
Proposal and Generation of Endgame Puzzles for an
Imperfect Information Game Geister

Chu-Hsuan Hsueha,∗, Takefumi Ishiia, Tsuyoshi Hashimotob, Kokolo Ikedaa,c

aDivision of Advanced Science and Technology, Japan Advanced Institute of Science and
Technology, Nomi, Ishikawa 923-1292 Japan

bDepartment of Information Engineering, National Institute of Technology, Matsue College,
Matsue, Shimane, 690-8518, Japan

cDivision of Transdisciplinary Sciences, Japan Advanced Institute of Science and
Technology, Nomi, Ishikawa 923-1292 Japan

Abstract

Geister is a two-player imperfect information game played with two kinds of
pieces, blue and red, where each player cannot observe the colors of the oppo-
nent’s pieces on the board. In this paper, we propose Geister endgame puzzles
for players to enjoy the game in another form or to practice figuring out moves
that are proven to win, similar to chess mating problems. In Geister endgame
puzzles, the goal is to find the shortest winning moves under the assumption of
the worst cases. We propose not-revealed and partly-revealed puzzles according
to how the opponent’s piece colors are revealed to the player. We also propose
two kinds of special puzzles, capture-win and red-wall, that utilize specific vic-
tory conditions of Geister. We generate Geister endgame puzzles by randomly
placing pieces on the board and then using a solver to check whether winning
moves exist. The generation success rates for not-revealed and partly-revealed
puzzles are approximately 20% to 30%. The experiments also show that puzzles
with more moves to win are less frequently generated. In addition, we conduct
preliminary experiments that invite beginners to evaluate generated puzzles,
which shows that longer-win and special puzzles tend to be more difficult and
interesting, respectively.

Keywords: Geister, imperfect information, endgame puzzle, content
generation, entertainment

1. Introduction

Games have served as an important form of entertainment for humans for a
long time. In the past decades, artificial intelligence (AI) in games has achieved
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remarkable success, owing mainly to the rapid development of hardware and
algorithms. A famous example is the AlphaZero algorithm [1], reaching super-5

human levels of play in chess, shogi, and Go. Another widely studied field is
employing AI to generate game content [2], among which puzzles are often used
by human players for brain training or improving playing skills. For example,
chess problems [3, 4, 5, 6] or life-and-death problems for Go [7] are popular
among chess or Go players.10

Compared to perfect information games such as chess, shogi, and Go, there
are relatively few studies on content generation or entertainment in imperfect
information games. Some famous imperfect information games are poker and
Mahjong, where players cannot fully observe the opponents’ information (e.g.,
the cards or tiles on their hands). To deal with this, players often need to make15

inferences from available information. Thus, developing algorithms for imper-
fect information games is considered more difficult than perfect information.
Nevertheless, many real-world decision-making problems involve imperfect in-
formation. From these points, it is worth investigating imperfect information
games, where the results are expected to provide insights into solving real-world20

problems.
In this work, we study an imperfect information game called Geister [8],

which is a two-player board game with some characteristics in common with
the world-famous chess and shogi. The game is played on a 6×6 board, and
each of the two players owns eight pieces, four blue pieces and four red pieces,25

at the beginning. In the game, each player knows the colors (types) of their
pieces but not the opponent’s (similar to Stratego [9]). Despite its simple rules,
many techniques are involved in the gameplay, such as inferring the opponent’s
piece colors, bluffing the opponent into misunderstanding the player’s own piece
colors, and playing moves that lead to doubtless wins when available. Thus,30

it may be a little challenging for Geister players to improve skills by directly
playing games with other players. For example, regarding figuring out moves of
doubtless wins, beginners sometimes overlook chances to win games where they
could because they consider the situation too complicated.

In this paper, we propose Geister endgame puzzles for players to enjoy Geis-35

ter in a different way and to help players learn techniques to be used in real play,
similar to the mating problems of chess and shogi. In more detail, we propose
two categories of Geister endgame puzzles: not-revealed and partly-revealed. The
former follows the game rules that players cannot observe the opponents’ piece
colors. The latter, though different from game rules, is introduced considering40

that experienced players can usually infer some of the opponent’s piece colors
in endgames. We expect the strategies to play the two kinds of puzzles to be
different, while both are valuable for training players. Moreover, we propose
two kinds of special puzzles called capture-win and red-wall that utilize specific
victory conditions of Geister, which are also important to consider during real45

play.
In this work, we generate Geister endgame puzzles by randomly placing given

numbers of both players’ pieces on the board and then filtering out non-playable
ones by a solver based on the depth-first proof-number search [10]. In addition,
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Figure 1: (a) An initial position and (b) an example position for Geister from the bottom-side
player’s view.

several techniques are proposed to speed up the solver. The experiments gen-50

erate puzzles with at most 17 moves to win and with at most 3 pieces of each
kind of both players’ blue and red pieces. The random placement generation has
success rates of 24.92% and 30.18% for not-revealed and partly-revealed puzzles,
respectively, while the proposed techniques reduce 94.67% and 78.07% of com-
putation time. The experiments also show that the success rates of generation55

decrease approximately exponentially as the number of moves to win increases.
The rest of this paper is structured as follows. Section 2 reviews back-

ground knowledge, including the game Geister and procedural puzzle gener-
ation. Section 3 defines Geister endgame puzzles, including two categories,
not-revealed and partly-revealed. Section 4 introduces how puzzles are gener-60

ated, and then Section 5 presents the results. Section 6 shows some examples
of Geister endgame puzzles. Finally, Section 7 makes concluding remarks.

2. Background

This section introduces the game Geister and the current progress on Geister
research in Subsection 2.1 and reviews procedural puzzle generation in Subsec-65

tion 2.2.

2.1. Geister

First, Subsection 2.1.1 describes Geister’s rules and some basic strategies.
Subsection 2.1.2 then gives a brief review of Geister research.

2.1.1. Game Rules and Basic Strategies70

Geister [8], also known as Ghosts, Fantasmi, and Phantoms-vs-Phantoms,
is a two-player zero-sum deterministic imperfect information game played on a
6×6 board. Each player owns eight pieces, four for each of the two colors: blue
(good ghosts) and red (evil ghosts). The most notable feature of the game is that
the players cannot see the opponents’ piece types, similar to Stratego [9]. At the75
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beginning of a game, both players can arrange their pieces in any permutation
within the 2×4 areas in their two back rows. Fig. 1a shows an example of an
initial arrangement from the bottom-side player’s view. Uppercase letters B

and R denote the bottom-side player’s blue and red pieces, respectively. The
lowercase letter u denotes the top-side player’s pieces whose colors are unknown80

to the bottom-side player.
The two players move pieces alternatively. In each turn, players can move

one of their pieces to an orthogonally adjacent square, either empty or with
an opponent’s piece. In the latter case, the opponent’s piece is captured and
removed from the game. When capturing the opponent’s pieces, the player85

knows the captured pieces’ colors (types). In other words, the players can
always know the opponents’ remaining numbers of red and blue pieces but do
not know the exact locations.

A special rule for the game is related to exits, i.e., the four corners of the
board (a1, f1, a6, and f6). More specifically, a player has two exits, which are the90

two corners in the farthest row from the player’s view. Players can move their
blue pieces to the outside of the board from the exits, which is called escape
and costs one turn. For example, bottom-side players (starting at rows 1 and 2)
can move their blue pieces at a6 and f6 to the outside of the board. Note that
red pieces cannot escape from the board even when they are at the exit squares.95

The victory condition contains three rules: (1) a player wins by escaping one of
the blue pieces, (2) a player wins by capturing all the opponent’s blue pieces,
and (3) a player wins when all the red pieces are captured by the opponent.
The game rules did not define when games end as draws, but in practice, a
maximum number of moves is set (e.g., 300 [11]).100

The basic strategy to play Geister is to move blue pieces toward the exits
while preventing the opponent’s blue pieces from escaping. Without loss of
generality, the following discussions are made from the bottom-side player’s
view. Despite such an easy-to-understand guideline, it is not wise to only move
blue pieces to the exits at the top or capture whatever the top-side player’s105

pieces move to the bottom-side exits. If such a strategy is known by the top-
side player, for the former, the bottom-side player’s blue pieces are likely to be
captured before being able to escape. For the latter, the bottom-side player may
lose by capturing all the top-side player’s red pieces. From these points, players
need to guess the opponents’ piece colors and also try to bluff the opponents into110

misunderstanding the players’ own piece colors. For the position in Fig. 1b, the
bottom-side player may move the R at e5 to e6 or f5 to make it look like a blue
piece (moving toward an exit and preventing it from being captured). The rules
of Geister are simple, but sophisticated strategies are needed to win. Since the
opponents’ piece colors are unknown, psychological factors are involved, making115

it challenging for players to develop good strategies.

