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Abstract

For a polyhedron ), an unfolding is a polygon obtained by cutting and unfolding
the surface of () onto a plane. For polyhedra @ and ()’, a common unfolding is a
polygon that serves as an unfolding for both @ and ’. It is a famous open problem
whether a common unfolding exists between distinct Platonic solids. This problem,
proposed by Demaine et al. in 2008, remains unsolved for all 10 combinations of
the 5 Platonic solids, and it continues to be a topic of active research from various
perspectives.

One of the studies on common unfoldings of Platonic solids is the approach
demonstrated by Shirakawa et al., which involves constructing a common unfold-
ing for a polyhedron that closely approximates another Platonic solid. Through
this study, a common unfolding between a cube and a tetramonohedron that closely
approximates a regular tetrahedron was discovered. A tetramonohedron is a tetra-
hedron in which all faces are congruent.

In this research, we name the discrete point-generation process used in the pre-
vious study as the fixed point propagation method and extend its application to
the combination of a regular octahedron and a regular tetrahedron. The procedure
consists of two main steps: (1) creating a common unfolding for an octahedron
and a tetramonohedron, and (2) gradually transforming the tetramonohedron into
a regular tetrahedron, during which the fixed point propagation method is used
to generate the required points sequentially along the boundary of the common
unfolding.

As a result, it is confirmed that when a small margin of error is allowed, the
procedure terminates, and a common unfolding is generated between the octahe-
dron and a tetramonohedron close to a regular tetrahedron. Conversely, when no
error is allowed and the edge lengths of the octahedron and regular tetrahedron are
strictly specified, the procedure does not terminate. Ultimately, this study discov-
ered a common unfolding for the regular octahedron and a tetramonohedron with
an edge length error of 1.8866 x 10~® from the regular tetrahedron. Furthermore,
it was observed that the set of points generated by the fixed-point propagation
method forms diverse geometric patterns depending on the parameters, which re-
veals certain underlying rules.
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F1E [FL®HIC

BROFTRERMACBNT, ERELMEBTON T2 0HD—21, IFHEHT
Dt PRI WA H 5. T OB 1990 U TZHkE, Zhzd
N2 RN ORI > 72 2 & 2 R2ITHRE L7z, HWBHH L WERDE T
H5. T, D) ZEAREL T HESRPMZENRTH 270, ZOWHHE
HPAIIMRD TRV, 5 DRHED 5, FEBNICIEZ < ORBEREEIFETS 5.

ARFZE TR, SHEDRoPTY HhEREMAN) KELZHE T2, HEEMNIC
B3 2 AZEi e RO E S IEFITITDOA TV S 28, AL L T2 OARMIRMED
BEhTwa., AWETIE, H@ERFMICET 2 BRI 2NERZR5 28T, &
BIMOMOBHOX LB CHBLURRBICHFS TS 22 HIET.

1.1 HEBERK

ZHkQ okifz GRS THMD FH ECUDAWTELNLZAEE
BRR MR, G0 B < @2 Z2HERONIRE L 723581218 5 1 3 B Z2 8
BRK R, 56N 200Z0EKQ & QI L, MZHADREMX L %%
HEDOZ A HBRERARE R, K 1.112, 1E8HR L FH 4 HK L FEEN 5%
HiADIERMNEZ RS, 22T, FW4mEALIE, AN TERS NS ZHIAT
H5.

Definition 1. » 2 ZHIK Q A EFEEAEAETH % £ 1F, 4 ODDH TN THEE
A3ALTHEEINTWS 4HEZIES. 72770, IRTOUDEIREFELVWHE
WEnWz, [E4HEKRE DIMNMEZTH 5.

1.1: A common unfolding of a regular octahedron and tetramonohedron
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INETIE, SEIFRZHROLBREMKIOFEEIRESNTVS. (F1.1)
UL, HdEBEKICIZLIT OARBREEIH S TN 5.
Open Problem: 2 DDRR 2 EZHADORIZ, HEBEMKIIFEES 55
EZHAE X, £2TOHAR—DIEZAEI KN, HRPIETERRNZ
HADZ 2 X TdhH Y, IE4HEK, IE6HEAE, 1ESHAR, 1E12MAE, 1E20 HAD 5
BERFET 5. ZOMEIX, Demain FIZ X o TIREBINTLURE, 5 oDEZHIK
DEIZZRT 108 Y DR TIZBWTHENIZ S AERNC S RS ATV [1].

%% 1.1: A common unfolding of a regular polyhedron and a non-regular polyhedron

EATRE REX 1x1x+/3—1/2=1.232 DEGK 1]
SR 3 ATEDAED 1:1/34/6 : /34/6 = 0.9718 D%H 4 [HiK 2
IF 8 Hifk & % 3 ATE DRSS 1.0072 : 0.9965 : 0.9965 D h 5F[H 4 H{A 2
E20 HA L & 3 ATEOLREA 1:1.145 : 1.25 DOFH 4 HK 3

)
]
)

1.2 FZEAETOHEERKICET 2

ZOHITIE, ETWETREN: T1O0ZHIKICH L, MOESHEICHD T
WA OERMXKZ RS 21 FEICOWTHERS.

