T HAUIBE R
APEFONRRBATREITOI B TE L0, T X—Zn, C ZHIELRRIC
|u — oN| Z/NERMERPRZE 2 2 e TELE0E I ML 2 T 2. £ DFER
nZEEL C DAZEMIEIGE, [u—uoN|IZFHEMT L2 erdbrolz. %7z,
CEhdnZHIEMXELGEEE C % n DA —X—DOFEE TIN5
BOEBELEEZREEbu—oNIIFHBM L. Z7EL, ZOMBRIEIRE~RY ML
DERPS v, e DA—K—%EBEZT- ZDERTHS. v, e PZENID/NZIWVD
THIUIHERITE R > TL A[REHDH 5. Lo LKAEERE» PR b n
CEHEIMEETD |u—oN| D/NZIEICIR T 2ARPUIBRED ¥ 2 AN 2 iX
Hrs. ZOFER, log, (lu—uN|) DEB/NSZEPERL RN [u — vN| 23
pp-smooth 1272 ZHERIFENEWR B, L7ed o T Schnorr DREKFE 7 LT
R LA THEBREZHEFZIHEONZ LITWZRWV., EREBICT LT X L0FEER
ITOWRRB R ITo722 Z2A50 8y N ETOEME L LRI T X7
Dotelz, AL Y FDKZFRERBDOERBUITEZ Schnorr DRKE 3 E 7 v
TV XLATIIHELWEEZSNS.
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FEEZH B O lE 5 — B IIIE R H 4 DAETBRICBVLWTH I ENRWVWIEY S
COBER W ERY IcBMECD L.

FEIFTITZE 28 D22 D ERRICIZ Y I FToiEm° HE O MG R WL 28 L THF
FIEIEIT O 12D DRKERIEN W EE L.

BMEEIC R o 2 ERHFIODE D IELSEHHL BT E T
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