2.1.2. Research on Creating Strong AI Players

Most of the research on Geister focused on creating AI players. Researchers
have tried various approaches, but the AI players still had difficulty reaching the
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levels of average human players. One key aspect is the handling of the unknown120

information about the opponent’s piece colors.
To deal with the uncertainty, some researchers tried to predict the opponent’s

piece colors. Aiolli and Palazzi [12] applied a simple machine learning algorithm
to predict the piece colors from the game records of a single human player. They
reported an accuracy of 74% on predicting the human player’s piece colors.125

Farooq et al. [13] tried more machine learning algorithms training on the game
records of multiple players who participated in Geister AI player competitions.
The accuracy of predicting the AI players’ piece colors was approximately 58%.
They also employed Aiolli and Palazzi [12]’s algorithm on the same training
data, where the accuracy was only approximately 52%. They suspected that130

different (AI) players had different strategies, making it challenging to make
accurate predictions.

Some researchers further incorporated the predictions of piece colors to cre-
ate AI players. Balakrishnan et al. [14] designed rule-based predictions on the
opponent’s piece colors. They used the prediction results to make the game be-135

come perfect information so that the minimax search could be applied. Mishio
and Kotani [15] proposed an algorithm called using past playout (UPP) to eval-
uate states with different assumptions of the opponent’s piece colors. They used
the evaluation scores to assign probabilities of different assumptions to be se-
lected in a Monte-Carlo method. Their experiments showed that UPP played140

better than the Monte-Carlo method which assigned equal probabilities to dif-
ferent assumptions. Buck et al. [16] used a neural network (NN) to predict the
opponent’s piece colors and designed a fuzzy inference system (FIS) to evaluate
possible moves. They further developed a co-evolutionary algorithm to learn
the parameters of the NN and the FIS. Their AI player won second place in the145

IEEE CIS Ghosts Challenge in 2013.
Another way to deal with the uncertainty was the purple pieces proposed

by Sato [17]. In more detail, all the opponent’s pieces were regarded as purple
pieces, which always considered the worst cases and made the game perfect
information. Namely, an opponent’s piece was treated as red when captured150

and as blue when escaped. In addition to proposing the concept of purple
pieces, Sato [17] also tried to search for winning moves and applied reinforcement
learning to learn action-value functions based on self-play games. Kawakami
and Hashimoto [11] listed possible configurations of the opponent’s piece colors,
making the game perfect information, and built one minimax tree for each.155

They analyzed several ways of utilizing these minimax search trees for move
selection. In addition, they incorporated the concept of purple pieces into the
minimax search and found the playing strength was greatly improved.

Chen and Kaneko [18] applied deep counterfactual regret minimization, a
learning algorithm using deep NNs to approximate Nash equilibria. Their AI160

players had win rates over 75% against the random player who randomly selected
one possible move. Tomoda and Hasebe [19] proposed to estimate hidden in-
formation using reinforcement learning, which learns from self-play games with
perfect information. Their experiments showed that their approach performed
better than directly learning from the imperfect information games.165

5



2.2. Puzzle Generation

Puzzles play an important role for human players, not only from the en-
tertainment aspect but also in helping players improve their skills. Procedural
puzzle generation [20] aims to generate puzzles algorithmically, which is a branch
of procedural content generation. This subsection reviews some approaches and170

applications.
Chess problems are a famous and classical puzzle genre. The automatic gen-

eration of chess problems has also been studied for a few decades. For example,
Schlosser [3] built endgame databases by retrograde analysis and selected high-
quality chess mating problems according to evaluation values. HaCohen-Kerner175

and Fainshtein [4] used a bounded depth-first search to improve the quality
of existing chess problems designed by human composers. Iqbal [5] aimed to
improve the aesthetics of chess mating problems from seven aspects, such as re-
moving pieces and looking for a shorter mate. Bizjak and Guid [6] encoded tac-
tical problems as text documents and automatically generated similar problems180

from collected chess games. Hirose et al. [21] generated tsume-shogi problems,
i.e., shogi mating problems, by the reverse method. The algorithm searched in
a backward way from checkmate positions to compose mating problems.

Puzzles in single-player games have also been widely investigated. Mantere
and Koljonen [22] generated and rated Sudoku puzzles by a genetic algorithm185

(GA). Oranchak [23] applied GA to generate puzzles with desired qualities in
another game called Shinro. Takahashi [24] targeted a game called Puyo-Puyo
and aimed to train human players by automatically generated puzzles. In that
work, two methods were compared, which were the random generation and the
reverse method. The latter was found to be more efficient. Oikawa et al. [25]190

tried to improve human players’ T-spin skills, an important technique in Tetris.
They employed the reverse method to generate puzzles and used supervised
learning to predict the interestingness and difficulty of puzzles. de Trenquelleon
et al. [26] targeted the Rush Hour puzzles. They randomly generated puzzles
and then employed neural networks to assess the playability and difficulty of195

the puzzles.

3. Geister Endgame Puzzles

Puzzles for board games have long been used both for entertainment and
brain exercise. Especially, chess mating problems [3, 4, 5], tsume-shogi [21],
and life-and-death problems for Go [7] are popular ones. When solving such200

puzzles, players need to imagine possible variations in mind, which can help
them improve their playing skills. Also, one advantage is that these puzzles can
be played by a single player, even for two-player games. Another advantage is
that the time for solving one puzzle is usually shorter than playing one game
from the beginning to the end.205

Geister endgame puzzles proposed in this section aim to provide players
with one more choice to practice the playing skills of Geister or to have another
way of enjoying playing Geister. In this work, we assume endgame puzzles in
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Figure 2: Examples of Geister endgame puzzles where it is the bottom-side player to move:
(a) a not-revealed puzzle, (b) a partly-revealed puzzle won by capturing all the opponent’s
blue pieces, and (c) a not-revealed puzzle utilizing the player’s red piece.

the imperfect information game Geister to have similar effects on training and
entertaining players to perfect information games such as chess, shogi, and Go.210

In the following, Subsection 3.1 defines Geister endgame puzzles, Subsection 3.2
introduces two categories based on the information about the opponent’s pieces,
and Subsection 3.3 discusses Geister’s three victory conditions and their roles
in endgame puzzles.

3.1. Definition215

A Geister endgame puzzle consists of the position and the number of moves
to win, similar to chess mating problems and tsume-shogi.

• Without loss of generality, all puzzles are from the bottom-side player’s
view, and it is the bottom-side player’s turn to move. The position con-
tains information about piece arrangement and the numbers of the top-side220

player’s blue and red pieces (Nb and Nr).

• The number of moves to win, Mwin, counts both players’ moves until the
game ends, considering the worst cases from the bottom-side player’s view
and the optimal play between the two players. Under such assumptions,
Mwin is the least number of moves to win. Puzzles with Mwin moves to225

win are referred to as Mwin-move puzzles.

Other rules such as moving pieces and victory conditions are the same as the
original Geister.

Even though Geister is an imperfect information game, if the bottom-side
player is guaranteed to win in the worst case, the game is a doubtless win.230

By worst, the bottom-side player assumes that the top-side player’s pieces are
purple pieces (becoming blue pieces when escaped and red pieces when captured)
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and that the top-side player knows the bottom-side player’s piece colors. When
the worst case is considered, the puzzles become perfect information. Fig. 2a
shows an example of a Geister endgame puzzle where Nb, Nr, and Mwin are 1,235

2, and 5, respectively. The solutions of the puzzles in Fig. 2 will be explained
in Subsection 3.3.