EZ AR O @EEFEMICEE T 2 81T %5 e LT, AR EIE 4 HEICD
TIEWEM 4 RO IERBKIOFAED, Tl I ko THEREINZZ D
Shirakawa %2 & » THRE XN TV 2 [4]. ZOXERTIE, TR L EiH 4 K
OIEREHN ZERR L, ZD%, FH 4 HEZZER UILE 4 HRISGEDT 2 FIED
RENTWS. H2EHE P PEHIEROEMKTHEZ X, PParvyx
A M EMHIN B &M T 2 8 LAETH % 2 &Y Akiyama F# T K o TR
NTW3[6,7]. ZOREOTERW, VHKOREBRD? S a7 = 4 DD
SOIREEEL, HEEEMZ S I THIE2AEONS.

Lemma 2. 3. /ifk¥, WOEIH V13/2 : \/745/208 : /745/208 = 1.80278 :
1.89255 : 1.89255 T & % & 4 HA D@D BN DFEETS 5.

S A HAE & D IF 4TRSS 21203, 3ARORTOIE /2v/3 = 1.86121
WGEDT TV RBERDH S, 22T, R VI320UEEZMEL TV ZrIck
h, HEEMAROEZIES TR0 RBET 5. ZOEWITHEREHK D5 R
FIZHTIFET 2 P8R N2 EBEEZERE LTIThbNMS. Z01%, F
H 4 HIRDEFAKTH % 720 DR TIRDEKITH % 720 DEMEE R HIC
RT3, ZO&REORTERZED 3 v, HEREFKOE R FICHE i bh
BESIICRAE LTV, MIZTUERZ0EE V2V3IKEET 3 X 51087 X —



RO TIE T 2y, HOER ok RIZERICH X, EIELRWv. GRE
BTEIEXEZI1CE, ZEHEHZICHWE AT X — X2 GHEBUCKET 3 HED
H3. ZDOEIICUTHRETHE LRSS, AR IIZE 4 HiK
oHEEMX O 2K 1.2 1TRT.

a | | )

1.2: An unfolding of a cube and a tetramonohedron

MR cTRL, WEZ [V2V3 — 6, V2V3 + | DHEIFATIIRT 5. D THilp
WEFEZHWTEER V2V3 1A T\ L, ZOFEEEHEICEM 3 2 E
N5,

Theorem 3. #47 ¢ < 2.89200 x 107179 12t LT, WKL #EZE c DIFIFIE4H
EKoIED EHKBFETS 5.

1.3 ®H3EEm

AT T, VAR IEATHIRICDAEREHSTTWE, LarL, ZOHA
BOBIIARICBEINZ HDTIE L, ESHIKICHEHARETHZ EX
b5, ZZT, RFFROBHINZ, FEITHETHV SN FEZMOIE 8 HiKIZ
BWHT 22T, FAOERENEONZ DD, H2EWVIFEED R WHEGRIICTES
RILBREBANIERINZ2DO0EHFHT 228 TH 5.

AR THO O N TV R SO 7 v 1%, HdEBXICHER
RREDEIIERET 20 2BETLIFETH L. AHRETIE, ZOoFEE 1
B fai&ik) oL, B - HERE R o 7.



F28 #fm

AETE, FEDAHEKOEMNXE H 2D XAV > 27 ORIfRICHED &M
2L, @3 ETHMAT 2 HEREMX O RTINS @ 7 EH 21T 5.

2.1 RAU>Y (tiling)

EHEWLS OLDZATEHWT, BB ERD B RIBEFEDLI 2L
Y>> (tiling) LMER. H2ZAWPHRXA VU JHETH S LI, 1BHEVE
AY P2EREH T2 THEOLNZZHAFOEEICL-> T, FHEAZHEDORI
TRV, BT, ZAFE P Oav—% 180° Mg L FITEENC X - TTS
RAVV Y TR p2RAV) T (p2tiling) & FEA.

2.1: An example of p2 tiling

COEEAZ X B R AV 2N, FHEDOSICFEER-ZREEET 5. Thbb, F
HEDEp 23, TDXAV X o THp ICBEIT 258, p1 & p lFHWI
FETHBZ LT 5.

2.2 AVITAEHE (p221) T D+9%EME)

Definition 4. H2Z M P23 p2 XA V> I TH 572D D+05M%, PO L
2, WEEEID £ REEHE D OIET6 M A, B,C,D,E,F #l3 Z e hTX, U
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D3 ODKLEEM-T L THS.

1. #53 AB DYATRE) 112 KXo THED ED I Eh, »»D r(A)=FE, 7(B) =
D DD 3D,

2. %¥5 BC,CD,EF,FA ZFNZFHDOHLEICE LA TH 5.
3. 6 DN, WL OPIEF—HLTD XV, Dl 3hnER5.

