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ABSTRACT elementary time-step of the process, and the durati

functioning.

The paper consider the so-called generalized nets as

extansion of Petri nets. First the basic of theotheof Generalized nets can be used for:

generalized nets is introduced, next the algoritim « comparing different types of nets as mathematical

generalized nets is described. Algebraic aspects of objects,

generalized nets as well as operator aspects of « investigating properties of generalized nets and

generalized nets are described. At the end we ghowe transfer them to other nets,

in a brief way, one possible application of gereeal + modeling in details real processes.
nets, namely for aggregation of neural networks.

The theory of generalized nets, by analogy with the
Keywords: modeling, generalized nets, knowledge theory of Petri nets, can be divided into two baisitdls
representation, system science. - aspecialand ageneraltheory of generalized nets.

The special theory of generalized nets concernstheth
1. INTRODUCTION definitions and the properties of generalized astsvell

as modifications of generalized nets.

In 1982 K. T. Atanassov [1] proposed a new defimiti

of nets for modelling and analysing various kinds 0  The general theory of generalized nets deals with

dynamic systems, the nets are catiederalized nets different aspects like: algebraic, logical, opemafi
program, methodological and topological.

In several papers it was shown that existiegri nets

were particular cases of generalized nets. The |n a book [1] one can find the basic elements @&f th

conception of generalized nets is based on devejopi theory of generalized nets, where generalized aes

relationplace — transition defined as extensions of the ordinary Petri netsthair
modifications.

Generalized nets are characterized by:

- astatic structure A list of 353 scientific works related to generatiznets

- dynamical elements callédkens as a review and bibliography on generalized negsrih

- temporal components and applications can find in [3].

The static structure of generalized nets is chatiaetk
by transitions 2. THE CONCEPT OF GENERALIZED NETS
Tokens are described by changeathiaracteristicsand

characteristics of tokens play a roll ofemoryof the
nets.

The first basic difference between generalized antb
the ordinary Petri nets is the place — transitielation

[1]. In the theory of generalized nets the transi are
... . objects of a very complex nature. The places ar&edar
There th(ee glpbal temporal constants: the initial by O, and the transitons by . Generalized nets
moment in which the net starts functioning, the conin tokens, which are transferred from place to
place. Every token bears some information, which is



described by token’s characteristic, and any tek@ers
the net with an initial characteristic. After paspia
transition the tokens’ characteristics are modified

The transition has input and output places, assi@vn
in Figure 1

i

Figure 1. A generalized net transition.

Formally, every transition is described by a settgiie

Z=(L',L"t,t,,r,M,0O) 1)

where:

« L'={I,,15,...,11} is a finite non empty set of the
transition’s input places,

. L”:{Ii',I;',...,I,';} is a finite non empty set of the
transition's output places,

* t, isthe current time of the transition's firing,

* t, is the current duration of the transition active
state,

e r s the transition'scondition determining which
tokens will pass (otransfel) from the transition's

inputs to its outputs; it has the form of ardex
matrix described in [4]
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where r; is a predicate that corresponds to the
i -th input and thej -th output placesl<i<m,
1< j <n; when its truth value isrue, a token is

allowed to pass the transition from theth input
place to the j -th output place,

M is an index matrix of the capacities of
transition's arcs:
n n n
K I’ "
I
1 my, m; m,
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where m; =0 are natural numbers;

O is an object of a form similar to a Boolean
expression, it may contain as variables the symbols
that serve as labels for transition's input plaees]

O is an expression built up from variables and the
Boolean connectived” and C whose semantics

is defined as follows

E(Iil,liz,...,liu) - every placel,,l,,,...,l,, must
contain at least one tokerﬁ(lil, ligyeees Iiu) - there
must be at least one token in all pladesl;,,..., 1, .
where {Iil,liz,...,liu} oL';

when the value of a type (calculated as a Boolean

expression) isrue, the transition can become active,
otherwise it cannot.