3.2. Categorization Based on Information about the Opponent’s Piece Colors

According to Geister’s game rules, the top-side player’s piece colors should be
unknown to the bottom-side player. However, in real play, experienced players240

can usually make some predictions according to past moves. Considering these
facts, we propose two kinds of puzzles based on the information of the top-
side player’s piece colors, not-revealed and partly-revealed. Figs. 2a and 2c show
two examples of not-revealed puzzles, and Fig. 2b shows an example of a partly-
revealed puzzle. For partly-revealed puzzles, the lowercase letters b and r denote245

the top-side player’s blue and red pieces, respectively.

3.3. Discussions on Three Victory Conditions

This subsection discusses the roles of Geister’s three different victory condi-
tions in endgame puzzles in Subsections 3.3.1 to 3.3.3.

3.3.1. Victory Condition 1: Escaping One of the Player’s Blue Pieces250

Escaping blue pieces is one of the most fundamental elements of Geister.
Although creating trivial puzzles is easy, e.g., merely moving the blue piece
closest to the exits for escaping, it is more desirable if the puzzles contain tactical
situations. For example, the bottom-side player needs to prevent the top-side
player’s escapes first, or the bottom-side player needs to break through the255

top-side player’s defense around the top-side exits. Puzzles with such tactical
situations usually require more moves to win, which we consider closer to real
play and useful for training players. For the puzzle in Fig. 2a, the solution is
to capture the u at e6 by the R at e5 and then escape the B from f6. Since
the worst cases assume that the captured u is a red piece instead of blue, the260

bottom-side player does not win immediately after capturing the u at e6. Also,
if the bottom-side player moves the B to f6 first, the top-side player will win by
capturing the bottom-side player’s blue piece. Thus, Mwin is 5 instead of other
lower numbers.

3.3.2. Victory Condition 2: Capturing All the Opponent’s Blue Pieces265

One meaning of the worst cases in Geister endgame puzzles is that the top-
side player’s unknown pieces are regarded as red pieces when captured. Thus,
for not-revealed puzzles, it is impossible for the bottom-side player to win by
capturing all the top-side player’s blue pieces. In other words, the bottom-
side player will lose due to capturing all the top-side player’s red pieces before270

capturing all blue pieces.
As for partly-revealed puzzles, as long as at least one of the top-side player’s

red pieces is revealed, it is possible for the bottom-side player to capture all the
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top-side player’s blue pieces. Fig. 2b shows an example where one of the top-
side player’s red pieces is revealed. The first move in the solution is to capture275

the u at d2 by the B at e2. Since the worst case assumes the u to be r, the
bottom-side player needs to capture the remaining u, i.e., b, at f6 to win. In
this work, we refer to such puzzles as winning by capture, or capture-win, and
Subsection 4.3 will present how to identify capture-win puzzles.

3.3.3. Victory Condition 3: Having All Red Pieces Captured by the Opponent280

Another meaning of the worst cases in Geister puzzles is to assume that
the top-side player knows the bottom-side player’s piece colors. In addition,
under the assumption of optimal play, the top-side player tries to lose as late
as possible. The top-side player can always avoid capturing the bottom-side
player’s last red piece. Thus, it is impossible for the bottom-side player to win285

by forcing the top-side player to capture all the bottom-side player’s red pieces.
However, this victory condition can be utilized to limit the top-side player’s
moves, which is an important technique in real play.

For the puzzle in Fig. 2c, the solution is to capture the u at a1 by the R

at a2 and then move the B at a4 to a6 to escape. Capturing the u at a1 by290

R not only prevents the top-side player’s piece from directly escaping but also
protects the exit. Under the assumption of optimal play, the top-side player
cannot capture the R trying to escape from a1, or the top-side player will lose
immediately. Such a red piece is like a wall that blocks the top-side player’s
movements. In this work, we refer to puzzles that utilize this victory condition295

as red-wall puzzles, and Subsection 4.3 will present how to identify them.

4. Puzzle Generation Approach

As a preliminary step toward automatically generating Geister endgame puz-
zles, in this work, we randomly place pieces on the board, described in more
detail in Subsection 4.1. Since it is not guaranteed that any piece arrange-300

ment becomes a Geister endgame puzzle, Subsection 4.2 introduces a solver to
check the piece arrangements. Moreover, Subsection 4.3 explains how to iden-
tify capture-win and red-wall puzzles1. Readers who are less interested in the
implementation details can skip this section, especially Subsections 4.2 and 4.3.

4.1. Random Placement Generation305

The random placement generation starts with creating a Geister position
by randomly placing a given number of pieces on the board. In more detail,
the inputs to the method include four numbers for the bottom-side player’s and
the top-side player’s blue and red pieces, denoted by (NB , NR, Nb, Nr). For
example, (4, 1, 3, 2) means that the bottom-side player has 4 blue pieces and 1310

red piece, while the top-side player has 3 blue pieces and 2 red pieces. All the

1The codes of this work are openly available at https://github.com/hsuehch/

Geister-Endgame-Puzzle.
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Figure 3: An AND-OR tree for the position in Fig. 2a, where moves are denoted by
[piece][coordinate][direction], and wins and losses are from the bottom-side player’s view.

pieces are randomly placed on the board, where no pieces share the same square.
To avoid generating too-trivial puzzles, the bottom-side player’s blue pieces are
never placed on the top-side exits (a6 and f6). When generating not-revealed
puzzles, all of the top-side player’s pieces are not revealed to the bottom-side315

player, denoted by u (unknown). When generating partly-revealed puzzles, we
randomly decide whether each top-side player’s piece is revealed. However, to
meet the criteria of partly revealed, at least one of the top-side player’s pieces
should be revealed. Also, at least one blue piece and one red piece should remain
unknown to the bottom-side player.320

We then employ the solver in Subsection 4.2 to check whether the bottom-
side player can win from the position. If it is the bottom-side player’s win,
the solver also reports the number of moves to win, Mwin. In this way, an
Mwin-move puzzle of (NB , NR, Nb, Nr) is generated.

We discuss the major advantages and disadvantages of the random place-325

ment generation as follows. Regarding the advantages, first, the method is
easy to understand and implement. Second, since randomness is involved, the
method can generate diverse puzzles. Regarding the disadvantages, first, the
probability of getting an endgame puzzle from a random piece placement is not
high, which is approximately 20% to 30% in the experiments in Section 5. Sec-330

ond, the method seldom generates challenging puzzles with high Mwin, e.g., a
success rate of 0.02% for 17-move not-revealed puzzles, which will be shown in
Section 5. Third, the puzzles may lack aesthetics. More specifically, we consider
some aspects that have been studied in chess mating problems to be applicable
to Geister endgame puzzles, e.g., containing pieces that are irrelevant to the so-335

lutions (i.e., redundant pieces) [5] or missing creative transmutations [27]. We
will show a Geister endgame puzzle that contains redundant pieces in Section 7
when discussing future research directions.

4.2. Solver

We employ a solver that builds AND-OR trees [28] to solve Geister positions,340

i.e., to prove whether or not the bottom-side player can win, assuming that the

10



top-side player’s unknown pieces are purple pieces (blue when escaped and red
when captured) proposed by Sato [17] and that the top-side player knows the
bottom-side player’s piece colors. In the trees, the root node represents the
given position; OR-nodes represent positions of the bottom-side player’s turn345

and AND-nodes the top-side player’s. Each node in the trees has a value of win,
loss, or unknown from the bottom-side player’s view. In addition, each edge
represents a move from the corresponding node.