DM (AU TARY) 23 2AK a4 - 4L (Conway
tile) LMER. F7z, av A « RANAVIZEIT S 4 DD ENFOEEEHULE D>
DIA c ZANDAR—Z ISR, (K22 TIEHFBDHTHRR)

2.2: Examples of Conway tiles

2.3 ®l - REROTEIE

AEITIE, avvoA&EEHWT, FHATEKDOERKE p2 24 1) > 72D
MICHEEST 2 EELRBERERT.

Theorem 5 ([6, 7]). ZfAH P BT D 3 D023 &, PIX%MH 4 1
HROREFNTDH 5.

1. PiZarvvy o A &G-S,
2. Ay A « BRANLDA-R—RF, HEWIZFEMETIERLW.

3. ATz« RAND4-RX—H, FH 4 HIKDOEE 2 =AOH TR X
N =AM TOREEWRT 5.



Proof. £, HMAFEMMAEKRQ Z2E X, TAUTHIGT 2 p2 XA V> FICHE
LR ZIRET S, ZOQEZEA VYT ETEHEALTWL. ZOrE, Yok
IR EMEA L2 LT, REIICICOMBEICRE T, QII5E2CFE UAiE
WINE 2. ZZTQOEYLENNP2&EXT, QDERMEIZ P Dtz inT
BL., Z0WmHRE T RZ27 ) 2 LTXRA VYT ERENL, X4V 27 EIC
P oigghipe THIRD LTwL. 2 3AFICEET 2L, QP EFHA4HKTH 3
RO, YOXSRAETENLTD, TRMAEZD 3IALESNTD, P OGN
MOBICEHDHZ ZICHR XN ZeBbhd. LEN-T, PIXERL3MAE
DH TR I NS 3 AT EICERTHEINZA VY TRERT 5.

2.3: The relationship between tetramonohedron and tiling

TS ICBIT2=2ABEREZAFICES S O THIUE, IF 4 HEDREHKX
EERICREOT A I e N T X B,

2.4 [EIEERIL MK B EBEBEEDIFD

EH S ol LT, HRIZZ S OFEH 4 HIAZIT 2 Z & 0JReR EHIX %2 R 7.
COEMMICENS THEERL b 2 WO R, AR E T 2@ ERR O
ZICHHHEINS.

Theorem 6 ([6, 7]). FEOEATED 6, $IRICE  DEZ 25 4 FATH 5.

Proof. K&EX axbDREAEE1D9FEZ 3. ZOEFEDO LA EY7mp 21T
BICHD, p 2 oHI a2 R FHENT2RE Y 2T 5. ZDpkp ZERAEICEERH
DELTHWERS, EAFEOaE—% 180° 300X Tl i Tw L. [H
FRICRHEDEADITR ¢ ZEEICED, ¢ »ohHICa/2 20N R% ¢ £ LT,

6



FIREDEIEERITS. ZDXIIZ, p-p ¥ q ¢ IOVWTINERAEIZEDIREIR,
EAEDO a v -0 FHEEREHORL . ZU4 8, pq, ¢ ZHEEEHLE T2 X
AV THY, EHLEHZTDIDOTHS. LizPoT, ZD4m%EEIEMH4
HEZTZ2Z N TES. /2, p& IMTEEOMEICEHNS 2D, ZDOHEICE
hERR GEnJBER) 1T OFEOEH 4 HEZIT 2 Z L AAJRETH 5.

2.4: Folding infinitely many types of isotetrahedra from any given rectangle



F3F FHREREICEBZILEER
X DERK

HIFTIE, 28T L BRI T 2HEEZHWT, 1E4 AL E 8 iR
OHFRERBAMZIERT 27 70 —FI2OWTRR S, F3T¥DIC, IF 8k
T 4 RO ILE RN % 3E L, 3 ED R WHEiFH T 4 HA% 1E 4 WA
DI BITEERETT 5. R, TRESERE) 20 FEEZHVTEMRIZZR
L, EHIWIIE4HERISEDT TV, &RIZ, TOoDFEIZ XL > THELNAR
EIRT.

3.1 IESHAFFH4EHADLERFRDEMFIR

F 3 3.1 1R L B IE 8 A DRI P, 22 Hikimz fAtn 3 5. Z 2T/
p, P, Co, e WEIET AUDOHPETHZ. avy o A &MFICHEIE, PO EIZ6 M
AB,C,D,EFZlR5ZNTE, a>vuxzA - ZAND4LER—=RZ ¢y, o, 03,04
THa. ZHEPPEHS 2L TED, ¢, cc3,cq ZTHA L T 25 4 K
DEKTHZZEZRLTWES.

3.1: An initial unfolding P; of a regular octahedron

Z 2T, BODOBER cocy DIIREDERR L1, Ly L E(TICIH->TED, p2 XA YV

8



THERR Ly, Ly THTIAEEINATVE ZLICERTS. Thbb, 2OXAY
YOUF THEEEAV b ZTERLTED, |cie] = |ezca] (720 |eacs| = |ereq|) %=
W7z SHETHIUL, cocy DEE S NRICE S OFH 4 HKZHI T2 Z & 23T
X5, 0L, EELUERK P X, 1ESHAK L HEMEEOEMH 4 HAD
HEREMAXKTD 5.

o, ZTOMEZFEHLT, MARLEH 4 HADH D 3 A% 1E 3 HIFIC
EOF TV BRI, 31WRBVWT L BEUK Ly ET |eies| = |eacs] =
leses] = |ercy| DRE 2072 T LI & 3 TRET S LT, fiE6ZIF5.