The following ordered four-tuple

E:< (Am,m,cf,0,0,) (Km,0)

(T.t%1), (X, 0,b)) @

is called generalized netif the elements are
described as follows:

A is a set of transitions,

7, is a function giving the priorities of the
transitions, ie. 7m,:A-N , where
N={01 2..}0{e},

71, is a function giving the priorities of the places,
ie. n,:L- N, where L=pr,AO pr,A, and
pr. X is thei -th projection of then-dimensional

set, wherenON, n=1 and 1<i<n (obviously,
L is the set of all generalized nets places),

¢ is afunction giving the capacities of the pla¢es,
c:L - N,

f is a function that calculates the truth valuethef
predicates of the transition's conditions (the fiomc



f have the valuéalseor true, i.e. a value from the

set {OJ} ,

O, is a function giving the next time-moment when
a given transition Z can be activated, i.e.
o,(t)=t', where pr,z=t, t'D[T,T+t*J and
t<t'; the function value is calculated at the moment
when the transition terminates its functioning,

©, is a function giving the duration of the active

state of a given transitioZ , i.e. Oz(t) =t', where
pr,Z =tD[T,T +t*] and t' > 0; the value of this
function is calculated at the moment when the
transition starts its functioning,

K is the set of the generalized net's tokens; inesom
cases, it is convenient to consider it as a saéhef

form
K =[JK,
10Q'

where K, is the set of tokens that enter the net

from place | , and Q' is the set of all input places

of the net,

n, is a function giving the priorities of the tokens,
ie. 1, 1K - N,

O, is a function giving the time-moment when a
given token can enter the net, i®, (a) =t, where
aOK and tOfT, T+t'],

T is the time-moment when the generalized net
starts functioning; this moment is determined with
respect to a fixed (global) time-scale,

t° is an elementary time-step, related to the fixed
(global) time-scale,

t" is the duration of the generalized net functioning
X is the set of all initial characteristics the toke
can receive on entering the net,

® is a characteristic function that assigns new
characteristics to every token when it makes the
transfer from an input to an output place of a give
transition,

b is a function giving the maximum number of
characteristics a given token can receive, i.e.
b:K - N;for example, ifb(a)=1 for some token

a , then this token will enter the net with someiatit
characteristic and subsequently it will keep ondy i
current characteristic; Wheb(a) = o the tokena

will keep all its characteristics; Wheb(a) =k<o
the tokena will keep its lastk characteristics (the
characteristics older than the la%t will be
forgotten); in the general case every tokenhas
b(a)+1 characteristics on leaving the net.

A given generalized net may lack some of the above
components. In these cases, any missing compornknt w
be omitted. The generalized nets of this kind fam
special class and is calleeducedgeneralized nets

3. THE ALGORITHM OF GENERALIZED NETS

The algorithms for movement of tokens in the
generalized net are more general than those dfrizas:.

In a Petri net implementation, parallelism is restiito a
sequential firing of its transitions and the ordéttheir
activation in the general case is probabilistic or
dependent on the transitions’ priorities, if suglste The
generalized net's algorithms provide a means fmoee
detailed modelling of the described process. The
algorithms for the token’s transfers take into agtdhe
priorities of the places, transitions and tokeres,d. they
are more precise.

Following [1] we will describe thgeneral algorithnfor
the transitions functioning which is equivalent ttee
tokens transfer algorithm.

The general algorithm starts at timg=TIME and has

the following construction:

1. sort the input places of the transitions by their
priorities (there are two groups of tokens, thstfir
group (R,) contains tokens which can be directly

transform to the transition output places, and the
second oneR,) will be described in step 6),

2. sort the tokens from groug®) of the input places by

their priorities, (let the index matriR - related to the
index matrixr — be defined as follows:

1if the(i, j)—th predicate; istrue
R; =40 if the(i, j)—th predicate; is falseor
if thevalueisdetermineéh step3

3. assign a valué to all elements oR for which either
- the input place which corresponds to the respective
predicate is empty (the group, is empty), or

the output place which corresponds to the respectiv
predicate is full, or

- the current capacity of the arc between the
corresponding input and output places,is

4. calculate the values of the other elements ahd
assign these values to the element],of

5. calculate the values of the characteristic funation
related to the corresponding output places in which
tokens will enter, and assign the current
characteristics of the entering tokens,