Fig. 3 depicts part of an AND-OR tree for the position in Fig. 2a. Leaf nodes
G, K, and M are the bottom-side player’s wins determined by game rules, while350

leaf node F is a loss. For non-leaf nodes, the initial values are unknown, and
subtrees are expanded to determine whether the node is a win or a loss under
the optimal play. A non-leaf OR-node is a win if at least one of its children is
a win, and a loss if all children are losses. Similarly, a non-leaf AND-node is a
loss if at least one of its children is a loss, and a win if all children are wins. For355

example, OR-node I is a win since its child K is a win, and AND-node C is a
loss since its child F is a loss. As for AND-node H, all of its children (e.g., node
J) can be shown as wins in a similar way to node I, which shows that node H
is a win. A node that has been known to be a win is also called proven, while
a node known to be a loss is called disproven.360

The solver is based on the depth-first proof-number search (abbr. df-pn) [10],
a variant of proof number search (PNS) that aims to reduce memory usage.
PNS is a classical algorithm for solving positions, which selects the next nodes
to expand according to the proof numbers and disproof numbers of nodes. Since
both PNS and df-pn do not guarantee finding the shortest wins, we further add365

depth limits to the searches and combine iterative deepening search [29] in order
to obtain Mwin. For a given depth limit, counted from the root node (depth
0), if a node cannot be proven, we regard it as disproven (a loss). For example,
with a depth limit of 3, AND-node H in Fig. 3 is judged as disproven since the
bottom-side player cannot win within 3 moves from the root.370

As for the iterative deepening search, the depth limit starts from three2 and
increases by two3 until the given position is proven or disproven. In this way, if
a position is proven at a depth limit of k, the position is a k-move puzzle since
the searches until the depth limit of (k − 2) have shown that the bottom-side
player cannot win in (k − 2) moves. The position in Fig. 2a can be proven by375

a search with a depth limit of 5, explained as follows. With a depth limit of 5,
OR-nodes I and J are proven since leaf nodes K and M are proven. AND-node

2Note that 1-move puzzles are intrinsically not generated for two reasons. First, the
bottom-side player’s blue pieces are never placed on the top-side exits. Second, for capture-
win puzzles, the bottom-side player needs to capture at least two pieces since the worst case
(purple pieces) assumes the captured pieces to be red when there are unrevealed ones. Also,
it is impossible for the bottom-side player to win by two moves. Therefore, it is no problem
to skip the depth limits of one and two.

3Since it is impossible for the bottom-side player to win by an even number of moves (e.g.,
6), there are no k-move Geister endgame puzzles where k is even. Thus, it is no problem to
skip the depth limits of even numbers.
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H can then be proven since all its children can be proven in similar ways to
nodes I and J , and thus OR-node E can be proven. Similarly, all of AND-node
B’s children can be proven, showing that the bottom-side player can win by 5380

moves where the first one is to move the R to e6. In practice, we set a maximum
depth limit (or time limit) to prevent the solver from continuing endlessly.

To speed up the solver, we employ two techniques exploiting game-specific
knowledge. The first technique judges victory condition 1, i.e., escaping one
blue piece, before the player moves. In more detail, the solver checks whether385

the player to move has one blue piece at one of the player’s exit squares. If the
condition holds, the player wins without further expanding the nodes. Since it is
the player’s turn, the player can always escape the blue piece at the exit to win;
thus, there is no problem with the correctness. For example, OR-node I in Fig. 3
is the bottom-side player’s turn and the B is at the top-side exit of f6. The node390

can be proven without expanding its children, such as AND-nodes K and L. The
judgment has negligible computational costs, especially when bitboards [30] are
applied. For not-revealed puzzles, the bottom-side player must win by escaping
a blue piece, and we further apply this technique to reduce the depth limits from
3, 5, 7, etc., to 2, 4, 6, etc. For Fig. 3, the root (i.e., the position in Fig. 2a)395

can be proven by a depth limit of 4 with this technique, and there is no need to
expand nodes at depth 5 (i.e., AND-nodes K, L, M , etc.).

The second technique uses heuristics to prune nodes when possible. More
specifically, when the bottom-side player is judged unable to win within the
remaining moves of the depth limit, the corresponding node is disproven without400

further search. For not-revealed puzzles, the bottom-side player needs to escape
a blue piece from either top-side exit. Thus, a node can be safely judged as
disproven upon knowing that the bottom-side player cannot escape any blue
piece within the remaining moves. For partly-revealed puzzles, the bottom-side
player needs to either escape a blue piece or capture all the top-side player’s blue405

pieces. Thus, a node can be judged as disproven upon knowing that the bottom-
side player cannot escape any blue piece and cannot capture all the top-side
player’s blue pieces within the remaining moves. The detailed implementation
will be shown in Appendix A.

4.3. Identification of Red-Wall and Capture-Win Puzzles410

As mentioned in Subsection 3.3, we define two kinds of special puzzles: red-
wall and capture-win. This subsection explains how to find such puzzles to
enable further analyses (e.g., the interestingness and difficulty) or applications
(e.g., providing to human players). Red-wall puzzles are those utilizing victory
condition 3, i.e., having all red pieces captured by the opponent, as discussed in415

Subsection 3.3.3. For the puzzle in Fig. 2c, after the bottom-side player moves
the R at a2 to a1, the top-side player cannot capture the R to escape from a1.
Otherwise, the top-side player loses immediately due to capturing all the red
pieces of the bottom-side player, which is not the optimal play (longest loss).
Assuming victory condition 3 does not exist, the top-side player can capture the420

R at a1 and escape earlier than the bottom-side player. Namely, the position
will no longer be a 7-move puzzle. For a given k-move Geister endgame puzzle,
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we propose to identify red-wall puzzles by doing an additional search, where
victory condition 3 for the bottom-side player is removed. If the bottom-side
player cannot win by k moves in the search, it means that the bottom-side player425

utilizes victory condition 3 to block the top-side player’s moves, i.e., a red-wall
puzzle.

Capture-win puzzles have two prerequisites: the puzzle is a partly-revealed
one, and at least one of the top-side player’s red pieces is revealed, as shown in
Fig. 2b. As long as the bottom-side player does not capture all of the revealed430

red pieces, it is possible to win by capturing all of the top-side player’s blue
pieces (victory condition 2). For a given k-move partly-revealed puzzle, we
propose to identify capture-win puzzles by doing an additional search. In the
search, the first technique in Subsection 4.2 (i.e., judging wins by escape before
moving) is required, and we set the depth limit to k − 1. If the bottom-side435

player cannot win, the puzzle is a capture-win puzzle; otherwise, the bottom-
side player should be able to win by escape (victory condition 1). For example,
assuming that there is B at a4 in Fig. 2b, escaping the B from a6 is another
solution to the 5-move puzzle. This case is not judged as a capture-win puzzle
since it can be proven by the additional search. Namely, the win by escape440

can be proven by a search with a depth limit of (5-1), and the puzzle is not
capture-win.

5. Experiments on Random Placement Generation

Subsection 5.1 presents the experiment settings. Subsection 5.2 demon-
strates the effectiveness of the technique of heuristic pruning implemented for445

the df-pn solver. Subsection 5.3 shows the analyses of random placement gen-
eration.

5.1. Experiment Settings

In the experiments, we investigated all possible combinations of piece num-
bers between 1 to 3. More specifically, piece number combinations of (NB ∈450

{1, 2, 3}, NR ∈ {1, 2, 3}, Nb ∈ {1, 2, 3}, Nr ∈ {1, 2, 3}) were experimented. Al-
though the maximum number of each piece type is 4, we considered it relatively
natural that both players already have some pieces being captured in endgames.
For not-revealed puzzles, we studied 34 = 81 combinations. For partly-revealed
puzzles, since it is impossible to partly reveal for Nb = 1 and Nr = 1, we studied455

34 − 3× 3 = 72 combinations.
As for the df-pn solver, both techniques introduced in Subsection 4.2 were

employed unless specified. In addition, a maximum depth limit (or time limit)
was needed so that the search would not run infinitely long, as mentioned in
Subsection 4.2 (the 4th paragraph). In the experiments, we set the maximum460

depth limit to 17, which collected 3-move, 5-move, ..., 17-move puzzles. Note
that there are intrinsically no 1-move puzzles as discussed in Footnote 2. Also,
positions not collected did not necessarily mean that the bottom-side player
could not win. It was possible that the positions required higher depth limits
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Table 1: Results of solvers with and without the heuristic pruning technique

Not-revealed Partly-revealed
Time/Trial #Nodes/Trial Time/Trial #Nodes/Trial

No pruning 7.02 s 1,554,550 15.72 s 3,150,892
Pruning 0.37 s 105,926 3.45 s 751,875
Improved rate 94.67% 93.19% 78.07% 76.14%

to be proven. However, as will be shown in Subsection 5.3, the number of465

puzzles drastically decreased as Mwin increased. Thus, we expected most of the
not-collected positions to be those that the bottom-side player could not win.