Lemma 7. IF SHHAY, DR XA /119073/228 : /119073/228 : /57/6 =
1.51346 : 1.51346 : 1.25831 T»H % FH 4 HADIHED EHKDBFIET 5.

3.2: The common unfolding of a regular octahedron and a tetramonohedron in
Lemma 6

HERERNE, REAEPIFLVEWIHE»S, HEY T 21E 4 HIKOUED
V2 THBZeDFIBEICE - TEH XS, —F, #E7 CERLZERERXT
X, |cocs] = 125831 < V2 TH 3. TD®, ENT2UEMIL, XHIE4HE
KD RBRNGEO) 2 Tl BN B 72 5.

3.2 FHMREREICSLIERROERFIR

2 i [eocy| 2R T 72D12, FEREGREEL VO FERRET 5. THIRGHE
B, o ZACEARMNIAN, c¢f ZIKERTCENBENZE 2 Z 8T, |ees| ZH
EEICIE DT 7AFT72HWS. TOFETIE, ¢ & oy B ETIER
CHIDMEABE X 2728, Z0OEECHHERK P, OFKIEZEELIFES.



COEBBICEWTRIFE NS 200 EZ T2 e LTtEkL, IR
RS

1. P I3ZEF%ZD ESHIKDEHKTH 5.

2. P1 &i%ﬁ 4@12'-:0)@5‘%'625 b, ZPOI\'EODE% IZDOWT |0102’ = |0203| ==
lesca| = |ereq| DBINVDTHKRILT 5.

INS2ODREMEMRF L F LW EFTTLLMET DL, |cacu| B3 V2
WiAuE, IESHKE F4HADOLERBRNEONI RS,

3.2.1 AE= (Fixed point)

AZML &Y, IESHIRDERRKDIAL D LD/ DI THRAMR FIChBEREER
= (Fixed point) &@mf$ 5. FESICIE2EEDD, K33 TXOL @THRE
LTW3. OZIE S THRICHT - 72BICE DO & JEDHEH D NG T 2 HTH 3.
IS DEMERN?SED BR2NS 2, IESHEHMKIZ/AMEL. —7, ZDHEM
BEHXKONTICMNES 2, ESHEHAEAOHICELZYNEL S, Z07H, Zab
DR P, OB Bz s w, £7-, @IFIESHKRDIEA L 23 T
HY, MBHEKTHILE, P OB ECHEINZDEND 5.

3.3: Fixed points on an unfolding

3.2.2 AENSGHEE

DURTX, #IERK P, o B nE2xRiciEmzED 5. P O L7123 6 18
DARF & [FEHD ¢y BIFIET 2. ZOFETIE, BEOEAROMERE 2T
D FRWNIREETE 2 5. ZORFETEMK EICHE2 DX, A8 [[lEgFLo

10



ATH5. FHREEAL L THAREMMCRER RSP IHCEHE S, BRKZ
e LTV, ZhADTEREEREDEARANLR 7 A T 7 TH 5.

[EHER 729, AR oy PR ZFE L, K34 22U CFIEEZHAS
5. 7, o TRDBIEVAH L@ fo &L, ZTOROMEEZFEA (0,0) ITRET
. HWALIESHIKTD 2729, co DY (-1/4,V/3/12) TH 3. Z I T,
co BACEHTANCHBE X2 UL TNSRE L 2E3 &, BEIZO BRI
cy=(=1/4+1,,V/3/12) £ %. ZOBENCX D SMFFOFLENENT 2 720,
RE fo B UTH2m fL = (—1/24 201, V/3/6) D3EEFHR FicEm s 3.
ZORENDIESHEDEHNTH 2 Z s, BOMISHIGT %M f11%, JFE
AT 120° MR U725 fo = (1/2—1,V/3/6 — V3L KB XN D, Ld-T,
fDERBE R EORTHIDERD L. I5IT, fr % QI L THFREZELS
ZET, HiZ f3 = (—1+30,V3L) PERENE. ZOREFKIXIE 8 Hik% R
KBV B DTH B0, MFMEICESE, fH(x,y) & (2 +1,y) 10 LCR1ER
R(r,y)=(x+1,y) ZERTS. TOMR, fi:=(—1+30,V3) PEFREED
HTHIUR, FERE (31, V3L) b EROERR ECHFEET 2 22 ickhs. (XU
T, CORMEEBRIEEER XN DL T3.) ZOEBEEDELENT 22
YT, 6 EDOARE S L HilzmmlEntul ¢, = (—1/4 4 1,,V/3/12) 22, BEAK®D
HESHR LR E R R OREE B E T 2 Z e AETH 5.

A

y

fs O
f3 f 2

=V

fo

3.4: Point plotting using the fixed-point propagation method

CO—HOFHMEICBNT, MEINMITS.