6. for each input place (considering the input place
priorities) do as follows:



— select the tokens with the highest priority in ittgut
place,
— transfer the selected tokens to all output places f

which the corresponding predicate enables thiséhe

tokens constitute the group, of the output places),
7. transfer the tokens with the highest priority fdrigh

all calculated values of the predicates are equal t

falseto the groupP, of the corresponding places; in

this group transfer also all tokens which cannot be
transferred to the corresponding output places

because these places are already full with tokens f
other places of higher priorities,

8. increase the timeTIME := TIME+1°,
9. check whether the value of the current time is Emal
than t, +t,,

10.if the answer (in step 9) igsgo to step 2,
11.if the answer (in step 9) iso terminate the current
functioning of the token.

4. ALGEBRAIC APPROACH
TO GENERALIZED NETS

For two given transitionsZ, and Z, we will define
Z,=2, iff (0i:1<i<7)(prz, = prz,);

z, 0Oz,iff (Qi:1<i<2)(prz, OprZ,)
& (Oi :3<i<4)(przZ, = przZ,)
& (Oi :5<i<6)(pr,Z, O pr.Z,)
& (pr;Z, U, priZ,),
where:

+ [, is arelation of inclusion over index matrices
and if A:[Kl'Lb{ai,j}]v B :[K21L21{b|,j}]1 )

then
KiOK,)& (L OL,)&
ADlBiﬂ(_l 2)_(1 2) ;
@OK)OOL)(@&; =hb )
« [0, is a relation of inclusion over Boolean

expressions and, for two such expressiensand
b iff the expressiora is obtained after removing a
part of the arguments ofb and the logical
operations associated to them.

We will define four operations over the transitions
Z, =<Ly,L,,t,t,,r',M",O0,> (i =12)

The following statement must necessarily hold:lécp

[Opr,Z npr,Z, and 1 Opr,Z,,; , then I Opr,_Z,

for 1<i <2, 1<s<2. These operations are

a) a union (the necessary conditions for this
operation aret; =t?(j =1,2) ,and if | O pr,Z, , and

s*=i

it is not allowed
1<i<2 1<s<2:
Z,0Z,=(L0L, 0Lt tG,r +r?,
M'+M?2,0(04,0%)
b) an intersecton (with the above conditions):
Z,nZ,=(LnLZ L3t t,rixr?,
MtxM?, 0(0,0%)
c) a compositim (with the above condition and with
the condition: n L2 =L, n L3 =0):
Z,0Z, =(L; O(L - L3), Ly n (L — L5 )ty 1 +t5,
rtr2,MtM2,0(0% 0%))
where O can be obtained froni after removing
all its arguments whose identifiers are elementh®f

set L, OL2.
It is possible thatl; n L2 =@ and/or L, n L5 =8.
In this caseZ, n Z,Z_ is the empty transition, i.e.,

a transition without places (some other components
of it such asM,r, O will also be degenerated).

d) A difference (with the above conditions):

Z, if LLOL2or L20L2

Z,-7Z,= (L-L,L -3t t,rt-r?,
M*-M?,0"/0%), otherwise

that 10pr, Z,;, for

Zl_ZZ =

where O'/0O° results fromO" after removing all its
arguments whose identifiers are element of the set
LnlL.

The operations described below do not exist elsewhere in
the Petri net theory. The can be transferred to practically
all other types of Petri nets. These operations are useful
for constructing generalized net models of real processes.

Before introducing the different generalized net
operations, we will formulate some appropriateness
conditions for the arguments of these operations.

We will assume that if a place participates

simultaneously in two generalized nets, then in both of

them it has:

a) equal capacities,

b) the same characteristic functions,

¢) equal possibility to host tokens frod , that is, if in
the first net (which is a model of some process) the
tokens which are elements &' K pass through
the place and in the second net tokens from the set
K"OK can also pass through this place, then
K'=K",

d) equal values of the priority functions, and

e) the same number (identification).