5.2. Effectiveness of Heuristic Pruning

To verify the effectiveness of the heuristic pruning technique implemented
in the df-pn solver, we compared the results of solvers with and without the470

technique. Readers who skipped Subsection 4.2 can skip this subsection. For
each combination of (NB , NR, Nb, Nr), we performed 50 trials, where one trial
means that the given number of pieces are randomly placed on the board to
create a position. We ran the experiments on a machine equipped with Intel(R)
Core(TM) i9-9900K CPU @ 3.60GHz and 32.0 GB memory. The solver used a475

single thread without parallelization.
We made the comparisons based on two metrics: the average execution time

per trial and the average number of expanded nodes per trial. Table 1 shows
the results of 50 trials to generate not-revealed and partly-revealed puzzles.
The improved rates in the tables are calculated by ((“No pruning” - “Pruning”)480

/ “No pruning”). The results confirmed that the heuristic pruning technique
improved the search efficiency a lot, especially for not-revealed cases. We con-
sidered it reasonable that the partly-revealed cases had lower improved rates
since the criteria were more strict (cannot escape and cannot capture all the
top-side player’s blue pieces). When further looking into different piece number485

combinations (NB , NR, Nb, Nr), i.e., (1, 1, 1, 1), (1, 1, 1, 2), ..., and (3, 3, 3,
3), we confirmed that the efficiency improvement was generally effective across
different combinations.

In addition, the results showed that each trial to generate not-revealed puz-
zles was less costly than partly-revealed puzzles. One possible reason was the490

first technique (i.e., judging escapes before moving). As discussed in Subsec-
tion 4.2 (the 5th paragraph), the technique was used to reduce the depth limits
to 2, 4, 6, etc., in the searches for generating not-revealed puzzles, where the
depth limits for partly-revealed ones were 3, 5, 7, etc.

5.3. Analyses of Puzzle Generation495

In order to know which kinds of puzzles are likely generated by the ran-
dom generation in terms of Mwin and the piece numbers, we made analyses
based on success rates of generating puzzles from trials. For example, if 10
puzzles are generated from 50 trials, the success rate is 10/50=20%. To get
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Figure 4: Success rates according to Mwin for (a) not-revealed and (b) partly-revealed puzzles.

statistically significant results of success rates, we increased the trial numbers500

for each piece number combination (50 in the previous experiment) in this ex-
periment. In more detail, for generating not-revealed puzzles, we performed
10,000 trials for each piece number combination; for partly-revealed puzzles,
we performed only 2,500 trials since it cost much more time. The overall
success rate, along with the 95% confidence interval, of not-revealed puzzles505

was 24.92%±0.09% (=201,829/810,000) and that of partly-revealed puzzles was
30.18%±0.21% (=54,330/180,000).

Fig. 4 plots the success rates in logarithmic scales for each Mwin ∈ {3, 5, ..., 17}.
The exponential regression curves and functions are also shown in the figures.
As expected, when Mwin increased, the success rates dropped drastically. More-510

over, we observed that success rates had approximately exponential relations to
Mwin in both kinds of not-revealed and partly-revealed puzzles. Overall, it was
easier to generate partly-revealed puzzles than not-revealed puzzles from ran-
dom trials. Especially, the difference in success rates became bigger as Mwin

increased (about 20 times when Mwin was 17). Since all of the top-side player’s515

pieces in not-revealed puzzles are treated as purple pieces (the worst case),
there are more restrictions for positions to become endgame puzzles than partly-
revealed puzzles. For example, when generating not-revealed puzzles, if one of
the top-side player’s pieces is put on a bottom-side exit without the bottom-
side player’s pieces guarding that exit, the position never becomes an endgame520

puzzle. In contrast, for partly-revealed puzzles, if the top-side player’s piece is a
revealed red piece, even when the exit is not guarded, the bottom-side player will
not lose immediately. Therefore, it is reasonable that partly-revealed puzzles
had higher success rates.

Fig. 5 shows the success rates of all the experimented piece number com-525

binations, (NB ∈ {1, 2, 3}, NR ∈ {1, 2, 3}, Nb ∈ {1, 2, 3}, Nr ∈ {1, 2, 3}), for
not-revealed and partly-revealed puzzles. In addition, we performed multiple
linear regression to analyze the relations between piece numbers and success
rates. The success rates of not-revealed puzzles (SN ) and partly-revealed puz-
zles (SP ) could be approximated by530

SN ≈ 0.222 + 0.107×NB − 0.006×NR − 0.067×Nb − 0.021×Nr, (1)
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Figure 5: Success rates of piece number combinations of (NB , NR, Nb, Nr) for (a) not-revealed
and (b) partly-revealed puzzles.

SP ≈ 0.266 + 0.132×NB + 0.006×NR − 0.118×Nb + 0.005×Nr, (2)

respectively. The coefficients of determination (R2) for the two equations were
0.948 and 0.869, meaning that the equations could make good predictions. For
both kinds of puzzles, the success rates increased as NB increased while de-
creased as Nb increased. Namely, when the bottom-side player had more blue
pieces or when the top-side player had fewer blue pieces, it was easier to gen-535

erate puzzles. We considered the results reasonable since the one owning more
blue pieces is more likely to win the game.

5.3.1. Analyses of Red-Wall and Capture-Win Puzzles

In Subsection 3.3, we proposed two kinds of special puzzles, i.e., red-wall and
capture-win, and in Subsection 4.3, we proposed methods to find such puzzles.540

We used the proposed methods to check each generated puzzle to see whether the
puzzle satisfied special criteria. Fig. 6 shows the results of red-wall and capture-
win puzzles, including the overall ratios of such special puzzles among generated
puzzles (shown in figure titles) and each Mwin ∈ {3, 5, ..., 17}’s numbers (gray
bars) and ratios (curves) of special puzzles. For ratios, the 95% confidence545

intervals were also presented. For example, among 706 partly-revealed 17-move
puzzles, 184 were red-wall, and the ratio was 184/706=26.06%±3.24%.

For partly-revealed puzzles, most Mwin had approximately 150 red-wall or
capture-win puzzles (Figs. 6b and 6c), and the ratios of such special puzzles
increased as Mwin increased. For not-revealed puzzles, the ratios of red-wall550

puzzles also increased as Mwin increased, though the numbers of puzzles dras-
tically dropped. One possible reason was that not-revealed puzzles with high
Mwin were infrequently generated (Fig. 4a). Generally, it was not too difficult
to generate special puzzles with middle or relatively high Mwin (say 9 to 17), es-
pecially partly-revealed ones. Since puzzles with low Mwin (say ≤7) are usually555

too trivial even for beginners and are not desired, we considered these results
promising for use cases that provide human players with special puzzles.
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Figure 6: Special puzzles’ numbers and the ratios among generated puzzles for each Mwin

for (a) not-revealed red-wall puzzles, (b) partly-revealed red-wall puzzles, (c) partly-revealed
capture-win puzzles, and (d) partly-revealed puzzles of both red-wall and capture-win.

6. Examples of Geister Endgame Puzzles

In this section, we show some examples of Geister endgame puzzles. We
also show an example solution for each puzzle, where a move is denoted by560

[piece][coordinate][direction]. These puzzles were from a preliminary experiment
where we asked beginners to evaluate the interestingness and difficulty of Geister
endgame puzzles. In this section, all puzzles except one for comparison purposes
were evaluated to be interesting in the preliminary experiment. More details of
the preliminary experiments can be found in Appendix B.565

Figs. 7 to 12 show puzzles and example solutions of Geister endgame puz-
zles with different categories, which is summarized in Table 2. More specifi-
cally, Fig. 7 shows three examples of not-revealed puzzles that are not red-wall.
Fig. 8 shows three examples of not-revealed red-wall puzzles. Fig. 9 shows three
examples of partly-revealed puzzles that are neither red-wall nor capture-win.570

Fig. 10 shows three examples of partly-revealed puzzles that are red-wall but not
capture-win. Fig. 11 shows three examples of partly-revealed puzzles that are
capture-win but not red-wall. Fig. 12 shows three examples of partly-revealed
puzzles that are both red-wall and capture-win.