Lemma 8. L OARFHHOFEFH 2N EREECEILT 2 B+, 3
HLIEL DEMETHZZTHS.

Proof. 2 H\WIZHEBREARE pL q (R LO<p<q ITHMLT, I, WEHEp/q
ThHholtt X, WHEFHIIWCL-oTBEITEX2HD0EAE, KRXX0(pq) GEE
) OFIRORICEEND. LD o THEFHRZ % O(pg) MR REIX, 1§

11



JRFEHID, WOMRRIUEE 2FFHNT, 2 CHEENEESTZ. —H LD
EEHBTRWGEE, FUEBEE ErHEAR W=D, HEEL—-SICAD Fhis
FRET LRV,

ZORESEEBECE 2 HAOER a2 T ur S A THET 3. FRESE
BEICHE S HOAERBERED 7 LT Y XL RR—JITRT.

7oAV XL 1T, Twin < Puew[0] < 0 DFRIC —120° [\l#E, Z 5 TRWEEIX
120° AR X B/ EFMICREZERT 2 L ORESINTWVWED, ZHIHLET2=0
DEFEDIE S HAEDE L LTHANCEESNZHITHS. DFED, TEDHHIH
HEEDIRIC X o THEEEDGE T ZEELILETH 3.

UED7vu 7 apMElE3uR, @FENTEERSDO Y —%25 Z 2 T, HR
R EICRERmPETERINTZ e 2EKRT . 22T, o 2/KFEHMICEE)
XEBMEE L CRELLEDIC, EOHMTOREINREY [, L ERTS. 20K, &
DM & JEDH ZNZIUIN L THRDOEREZITS. ARSI NTzHOES LRI D 5
BohflzX 3.5 I1RT.

3.5: An example of a construction diagram by fixed point propagation method
(b, =8/77,l = 15/77)

A EERIBEIC L 2 HOEEPLEIN DI ZABIX, L, FNEFROHEIC K-
T, IFXFERBMXEERT Z L DMHRI N,

12



Algorithm 1 TEIRURREEIC X 2 BEANK (EOMH)

Input: FIHIEEY 2 b InitialCoords (FEjROOL @)
Input: X7 M8 Zurashi CHEED
Output: R N/zHD VU X b AllPoints

1: AHPOlntb + InitialCoords (FIHAFERES o ¥°—)
2: To 71 + Zurashi, y. <
3: IEIE':FUD center [xc,yc]
5: Eﬁm:}o BN U:éﬁmu 120° @lﬁlﬁzﬁﬁﬂ%ﬁ&
_1 _ 3 _1
RotationMatrix < l L% _i , RotationMatrix_ <« [_\%
2 2 2
6: for I Pinitial € InitialCoords do
7 i+ 0
8 while True do
9: if i =0 then
10: Iﬁﬁ@@t% Pcurrent < Pinitial
11: else
12: ﬁﬁlﬁlﬁiﬂib?’:)ﬁ %{%ﬁﬁ LT Pcurrent %E%ﬁ
13: end if
14: jﬁ%)ﬁ:%%l-%: Psym 2 - center — Pcurrent
15: if Zmin < Psym[0] < ZTmax then
16: H LWV Pew ¢ Psym
17: else
18: PRV D FERE & FH
19: if Psym[0] > Tmax then
20: Prew[0] < Psym[0] — 1
21: else
22: Pnew [0] «— Psym [0] +1
23: end if
24: pnew[]-] — psym[l]
25: end if
26: if pnew 7% AllPoints IZf74E L 72\ then
27: AllPoints 12 ppew 280
28: else
29: HELZDKRT
30: break
31: end if
32: [\IE1751) % B U CHr LW PERE & 5T
33: if Zmin < Pnew([0] < 0 then
34: Prot < RotationMatrix_ - ppew
35: else
36: Prot ¢ RotationMatrix, - ppew
37: end if
38: AllPoints 12 pyot 2B
39: BOBRLAY Y R B i+ i+ 1
40: end while
41: end for

o
N (W
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FAE AHAGIEETHWS/NS
X —A L IERESS DR

COETIX, FHAEHEECE > TERINZHESGOHEL TS LIED T
A =21y, 1, ZIERED TR U ZBRO D BOEOBRICOWT T 2. 22
D, RIRXA-—XFARr SESGOWHEICE L TR ONTZHRERRS.

HOR X, DRI SIEREENRTVWEIEROEEEST. ZOHRTY,
K41IRT LIS, BFRITRT1 THLZHESEEERESE L W, H2EK
x ZIFAESE TR T 2 & ZIERESHER R, EEOEEK OGS, 1EHIEH
SEIEFNIARBITHER T L, AREOIFAESBTE LTRT IR TES. —
7, EEEOIEIR K IEHESBTRHEI NS Ze I hTn 3.

a, + 1
a, +
2 a3+...