Similarly, we will expect that if two places are

respectively input and an output one for two traoiss

in both nets, then

a) the capacities of the connecting arcs are equal,

b) the time for passing from the input to the outdatp
is the same,

c) the place which is an input (output) one in on¢hef
transitions should play the same role in the other
transition.

Let E, and E, be two generalized nets and let for
1<i<2:
B, =(A, 6., 11,6, 6,).(K,, 75 6 ),
(T, 12,6, (X, ®,,b))

A union will be called the object:
E,0E,=(ATA,m O, O ,ct0c?,
f10f%,6 067,
6; 0 6;),(K, DKy, O, 6 0 67),
(min(T,,T,),GCD(t;.,t3),max T. +tiD—[mo—
v P T GeD(t )
_min(rliTz))>:<X1D szq)qu)z’lebz»
where

ATA =0(Z|(ZDA)&(ZOA,)Z N Z=2,)}

(RZ (DAY (Z'TA,)ZNZ"# 2,)(Z = Z0Z")}.

A compositim of the above nets will be called the
object:
, IfT, +t)<T,
=05, :{E: T T, 40
where
E, = (AT A7 O, 7t O ¢ O,
f'O0f*6 067,6,06)
(K, OK,,m 07,6 062,
((T,, GCD(t;,t3), max(T, +t‘D—[ﬂio—
1sis2 GCD(t;,t;)

(X, OX,,®, 0d,,b 0Ob,)

T,

A difference of the two nets will be called the object:
Ei_E2 =<<A1_DA2177:/L\_Dnivﬂi _an,
ct—,c? fr- f?

311 _5‘912!021 _5‘922>1<K1_K2!ﬂt _Dnﬁ ,Hi _59§>1
<T11t101t15>:<xl_ X2,CD1 _DCDZ’bl>> )
where

A oA ={Z](ZOA)&(UZOA)Zn Z,=Z,)} U

{Z|(CZCA)(CZ'DANZ'nZ"22Z,) & (Z =2'-Z")},

7, -7, is obtained fromsz, after removing all its
arguments whose identifiers are not elements ok#te
A-.A ; m-,m is obtained from 71 after
removing all its arguments whose identifiers aré¢ no
elements of the seL; —L;, etc.

Let us define for a given generalized ret two sets,
K of all tokens andX of all initial characteristics:

K(E) ={a |(Da0OK)(@(a) <T +t)},
X(E) ={x; [(Oa OK(E))(xg OX)},
and let X(a ) be the set of all different characteristics
the tokena can have initially. Obviously,
X(E) O QK X(a).

For a given token aOK and a given
characteristicx[] X (E )let

initial

E(a.x) = <a,x; > |f aDK(E) and xO X(a)’
<a,x>  otherwise
E(a’x):{<a,><,><f,><§',...,xifn >, if aDK_(E) andeX(a),
<a,X>, otherwise

where x‘( is the final characteristic of the tokem in

the generalized neE and x/,x;,...,x{ are the rest

of characteristics the token has received durirgy it
transfer in the net.

The first generalized net definition is in some sen
deductive. Below we will introduce a second deifamit

of a generalized net. In the above sense, the new
definition will be of inductive nature.

Let Z be a given object, having the graphical structure
shown in Figure 2 and the following components:

a) L'- asetof places called input places;

b) L"- a set of places called output places;

c) t,— atime-moment taken with respect to some fixed

time-scale (with an elementary time-ste});

d) t, —areal number which corresponds to the length of
the of the time-interval in the above mentioned
time-scale;

e) r— an index matrix having the from

(RO T

] n

r= : o

(r;,; — predicatg
(l<si<ml<j<n)




@i,j) -th element of which is a predicate and
corresponds to thé -th input and j -th output place;

f) M, and index matrix having the form

I

] n

m;
(m; =0~ naturalnumbey

(l<sisml<j<n)

g) O is an object having a from similar to a Boolean
expression. Its variables are exactly the names of

Z's input places.