Fig. 7b was evaluated to be the most interesting in the preliminary exper-575

iments. The main story is the offense and defense on the top-left corner. The
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Figure 7: Examples of not-revealed Geister endgame puzzles that are not red-wall.
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Figure 8: Examples of not-revealed red-wall Geister endgame puzzles.
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Example Puzzles Revealed Red-Wall Capture-Win
Fig. 7 Not No –
Fig. 8 Not Yes –
Fig. 9 Partly No No
Fig. 10 Partly Yes No
Fig. 11 Partly No Yes
Fig. 12 Partly Yes Yes

Table 2: A summary of example puzzles in Figs. 7 to 12

bottom-side player needs to utilize the two R’s at b4 and b3 for supporting the
B at a3 to escape. At first glance, the bottom-side player can take the u at c4;
however, it is not the first priority. Instead, the bottom-side player should move
R to b5 for curbing the u at c6. From the human players’ feedback, they felt580

surprised by such a move that did not capture the opponent’s piece immediately
when they could.

Fig. 7c was evaluated to be the most difficult, though not interesting, in
the preliminary experiments. At first glance, players may think it is an easy
problem to escape from f6. In fact, the bottom-side player needs to protect the585

exit at a1 at first, attract the u at b6 by the B at d5, and then escape the B

at b3 from a6 with the support of the R at b5. Among the 17 moves of the
bottom-side and top-side players, several playing skills are involved, and the
way to escape is not straightforward.

Overall, we can see that there are diverse Geister endgame puzzles. Some590

involve complex piece exchanges, some involve unstraightforward escapes, some
need to utilize the bottom-side player’s red pieces (red-wall), etc. In addition,
we confirmed through preliminary experiments that we could find interesting
Geister puzzles. We believe that such puzzles can entertain human players and
help them improve their playing skills.595

7. Conclusions and Future Work

In this paper, we proposed endgame puzzles for the imperfect information
game Geister, aiming to assist human players in improving their playing skills or
serve as entertainment. We defined two kinds of puzzles according to whether
the opponent’s piece colors are revealed or not. Assuming the bottom-side600

player’s view, not-revealed puzzles follow Geister’s game rules that the top-side
player’s piece colors are not revealed. Partly-revealed puzzles reflect the fact
that expert players can usually infer some of the opponent’s piece colors in
endgames. The goal of the puzzles is to find the shortest winning moves under
two assumptions of worst cases: (i) the top-side player’s unrevealed pieces are605

regarded as purple pieces (becoming red when captured and blue when escaped),
and (ii) the top-side player knows the bottom-side player’s piece colors. We
consider that the concept of assuming the worst cases can be applied to create
puzzles for other imperfect information games.
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Figure 9: Examples of partly-revealed Geister endgame puzzles that are neither red-wall nor
capture-win.
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Figure 10: Examples of partly-revealed Geister endgame puzzles that are red-wall but not
capture-win.
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Figure 11: Examples of partly-revealed Geister endgame puzzles that are capture-win but not
red-wall.
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Figure 12: Examples of partly-revealed Geister endgame puzzles that are both red-wall and
capture-win.
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Figure 13: (a) A puzzle with redundant pieces and puzzles (b) with and (c) without the
opponent’s futile offense.

Employing a solver combining the depth-first proof-number search and the610

iterative deepening search, we generated Geister endgame puzzles using the
random placement method. In more detail, we randomly placed pieces of given
numbers on the board and used the solver to check whether the bottom-side
player could win in a certain number of moves. The experiments showed that
the success rates of generation decreased approximately exponentially as the615

number of moves to win increased. In addition, the results suggested that the
success rates were higher when the bottom-side player had more blue pieces
or when the top-side player had fewer blue pieces, which was understandable.
In the experiments, we also identified special puzzles, i.e., red-wall and blue-
capture. Although the overall ratio was low (approximately 1% to 2%), we620

confirmed that such puzzles could be generated even using simple methods like
random placement.

For future research, one direction is to propose more types of Geister endgame
puzzles that require specific playing skills, such as sacrificing the player’s own
pieces. Another direction is to investigate the aesthetics of Geister endgame625

puzzles. The aesthetics of chess problems [31, 5] or tsume-shogi [21, 32] is
widely studied. For example, in chess problems or tsume-shogi, it is preferred
that the first move in the solution is unique, which is not considered in our
definition of Geister puzzles in this paper. In addition, redundant pieces are
usually undesirable. For the Geister puzzle example of Fig. 13a, the solution is630

to escape the B at b4 from a6. Even if some of the other pieces are removed, the
bottom-side player still wins in the same way. How to define redundant pieces
in Geister endgame puzzles is worth investigating.

Another topic is futile offense, which is also undesirable in general. Figs. 13b
and 13c are example puzzles that we manually made to show futile offense. For635
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simplicity of consideration, all the top-side player’s pieces are revealed. For the
puzzle in Fig. 13b, the bottom-side player alone needs 4 moves to escape the B

at b5 from a6; thus, it is intrinsically a 7-move puzzle. However, it is actually
an 11-move puzzle under the current definition since the top-side player tries to
escape the b at d1 from f1 and the bottom-side player alone must spend 2 moves640

(a total of 4 moves, including the top-side player’s) to prevent the escape. Such
offense merely increases the total number of moves to win and may be annoying
to players. In contrast, we consider the puzzle in Fig. 13c a good instance. For
the bottom-right corner, if the bottom-side player does nothing, the top-side
player alone costs 3 moves to win (rf1↑, be1→, bf1→); thus, the bottom-side645

player needs to move the B at f2 to f3. At this time point, the top-side player
alone takes 6 moves (be1↑, rf1↑, be2↓, be1→, bf1→) to win. Meanwhile, the
bottom-side player alone takes 5 moves to escape the B at c5 from a6, including
moving the R at a6 to a5. Namely, the bottom-side player is only one move ahead
of the top-side player to win. We consider such an offense to be non-futile, and650

how to define it algorithmically is worth investigating.
In addition to the definitions and aesthetics of puzzles, another future re-

search direction is to employ new methods for puzzle generation that can more
efficiently generate puzzles with high numbers of moves to win. For example,
it is promising to employ the reverse method [21], which starts from a winning655

position and moves pieces in a backward way. It may be interesting to try ge-
netic algorithms [33] or machine learning methods [34]. Regarding evaluations,
it is valuable to generate interesting puzzles with proper difficulty for training
human players and analyze how their playing skills are improved.
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Appendix A. Implementations of Pruning Heuristics

This appendix explains the pruning heuristics for not-revealed puzzles and
partly-revealed puzzles. The heuristics for the two categories are slightly differ-
ent and are separately explained. Note that the first technique in Subsection 4.2670

(i.e., judging wins by escape before actually moving) can be used together with
these heuristics, but in the following, we assume cases without the first technique
for simplicity of discussions.
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Figure A.14: Examples of pruning heuristics for (a) escape and (b) capture.

The notation that will be used in this appendix is summarized as follows.
Let {B} denote the set of bottom-side player’s blue pieces, {R} the red pieces,675

{b} the top-side player’s revealed blue pieces, {r} the revealed red pieces, {u}
the not-revealed pieces, and d(x, y) the Manhattan distance between x and y.

For not-revealed puzzles, a node can be safely judged as disproven upon
knowing that the bottom-side player cannot escape any blue piece within the
remaining moves. More specifically, we made the judgment based on the shortest680

Manhattan distance between the bottom-side player’s blue pieces and the top-
side exits, i.e., minp∈{B},e∈EB d(p, e), where EB is the set of the top-side exits
a6 and f6. For the example of Fig. A.14a, the shortest distance is 1 between the
B at e6 and the exit at f6. Even if the bottom-side player tries to escape the B

at e6 from f6 and the top-side player does not capture it, the escape requires685

3 moves, including both players’. According to whether it is the bottom-side
player to move or not, we regard the corresponding node as disproven when the
remaining number of moves to the depth limit is less than 3 or 3+1.