4.1: Regular continued fraction

FEEHZAERD S, FHREHREIC K > TERIN S SEGOMED, F5L
MED T X —& 1, 1, ZIEAESE TR L B0 ROMEIKE L TW5b Z & HiE
RBENT2 L OfEE, ag=0, a; 20530, ay % 125 30 DHEPHT % EHES)
BER L7258 OBGREZ LIRS,

4.1 BOSERERK

PERBIEIEIC L > TERZI N2 RO, vl 00— FEED 56
HI2ZeMNTES. [AERSEZHEEaIY—T 23858, 1V—7I2O% 6 mhE
MEs., 2%, GROEBER) = OL— 7R X6 TRDZI N TE 3.
ay, ay DAL L— T A OBRME DK 4.1,4.2 1R T
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7% 4.1: The relationship between the values of a1, as and the number of iterations
in the loop(2 < a; < 15)

aj
2 9 |10 |11 |12 |13 |14 |15
12 11 |15 |4 |17 |9 |14 |19
2 |7 |13 |8 |15 |17 |12 |31 |49 |18 (31 |33 |22 |55 |85
3 |9 |7 |25 |11 |25 |23 |41 |27 |57 |23 |49 |43 |73 |47
4 |6 |25 |31 |34 |33 |55 |28 |97 |71 |72 |65 |103 |50 |169
5 |15 |11 |20 |25 |41 |16 |71 |43 (46 |53 |81 |30 127 |75
6 |17 |37 |49 |57 |49 |73 |81 145 113 |121 |97 |137 145 |253
7 |10 |15 |55 |16 |57 |41 |48 |59 (127 (34 (113 |77 |86 |103
8 |23 |49 |32 |71 |65 |66 |111 |193 |74 |151 |129 (124 199 |337
9 |25 |19 |73 |39 |73 |59 |121 |75 |169 |83 145 111 |217 131
10 |14 |61 |79 |76 |81 |127 |68 |241 |183 |162 |161 |239 |122 |421
11 |31 |23 |44 |53 |89 (34 151 91 |102 113 |177 |64 |271 159
12 |33 |73 |97 |113 |97 |145 |161 |289 |225 |241 193 |273 |289 |505
13 |18 |27 |103 |30 |105 |77 |88 |107 |239 |64 |209 |145 |158 |187
14 |39 |85 |56 |127 |113 |120 |191 337 |130 271 225 226 |343 589
ap|15 |41 |31 |121 |67 |121 |95 |201 |123 |281 |143 241 (179 361 |215
16 |22 |97 |127 |118 |129 199 [108 385 |295 252 (257 375 |194 673
17 |47 |35 |68 |81 |137 |52 [231 139 |158 (173 273 |98 |415 243
18 |49 |109 |145 |169 |145 |217 |241 |433 |337 |361 |289 |409 |433 |757
19 |26 |39 |151 |44 |153 |113 |128 |155 |351 |94 |305 |213 |230 |271
20 |55 [121 |80 |183 161 |174 |271 |481 186 |391 |321 |328 |487 |841
21 |57 |43 169 (95 (169 [131 281 |171 393 |203 337 |247 505 299
22 30 [133 |175 |160 177 |271 |148 |529 407 |342 353 |511 |266 925
23 |63 |47 |92 |109 185 |70 |311 |187 |214 233 |369 |132 |559 |327
24 |65 |145 193 |225 193 289 321 |577 449 481 385 |545 |577 |1009
25 |34 |51 |199 |58 201 [149 |168 |203 463 |124 |401 |281 |302 |355
26 |71 |157 104 |239 209 |228 351 |625 242 511 |417 |430 |631 |1093
27 |73 |55 |217 123 217 |167 361 |219 505 263 433 |315 649 383
28 |38 |169 223 202 (225 (343 188 673 (519 (432 449 |647 338 1177
29 |79 |59 |116 |137 233 (88 |391 |235 270 |293 465 |166 |703 |411
30 |81 |181 |241 |281 |241 361 |401 |721 |561 |601 (481 681 |721 |1261
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7% 4.2: The relationship between the values of a1, as and the number of iterations
in the loop (16 < a; < 30)