The object described above will be calledransition.
The inductive definition of the concept of generadl net
is as follows:
1. An object that has the from of a transitionaied a
generalized net if the following are added to it:
a) n, —a function giving a natural number (transition

priority);

b) n, — a function giving the priorites of the
transition’s places;

c) ¢c— a function giving the capacities of the
transition’s places;

d) f —a function which calculates the truth values of
the predicates of the index matrix;

e) g, - a function giving the next time-moment when
the given transition can be activated, i.&.(t) =t , '
where t,t'0[T,T +t” ] and t<t . The value of this
function is calculated at the moment when the
transition terminates its functioning;

f) 8, —afunction giving the duration of the active state
of a given transition, i.e. 6,(t)=t ; where
t O[T, T +t"] and t'> Q The value of this function
is calculated at the moment when the transition
starts its functioning;

g) K —a set of tokens;

h) 7, —a function giving the priorities of the tokens;

i) 6 —a function giving the time-moment when a
given token can enter the net, i.6, (a) =t, where
aOKtO[T, T +t7];

j) T- a time-moment when generalized net starts
functioning. This moment is determined with
respect to a fixed time-scale and the first valfie o
t, =T,

k) t°-an elementary time-step related to the fixed
time-scale;

) t”-duration of the net functioning;

m) X —a set of all initial characteristics witch the take
can receive on entering the net;

® - a characteristic function which assigns new
characteristics to every token when it makes a
transfer from an input to an output place of any
transition;

b- a function giving the maximum number of
characteristics, which a given token can receive
during its transfer in the net.

2. If E, and E, are generalized nets, thdf O E,

is a generalized net.

n)

0)

5. OPERATOR ASPECTS
OF GENERALIZED NETS

Operations and relations are defined as over the
transitions, as well as over the generalized nats i
general.

The operations, defined over the generalized nets —
union”, “intersection™, “*composition™ and “itetian”

do not exist anywhere else in the Petri net thedhgy
can be transferred to virtually all other type$etfri nets
(obviously with some modifications concerning the
structure of the corresponding nets). These omeratire
useful for constructing generalized net models e#l r

processes.

Now, the operator aspect has an important pladhen
theory of generalized nets. Six types of operatoes
defined in its framework. Every operator assignsato
given generalized net a new generalized net witheso
desired properties. The comprised groups of operato
are:

¢ global G-) operators,

¢ local (P-) operators,

« hierarchical H-) operators,

¢ reducing R-) operators,

< extending O-) operators,

* dynamic D-) operators.

The global operatorstransform, according to a definite
procedure, a whole given net or all its componeita
given type. There are operators that alter the fana
structure of the transition§(, G,, Gz, G4, Gg) temporal
components of the neiG{, Gg); the duration of its
functioning Go), the set of tokensd,g), the set of the
initial characteristics@;,); the characteristic function of
the net G5 (this function is the union of all places'
characteristic functions); the evaluation functi@us),
or other net's fUnCtion&, Gi4, Gis, Gig Gi7, Gig, Gy,
Gao).



One of the global operators can collapse a given e

generalized net to a generalized net-transiti@). (
Another operator G,) adds two special places and,
connected to two special transitions of the geirsdl
net: ageneral input placewhere all tokens enter the net
and are later distributed among the net's actupltin
places; and general output placthat collects all tokens
leaving the generalized net from their respectivipot
places.

Another global operator ;) transforms a given
generalized net after its functioning so thatihoses all
tokens which have not participated in the proceskadl
places which have not been visited by tokens. Téwe n
net has the same functional behaviour as the afligime;
however, all its tokens and places are actuallglired in
the modelled process.

Some global operator&sg, Gio, Gis, Gia, Gis, Gis, Gi17,
Gis, Gio, Gy alter the different (global) functions
defined on the net.

The second types of operators kxeal operators They
transform single components of some of the traorsti
of a given generalized net. There are three typé&scal
operators:

« temporal Py, P, P3, Py), that change the temporal
components of a given transition,

* matrix (Ps, Ps,), that change some of the index
matrices of a given transition,

» other operators: these alter the transition’s
the capacity of some of the places in the Rg} 6r
the characteristic function of an output plaBg),(or
the evaluation function associated with the tramsit
condition predicates of the given transitiéhj.