For partly-revealed puzzles, a node can be judged as disproven upon knowing
that the bottom-side player cannot escape any blue piece and cannot capture all690

the top-side player’s blue pieces within the remaining moves. The calculation of
escape is the same as not-revealed puzzles. As for the latter condition (capture),
it is always true when the top-side player does not have any revealed red piece.
The following assumes that the top-side player has at least one revealed red
piece. In order to win by capture, the bottom-side player needs to capture all695

the top-side player’s blue pieces and not-revealed pieces (i.e., {b}∪{u}). For the
example in Fig. A.14b, the bottom-side player should capture the b at e6 and
the two u’s at b5 and f2 (i.e., those with underscores). We propose to calculate
the least required moves to win by taking the maximum of the following two
cases.700

• (minp∈{B}∪{R},q∈{b}∪{u} d(p, q)) + 2 × (|{b} ∪ {u}| − 1), where |S| is the
size of set S. The Manhattan distance between p and q is the number of
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moves that the two pieces move toward each other and meet at the same
square, regardless of who is going to move. The minimum distance is the
least number of moves to capture a b or a u. For each of the other b’s and705

u’s, at least two moves are required for the capture, one move for the top-
side player and the other for the bottom-side player to capture. For the
example of Fig. A.14b, the least number of required moves is 1+2×2 = 5,
where 1 is for the b at e6.

• maxq∈{b}∪{u}(minp∈{B}∪{R} d(p, q)). It is the least number of moves to710

capture the farthest b or u. For the example of Fig. A.14b, the least
number of required moves is max(1, 2, 3) = 3, where 3 is for the u at b5.

Although it is possible to design more sophisticated rules to prune more
nodes, dedication to pruning heuristics is not the main purpose of this work.
Also, the experiments in Subsection 5.2 have shown that the presented heuristics715

improved efficiency effectively. Thus, the heuristics are kept simple. An example
of an advanced pruning heuristic is that if the top-side exits are guarded by the
top-side player, as in Fig. A.14a, the bottom-side player should spend more
moves to escape.

Appendix B. Interestingness and Difficulty of Puzzles720

This appendix presents an investigation of Geister endgame puzzles’ inter-
estingness and difficulty through a human subject experiment. We expect that
generated puzzles vary a lot; however, for future applications of introducing
Geister endgame puzzles to human players for entertainment or practicing play-
ing skills, interesting puzzles with proper difficulty for the target players are725

desirable. In this work, we targeted beginners, and in order to know the interest-
ingness and difficulty of puzzles from beginners’ views, we conducted a subject
experiment described in Appendix B.1. Moreover, we performed supervised
learning to learn the interestingness and difficulty, explained in Appendix B.2.

Appendix B.1. Human Players’ Evaluations730

We employed eight Geister beginners to evaluate 100 endgame puzzles. We
selected the 100 puzzles subjectively in a way that we expected to include puzzles
with diverse interestingness and difficulty4. In addition, most of the puzzles

4Our subjective selection may have introduced biases into the puzzle set. Random selection
would allow us to do objective analyses; however, doing experiments using randomly selected
puzzles was practically challenging. When selecting purely randomly from generated puzzles,
high Mwin-move puzzles were few, as shown in Fig. 4, and were hardly selected. Similarly,
the overall ratios of red-wall and capture-win puzzles were low and hardly selected. To collect
sufficiently many evaluations of high Mwin-move puzzles or red-wall/capture-win puzzles, we
would have to provide the participants with a large number of puzzles, which was infeasible.
Or we might randomly select high Mwin-move puzzles or red-wall/capture-win puzzles from
generated ones; however, this raised another problem: we would need to decide how many
puzzles we wanted to collect for each category, which also introduces biases. Considering the
experiment cost, we selected the 100 puzzles instead of using a random selection while we
tried our best to keep the puzzles as diverse as possible.
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Table B.3: The number of puzzles, average interestingness, and average difficulty according
to Mwin

Mwin 5 7 9 11 13 15 17 19
#Puzzles 2 10 19 18 29 17 3 2

Avg. Inter. -1.38 -0.48 -0.13 -0.14 +0.12 -0.11 +0.21 +0.06
Avg. Diffi. -1.88 -1.44 -0.88 -0.40 +0.05 +0.32 +1.42 +1.00

had moderate Mwin to prevent players from getting too bored or too frustrated
soon during the experiment. Table B.3 lists the numbers of puzzles for each735

Mwin ∈ {5, 7, ..., 19}, and Table B.4 lists the number of puzzles according to
categories (e.g., not-revealed vs. partly-revealed).

For each player, the order of the 100 puzzles was different. For each puzzle, a
player had at most 90 seconds to solve the puzzle. After then, no matter whether
the player solved the puzzle or not, an example solution was displayed. We asked740

the players to evaluate the puzzles’ interestingness and difficulty separately using
a five-level Likert scale, {-2, -1, 0, +1, +2}, where -2 meant boring/easy and +2
meant interesting/difficult. For each puzzle, we averaged the evaluation values
from the eight players.

Table B.3 lists the interestingness and difficulty for each Mwin averaged from745

the corresponding Mwin-move puzzles. As expected, puzzles with higher Mwin

tended to be more difficult. In contrast, the increasing trend of interestingness
was unclear. More specifically, puzzles with low Mwin tended to be boring, but
those with high Mwin were not necessarily interesting. A similar phenomenon
has also been reported by Margulies5 in a study of chess mating problems,750

which showed that difficult moves usually required more calculations but were
not necessarily beautiful moves from experts’ views.

Table B.4 lists the average Mwin, interestingness, and difficulty according
to categories (not-revealed or partly-revealed, red-wall or not, and capture-
win or not). We observed that different categories had similar average Mwin,755

implying that the tendencies were less likely to be caused by Mwin. The average
interestingness showed that partly-revealed, red-wall, or capture-win puzzles
were more interesting than those not, where the difference between red-wall
and not-red-wall was statistically significant (a p-value of 0.01 for Welch’s t-
test). The average difficulty showed no significant differences among different760

categories.
Fig. 7b shows the most interesting puzzle evaluated by the human players in

the subject experiment, which had an interestingness of 1.25. We have presented
the main story of the puzzle in Section 6 (3rd paragraph). Fig. 7c shows the
most difficult puzzle evaluated by the human players in the subject experiment,765

which had a difficulty of 1.88. We have discussed the solution of the puzzle
in Section 6 (4th paragraph). The puzzle received an interestingness of -0.38,

5S. Margulies, Principles of beauty, Psychological Reports 41 (1) (1977) 3–11.
10.2466/pr0.1977.41.1.3
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Table B.4: The number of puzzles, average Mwin, average interestingness, and average diffi-
culty according to categories

Revealed Red-wall
Capture-win

(in partly-revealed)
Not Partly Yes No Yes No

#Puzzles 62 38 36 64 19 19
Avg. Mwin 12.10 11.05 12.17 11.44 10.89 11.21
Avg. Inter. -0.19 +0.04 +0.11 -0.22 +0.11 -0.03
Avg. Diffi. -0.33 -0.21 -0.17 -0.35 -0.24 -0.18

providing an example that difficult puzzles were not necessarily interesting. We
suspected that if intermediate or higher-level players played this puzzle, or if
the beginners were given a longer time, the puzzle might be evaluated as more770

interesting.