aj
16 |17 |18 |19 |20 |21 |22 |23 |24 |25 |26 |27 |28 |29 (30
1 |23 |6 |25 |13 |20 |27 (31 |8 |33 |17 |26 |35 (39 |10 |41
2 (28 |47 |49 (32 |79 |121 |38 |63 |65 |42 |103 |157 |48 |79 (81
3 (89 |35 |73 |63 |105 |67 |121 47 |97 |83 |137 |87 |153 |59 |121
4 |111 (110 |97 |151 |72 |241 |151 |148 129 [199 94 |313 |191 |186 |161
5 |72 |81 |121 |44 (183 (107 |98 (109 |161 |58 239 |139 |124 (137 201
6 |177 |185 |145 |201 |209 |361 |241 249 193 |265 273 |469 |305 |313 |241
7 199 |52 |169 |113 |124 |147 |271 (70 |225 149 |162 |191 |343 |88 |281
8 |116 |231 |193 |182 |287 |481 |158 311 |257 240 |375 |625 |200 |391 |321
9 |265 |127 |217 |163 |313 |187 |361 171 |289 215 409 |243 |457 |215 |361
10 |287 248 |241 |351 |176 |601 |391 |334 |321 |463 |230 |781 |495 |420 |401
11 |160 |173 |265 |94 |391 |227 218 233 353 [124 511 |295 |276 |293 |441
12 353 |369 289 401 417 |721 |481 |497 385 529 545 (937 |609 |625 |481
13 (375 |98 |313 213 |228 |267 |511 |132 417 281 298 |347 647 |166 |521
14 (204 415 337 332 |495 |841 |278 |559 449 (438 647 1093352 |703 |561
as|15 |441 [219 361 |263 |521 |307 |601 |295 |481 |347 681 |399 |761 |371 601
16 |463 386 385 |551 |280 |961 631 |520 513 |727 366 |1249/799 |654 |641
17 |248 265 409 |144 |599 |347 338 357 (545 [190 783 |451 |428 |449 |681
18 |529 |553 433 |601 |625 | 1081|721 |745 577 |793 817 |1405/913 |937 |721
19 |551 |144 457 313 332 |387 751 |194 609 (413 434 |503 |951 |244 |761
20 (292 |599 481 482 |703 |1201/398 807 641 636 919 |1561504 |1015|801
21 [617 |311 |505 |363 |729 |427 841 419 673 479 |953 |555 | 1065|527 |841
22 (639 |524 |529 |751 |384 |1321/871 706 |705 991 |502 |1717/1103|888 |881
23 (336 |357 |553 |194 |807 |467 458 481 737 |256 | 1055607 |580 605 |921
24 705 |737 |577 |801 |833 |1441/961 993 |769 | 1057 1089| 18731217 1249|961
25 727 |190 |601 (413 436 507 |991 (256 801 545 |570 (659 1255 322 |1001
26 (380 |783 |625 632 |911 (1561518 | 1055833 |834 | 1191|2029 656 | 1327|1041
27 793 |403 |649 463 |937 |547 |1081/543 865 |611 |1225/711 |1369 683 |1081
28 (815 |662 |673 |951 |488 (1681 1111|892 |897 |1255/638 |2185 1407 1122|1121
29 424 |449 697 |244 |1015587 |578 |605 |929 |322 |1327|763 |732 |761 |1161
30 881 |921 |721 (1001 1041 1801|1201 1241 961 13211361 2341 152115611201

K 4142 DEZHIITHNT 5. Thbb, o DEZEELZIKET, a0 D
HIC L 22 L2 BIE L7z, TORR, FINCBNT, FEOHBTHEZME S5
&, RAINZEEZBIIDTERE NS Z LR S 7.

Observation 9. a; DEZ[EE L7255, a; DMEIIZANOHEED KD LD,
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e a; =0 (mod 6) TH2BHE, ay DEDINIFEZELKINZT2T.

e a; =1 (mod6) £zl =5 (mod 6) THIHH, ay D% 55|38 T IER
BL75NE, Zn2hEE-EI %R T.

e a; =2 (mod 6) £721F = 4 (mod 6) TH 25, ay DIEZ 2 F|E 215N
L7200, e e EE2BEN 2T

e a; =3 (mod 6) TH 2L, ay DEZ 1 H|BZITBERIL L AKX, 20z
NFEEYN 2 72T

TNSDRERDNS, ap DEIX 6 EHAZ 2 IR 2 ER TEERI 2R T %
TEDIRENTZ. KT, F4.1,42 DEEMF|THENTS 2. Tbb, ay DIEEE
FELUIREET, | a) DIEIC X 222 R L 7=

Observation 10. a, DEZ[EE L 725E, a; DEIELTOMWEDAL D LD,
o ) DEZ 5538 X ERE L 725N FEEZBIN % 727

X BT, MBIDORNZICERL TS, ZREHKRIEEBINZLKT 5 2 & DIHER
I,

U EDFER?S, 5 LIEDNRT XA—& 1 D ay,a; DIEDATHSEERTE
L6, OIEENEZERDZ T, ERINZHOEREHEICI>TRD S
CEMARETH B Z e R E NI,

4.2 ERERIORIK

AEREIEEIC L > TERINZ HOERE, THLIED NI X=X, DfHEIC
JEUTERRERMEE LR T 5. OB, a1, a, DIEIZEED W THAINC A
PEEXND Z DRI, T, a DIEZE 30 ICEEL, oy DEEZELIE
TBROEDOEEGDOEREBRE L. ZOMR, mOERMEED 5 S>ME L CTHRHI
WRRT ORI, ERINZBIRICD 5 ORI L T—E L= HRAMEHER
N7z, ERINBRE XD ERIICHEES 2729, ZOMHEHL BN
LZIREN 42 2 HXK 4.7 1R
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a1=6

a1=12

a1=18

4.2: The generated points for a; =0 (mod 6)

a1=7

a1=13

a1=19

4.3: The generated points for a; =1 (mod 6)

a1=2

a1=8

a1=14'

4.4: The generated points for a; =2 (mod 6)
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a1:3

a1:9

a1:15

4.5: The generated points for a; = 3 (mod 6)

‘L\‘%‘. r-"r-ﬁry.ﬂ.J
Ay = 4

a1=10

a1=16

4.6: The generated points for a; =4 (mod 6)

a1=11

a1=17

4.7: The generated points for a; =5 (mod 6)