For any of these operators, a continuatioR;, (
1<i<10), to a global one®,1<i <10) can be made

by defining the corresponding operator in such g that
it would transform all components of a specifiegetyin
every transition of the net.

The third types of operators are theerarchical

operators These are of five different types and fall into

two groups according to their way of action:

+ expanding a given generalized neH{ H, and
H;),

+ shrinking a given generalized néd{, H, and H.).

The operator H, can be expanding as well as
shrinking, depending on its form.

According to their object of action the operatoad f
again into two groups:

acting upon or giving as a result a pladd, (and
Hz)v

e acting upon or giving as a result a transition
(H;, H,and H.).

The hierarchical operatorsl, and H; replace a given

place or transition, respectively, of a given gelieed
net with a whole new generalized net. Conversely,
operators H, and H, replace a part of a given

generalized net with a single placél{) or transition
(H,). Finally, the operatorH, changes a subnet of a

given generalized net with another subnet. Expandin
operators can be viewed as tools for magnifying the
modelled process’ structure; while shrinking operat

as a means of integration and ignoring the irreleva

details of the process.

The next (fourth) group of operators defined o t
generalized nets produce a new, reduced generaleted
from a given net. They would allow the constructafn
elements of the classes of reduced generalized hets
find the place of a given Petri net modificationang the
classes of reduced generalized nets, it must beaad
to some reduced generalized net obtained by aratyper
of this type. These operators are callegducing
operators

Operators from the fifth group extend a given
generalized net. These operators are cadbeignding
operators The extending operators are associated with
every one of the generalized net extensions.

Finally, the operators from the last - sixth - groare
related to the ways the generalized net functisoghat
they are called dynamic operators. These are the
following:

* operators D(li) that determine the procedure of
evaluating the transition condition predicates
(1<i<1s),

» operators governing token splitting: one that atiow
D(2,1) and one that prohibits splitting)(z, 2),
respectively; and operators governing the union of
tokens having a common predecessor: an allowing
one D(2, 4) and a prohibiting oneD(Z, 3),

» operators that determine the strategies of thentoke
transfer: one by one at a time vs. all in groupe (t
operator D(3,2) ; the operator D(3,1) does not
allow this),

» operators related to the ways of evaluating the
transition condition predicates: predicate checking
D(4,1); changing the predicates by probability



functions with corresponding fornﬁ£(4, 2); expert 7 z,
1
estimations of predicate value|3(4, 3); predicates

depending on solutions of optimisation problems X(O) j'('(l) j'('(z)
(e.g. transportation problen1))(4, 4). O ‘ o

The operators of different types, as well as theeist
that can be defined have a major theoretical and
practical value. On the one hand, they help usystiel
properties and the behaviour of generalized natsth®
other hand, they facilitate the modelling of mamalr
processesA Self-Modifying generalized netan be
constructed and described, the Self-Modifying
generalized net has the property of being abldtéo its
structure (number of transitions, places, tokens,
transition condition predicates, token charactesst Figure 2. The Generalized Net model of neural ngtwo
place and arc capacities, etc.) and the tokenfalans  with layer aggregation.

strategy during the time of the generalized

net-functioning. These changes are done by operator

that can be defined over the generalized net. Ofsep z

not all operators can be applied over a generaliegtd \

during the time of its functioning. Some of thene ar 5'('1 %

only applicable before, and others - after the gaized C 2
net-functioning. O
The necessary conditions for an operator to be . 3 .
applicable during the time of the generalized

net-functioning are discussed in [1].

Figure 3. The Generalized Net model of the aggezhat

6. APPLICATIONS neural network.
The concept of generalized nets methodology was
described for modeling discrete event systems dsawe REFERENCES
the concept of index matrix used in this kind of .
modeling. [1]. Atanassov, K., (1991)Generalized nets World

Scientific, Singapore, New Jersey, London.
Generalized nets can be used for modeling any &fnd  [2]- Atanassov, K., (1997)Generalized Nets and

systems [2] and [3] in order to represent knowledfje Systems Theory,Prof. M. Drinov* Academic
considered systems, like: - ecological systems, - Publishing House, Sofia. _
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