Appendix B.2. Supervised Learning on Interestingness and Difficulty

Based on the evaluations from human players, we applied supervised learning
to learn the interestingness and difficulty of Geister endgame puzzles. If the
models learned well, it would be possible to automatically generate interesting775

puzzles or puzzles with proper difficulty for the target players. We proposed 32
features that might relate to the two metrics of puzzles and then further reduced
the number to 14 according to some preliminary experiments. Appendix B.2.1
will explain more about the features, such as the total number of nodes expanded
by the solver.780

As for the learning algorithm, we employed the LightGBM framework (ver-
sion 2.2.3)6. It is a gradient boosting framework based on decision trees. We
trained models for predicting interestingness and difficulty separately. The ob-
jective was to minimize the mean squared errors (MSE) between the predictions
and human players’ average evaluations of puzzles. We conducted leave-one-785

out cross-validation to select hyper-parameters of the algorithm. The learn-
ing rate (learning rate) was set to 0.01 and the number of boosting iterations
(num iterations) to 1000. The rest followed the default settings. After learning,
the models were evaluated by two metrics commonly used in regression prob-
lems: the root-mean-square error (abbr. RMSE, the lower the better) and the790

coefficient of determination (abbr. R2, the higher the better). Appendix B.2.2
will show the results.

Appendix B.2.1. Features of Geister Endgame Puzzles

This subsection lists the 32 proposed features for Geister endgame puzzles
that might relate to puzzles’ interestingness and difficulty. The 14 features795

shown in italics were used to get the results in Appendix B.2, selected by

6https://lightgbm.readthedocs.io/en/latest. (Accessed: Apr. 2rd, 2021)
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some preliminary experiments. Let NB , NR, Nb, and Nr denote the numbers
of the bottom-side player’s blue pieces, the bottom-side player’s red pieces, the
top-side player’s blue pieces, and the top-side player’s red pieces, respectively.
8 features related to piece numbers are (1) NB , (2) NR, (3) Nb, (4) Nr, (5)800

NB + NR, (6) Nb + Nr, (7) the number of the top-side player’s revealed blue
pieces, and (8) the number of the top-side player’s revealed red pieces.

Feature (9) is the least number of moves for the bottom-side player to win
under optimal play (i.e., Mwin).

Let {B} denote the set of bottom-side player’s blue pieces, {R} the red805

pieces, {b} the top-side player’s revealed blue pieces, {r} the revealed red pieces,
{u} the not-revealed pieces, EB the exits for the bottom-side player’s blue
pieces B (i.e., top-side exits a6 and f6), Eb the exits for the top-side player’s
blue pieces b (i.e., bottom-side exits a1 and f1), and d(x, y) the Manhattan
distance between x and y. 4 features related to Manhattan distances between810

pieces and exits are (10) the shortest Manhattan distance between the bottom-
side player’s blue pieces and their exits, i.e., minp∈{B},e∈EB d(p, e), also used
in the pruning heuristics for escapes, (11) the shortest Manhattan distance be-
tween the top-side player’s blue and not-revealed pieces and their exits, i.e.,
minp∈{b}∪{u},e∈Eb d(p, e), (12) the shortest Manhattan distance between the top-815

side player’s pieces and the top-side exits, i.e., minp∈{b}∪{u}∪{r},e∈EB d(p, e),
and (13) the shortest Manhattan distance between the bottom-side player’s
pieces and the bottom-side exits, i.e., minp∈{B}∪{R},e∈Eb d(p, e). 2 features
related to Manhattan distances between pieces, also used in the pruning
heuristics for captures, are (14) minq∈{b}∪{u}(minp∈{B}∪{R} d(p, q)), and (15)820

maxq∈{b}∪{u}(minp∈{B}∪{R} d(p, q)).
For features related to puzzles’ solutions, the solutions mean the first ones

found by the solver under both players’ optimal plays (i.e., the bottom-side
player’s shortest wins and the top-side player’s longest losses). Note that the
solutions may not be unique and the found ones may vary according to different825

implementations of the solver. For puzzles where more than one solution exists,
which solution is the most appropriate one remains an open question. Feature
(16) is the number of moves in the solution that is not for the “main purpose”.
For not-capture-win puzzles, the main purpose is to escape a blue piece, and
this feature counts the moves that the bottom-side player does not move the830

escaped blue piece toward the target exit7. For capture-win puzzles, the main
purpose is to capture all the top-side player’s blue and not-revealed pieces. This
feature counts the moves that the bottom-side player neither captures the top-
side player’s blue or not-revealed pieces nor moves toward the next captured
piece.835

2 features related to proof numbers and disproof numbers are (17) the root
node’s maximum proof number when the puzzle is proven and (18) the root node’s
maximum disproof number right before the puzzle is proven. These features were

7It may be better to separate the moves into those preventing the top-side player’s escape
and those supporting the bottom-side player’s escape, though not easy to define.
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also used by Ishitobi [32] for evaluating tsume-shogi puzzles. In the normal df-
pn, the root node’s proof and disproof numbers are recalculated only when the840

updates reach the root node. Following Ishitobi [32]’s method, we recalculate
the root node’s proof and disproof numbers upon the expansion of leaf nodes
to obtain intermediate values. Note that once the root node is proven, the
disproof number becomes ∞, and we use the maximum value before becoming
∞. A higher maximum proof number means more variations to consider for845

the bottom-side player’s win. A higher maximum disproof number means more
variations to consider for the top-side player to avoid losing.

2 features related to node numbers are (19) the total number of nodes ex-
panded by the solver, including all depth limits until the puzzle is proven, and
(20) the number of expanded nodes of the depth limit that the puzzle is proven.850

3 features related to captured piece numbers are (21) the number of the
bottom-side player’s pieces captured in the solution, (22) the number of the top-
side player’s pieces captured in the solution, and (23) the number of captured
pieces in the solution.

2 features are related to moved piece numbers. Feature (24) is the number855

of different pieces of the bottom-side player that are moved in the solution. A
higher number means that the bottom-side player has fewer redundant pieces
and needs to take more pieces into consideration. Counted in a similar way,
feature (25) is the number for the top-side player.

4 features are related to piece arrangements on the board. Feature (26) is860

the number of the bottom-side player’s pieces in the top half of the board, where
the number is further divided by (NB + NR). If the value is high, the puzzles
may give players an impression of attacking the top-side player’s area. Similarly,
feature (27) is the number of the top-side player’s pieces in the bottom half of
the board, where the number is further divided by (Nb +Nr). If the value is high,865

the puzzles may give players an impression of being attacked by the top-side
player. Feature (28) is the number of pieces in the top half, where the number
is further divided by the total number of pieces. A value close to 1 (or 0) means
that all pieces are in the top (or bottom) half, which may make players feel
unnatural or interesting. Similarly, feature (29) counts the left half.870

Finally, 3 features related to puzzle categories are (30) whether the puzzle is
not-revealed or partly-revealed, (31) whether the puzzle is red-wall or not, and
(32) whether the puzzle is capture-win or not.

Appendix B.2.2. Prediction Results of Interestingness and Difficulty

Fig. B.15 shows the prediction results of the models in the leave-one-out875

cross-validation. For predicting interestingness, the RMSE was 0.54 and the R2

was 0.27; for predicting difficulty, the RMSE was 0.66 and the R2 was 0.54. In
both cases, the models could roughly reflect human players’ evaluations. Note
that it is meaningless to directly compare the RMSE of the two models since
the data of interestingness and difficulty had different distributions. Although880

the difficulty model had a higher RMSE, the R2 showed that it could make
better predictions on the data than the interestingness model. Compared to
difficulty, interestingness was a more subjective evaluation, which we expected
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Figure B.15: Leave-one-out cross-validation results of Geister endgame puzzles’ (a) interest-
ingness and (b) difficulty.

to be harder to predict. Nevertheless, we considered that both models could be
improved by increasing the number of human subjects or the number of puzzles885

or including advanced features.
Although the models still had room to improve, they could be used to select

puzzles in the following senses. The puzzles were likely interesting when the
predicted interestingness values were higher than some threshold (say 0.25). As
for difficulty, puzzles predicted to be easy (say ≤-1) were indeed relatively easy,890

and those predicted to be difficult (say ≥0.5) were likely difficult.
We also analyzed the importance of each feature, which was calculated in the

LightGBM framework based on the total gains of splits that used the feature.
For interestingness prediction, the most important feature was the number of
captured pieces in the first solution found by the solver. We suspected that895

captures (no matter whose) are attractive to beginners. For difficulty prediction,
the most important feature was the total number of nodes expanded by the
solver during the search. Although human players usually do not consider as
many nodes as computers, we suspected that human players need to consider
more situations for puzzles that require more nodes to be proven.900
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