M55, ay DMEIHDOEE DK EDIRIEIR

BELEZTWEZEDHERIN

e, T, SREBETL L, DIWHOIRNEFEL, o DIED 5 DT 2
T RPEDICIRDIEZGEM E T S B 2IEICBIR <Rk, KIZ, o DIH
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ZEEL, ay DIEDOZLHSHDOESDIIKICE X 2B 2B Lz, SEIEH
LT, a D% 3ICEEL, BHEZITo2bDERT. ZOHE, 5@%%“&
P 1OHEINT 2 Z 2 ICHRAIEE R T O L FRE, s RRERTNC b HRAIED R X
N7z, ZOKFEX48, K4.91T7R7.

a2:2

4.8: The generated points for as =0 (mod 2)

a2:3 ' ' a2=5 ' ' ‘ a2=7

4.9: The generated points for a; =1 (mod 2)

ay DfE% 3 TR SMMOETHEE L 5HETH, KROEMELBITH T 2 FAIM
CABRDHEMRT, MOEEICHHAMELHER S .

M EofERD» S, ARESh 2 BHKIDIGIRD R F X — & 1) % R RER S
BIAEIKFEL TWS 2 BRI Nz, AT aq, a IWHERZ K - THiAZ
1T o723, agl/{f&p@fﬁk%%ﬁﬁﬂlﬁi))ﬁfﬂ‘% EotEER S N, £, EBRENOD
JEIRICH S 2 & e LTI, a1,a0,a3- - DIETREDPRIERIED STV LR
BRI L DR S Nz,
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BHE (971.8866 X 103D EE
HEDTFETE

AREEEREIC L > TER IR I, HLETHOESIERERW., 207
», ERINmALERTHEIE WS T e A% T, 1D TERK L FEX
BIRDTERT 5. L L, ZOREEZREMICGERLZ0TIX, ERKYE LTH
SEREMESL T U BRI . C oEEMIcE T A2 M 5.1 IR T

5.1: Connected and Disconnected

X 5.1 Tl&, VR 2RI TRAZEREZRLTWS. £XIX, #
DRIEDNZERT, HEZAEREERLTED, BRERKYE LTHZLTWS., —
i, ARTERORLENNZLTED, BHRKYE L THRILL TWARL.

LA L, HABETENZ LD, FEREHECLE > TEKREIN 2 REGDIF
KX, FHLIED NI X =& DEIZKFEL TWVWD Z DRI TVWS. 20D
7e®, BEAKOUEEEEERDO LS, T X —XEEBRINCHAE L, BEHE
L+l = (2v/6—3)/6 120 TWL . ZORER, 1, % (2v6—-3)/6 x167/198, 1, %
(2v/6—3)/6x31/198 THEIL, ERESBURE L 7=ff% v 2 & EifE M RAE S 41
3IEEPHE NI 1) = 449/1682(a; = 3,05 = 1,a3 = 2,a4 = 1, a5 = 15, a5 =
3,a7 = 2),ly = 227/4581(a; = 20,a = 5,a3 = 1,a4 = 1,a5 = 6,a6 = 2,a7 = 1) I
RETHILT, EH1IAELNS. I THEER L, BOEI%R [V2+¢
ERBT 5.

Theorem 11. IE 8 HIfA & 3272 1.8866 x 1078 DIXIXIE 4 HitA D@ R X DS FAE
5.
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BHINC R R SN Z 0B EK DFRA1X 1.8866 x 1078 TH 5. ZDRIZfE
L0 e L, OIFAES R o 225 a; TTIT2723DTH5. Lo T,
HORER R X SIEHICED 3 Z T, EER I /NI HEREMRKO
HEANARETH L EZIOND.

5.2: A common unfolding of a regular octahedron and an almost regular tetra-
hedron (error:1.8866 x 107%)

/

5.3: The connectable four corners in Figure 5.2
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FeE DI

AR T, BATHETHWLNTWFiEEY R8I AERHEE c@mtal, E8
R Y I 4 ERICH U CERET 21To 72, ZOE, Tt FMEC, Mo Tl
ZD/NZWEH 4 HAR e O BEARKOFECHERT 228 TEL. ¥/, Z
DFETIE, BEZ 0TI WIIERBEOSLPDEL LIS, FKATHELIHE
FROFERE LTHE LN,

X 5T, RS TIXIERGE SRR & BREX OIRICEE T 2886 Re LT, &
WZap & ax ICERZY TR, LU, a3 DBRICHRRATREZZARAIMED o0 4T, 3
FEMICE T 2@ ERI R RIS D 2 Z v e, BEER e e G~ © 3
BXE2ZENAREICR 200D Lz,
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Eaf

AFEICER L T, AR ZCHEE ZHEZ W& % Uz R0, $ikH =
MBI LI D EHWELET. 2L T, HADEIF—ILTOIHESPHAD
HRZ ZZRnii2 0wk LIERHRZEOMIEMIETH 2 I FRZIE LY, Lk
JFIFZEE DRI OEERLE T,
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