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good,goguoguguguouog,bobobobooogoguoguoaaaa
goooogag.

DEFINITION 2.1 00 f,: S, —» § (5, € §)000000,00¢:8 - S000
gy Sn1 — S, 0000 {g5,97,-- -} ={g/ 12, 0000

far1=go fuog, (2.1)

00000. 000,00 ¢0 S, 0000 ¢/Se 00000 dpps : Susr — S;z 2000
glSnogi =1, 0000.

fn fn-i—l

Sh, Snt1

9n

U 21:0000b0oooggd

gbobbooobbobooooobobboognb 21000,
0000,000 (21)000000000ooooooo0n.

EXAMPLE 2.1 g: R — Rz — 220000000000000000. 000 g -
R - Rz — 220000 {g7}2, ={¢"}2,00000.0000,9:0 g|Shog’ = ins1

4



OOooooooboboobogo. oo ,fo:R—Rxe—2+10000 £, 00000

gooooo.
fo: >R, z—ax+1

fii RN 2o (22 +1)2
fo: BT =Rz (27 4+ 1)

fo: BTSSR 20 (@7 4 1)
EXAMPLE 22 g: S5 — SO0000¢': S - SO00000000000. 000

04912, 0000000000 g : S — Spr— g i(z)000.

go,gbbbggbobbboobbboooboobooobbobooobbooan
goboo.

THEOREM 2.1 000 g:S—SOS, CcsSO00,000000000.
1. goOOOooon.

2.00 ¢, ¢2(Sps1) = Spp1i7 — ¢(2)0000,0000i000giog, =i00
oo.

8. Vo € gy(Sny) 0000 go fro(x) = fay10g,(2).

PROOF 2.1 00 1.00000000. abe S, 000 g (a)=¢g:(h)000D00. O
000

9g|Sn o gy(a) = g[S, o g, (b) (2.2)
000.0000006,,000000,9/8.0¢ =inn000a=>b 00000,¢°0
opoooo.

00,2.00000000. g[Syo0g! =ip 00

9lSn © g, (Snt1) = Sns1 (2.3)

000. 000 g/Sa0 5 (Sur) 0000 glg(Sns) 000 Sppr 000, D00 glgs(Snst)
0OS.00000¢ 00000.
000 2,y € ¢ (Ses1) 000 y=g'og (x)00000000. 000 ¢(z) = g(z) O
O g|Snog: =i, 00
91Sn 0 g5, 0 g, () = g() (2.4)

bt



O000,00y=g:og,(x)00O

9lSn 0 gy o gn(x) = g(y) (2.5)

000,00 (24),(2.5)00 gx) = g(y). 0000 ,a,b € Sppr 0 7 = g (a),y = ¢ (b) 0 O

00 @, b0000,9|S,0¢; 000000 a=0.000¢(a)=¢:(b)000 x=y. OO

O0000y=g,og,(x)000 z=giog,(x). 000 giog,=:¢000.
000,300000000.0 (22)00 fapy =gofaog: 000,z € g5 (Spr) 00D

for10g,(x) =go fuog,og,(z) (2.6)
000.000 200 g og.(x)=2000

go fuognogn(@)=fuog,(z) (2.7)
000V € g (Spp) 0000 go fu(z) = faprog(x) D00,

00210300,5,00000 ¢¢(S.)0000 £,0 f,,,0000000000 (0
2.2).

Sn Sn+1

U 22 000000000000
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0000000000000.0000,00000000000000000000,0
00000000000000.

0000000,00 f:X—-YOOOOOOOO0OO0OO00000,000yey 000
000 {zly=f(z),zc X}000000000000000000

3.1.1 0OO0OO0O0O0O

DEFINITION 3.1 ¢: X —2¥0000

q(z) ={'f(z) = f(z'),2" € X} (3.1)

D00000000000. 00020 X0000000.
DO000,f000000 mu(f)000 ¢(z) 000 |¢(x)|0000

Tmax(f) = max |g(x)] (3.2)

rzeX

ooooo.
0000 (3.1)00000¢(x) CXO000.0000 (32)00 rux(f) <|X|000.

EXAMPLE 3.1 f: R —» Rz —2? 20000 ru(f) 0000000, 00,00
00000000 8/000. 00004 =3?-1004£ =00004=4+,/100

0.000,f(z)=f(-/5H000020e000 (@O00,f(-a) = f(/2)000). O
000

—_

x € (—o00, —a), (a,00)
v==x/1 *a (3.3)
z € (—a,—/1). (=5 V). (/% a)

O00000000 rex(f)=3000.

\)

lq(2)] =

w

3.1.2 0OO0UO0OOO0OOOOOOO0

DEFINITION 3.2 X # 000 [X|<X000,00000#f)0000000000.
) 1
NﬂZBaEHﬂ@! (3.4)

rzeX

oo N ODOOoooooobooooo.
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0 3.1: fla)=2*—-20000

EXAMPLE 3.2 S = {0,1,2,3,4,5,6,7,8,91 0000 f: S — S;z — 2z (mod 3)0
000 #(f)0000000. 0000

f2) = f() = f(8) (3.5)

000. 000 z€{0,3,6,9Y000 |g(z)] = 4,2 € {1,2,4,5,7,8} 000 |¢(z)| =30
oo.

4 z € {0,3,6,9}
la(z)] = (3.6)
3 z€{1,2,4,5,7,8}
00 |S|=10000.000000000
) 1
r(Nla@)] = 5Ax4+6x3)
17
2 3.7
: (3.7)

goo.



3.1.3 UO0Udboboooboood

0340000 XO0OOODOOOO, 0000 <|X|0ODODODOOOOoooOOo. oo
0,0000N8<|X|0000000000000000 r,(f)0DD00O0ODO.

DEFINITION 3.3 X, < |X|000000 XO000000 RO 2Ry < |q(z)] = |q(2')|
000.0000,00WyO0OOOOOOO0DO.

W = {l«]]  [[«]] = |X], [2] € X/R} (3:8)

000,000 [2]0 [2] = {/|¢' € X,zR+} 000 ,X/R0 [)00000 XO0OOOO
0oo.

000 |Wx|<ROO00,00000 ry(f) 0
1
Tw(f) = Wl > la(=)] (3.9)

[.7}} eWx

goobooo.

EXAMPLE 33 f: R > Rz —2® —20000 r,(f)0000000 (@0 8100).
0000,¢)|000000 (8.3 0000000. 000

zeln] < lq@)=1
v €lr] = ()] =2

r€lrs] & |q(z)|=3 (3.10)

0000. 000 |[on]] = [®]]les]l # 1R lles)] = [R]00 Wy = {[e1),[e} D00 OO
000000 re(f) 0

rf) = gllate)] + lazs)l)

= %(1+3)
= 2 (3.11)

goo.

0000000,00 XO0O0O00oooooooooooooo,0 @88)ooooo. o
o)yooooboooboooooboobooboobuoobo.oboobooynoo
0000000000000 00000000000 rw(fH)DOOOO.

10



DEFINITION 3.4 Q:Y — 20000

Qy) = {zly = f(x), v € X} (3.12)

000000000000,
0000000 YDOOOO0O RO yRy < |Q(y) =|Q%) 000.0000,00
WyDODODODOOOOooOo.

Wy ={lyll iyl =1Y] [y] € Y/R} (3.13)

000,000 [0y ={y]y € Y,yRy}YOODO,Y/RO [y]00000YOOO0OO
oo.
000 [Wy|<R000,00000 ry(f)0
1
> Q) (3.14)

’WY’ [y]eWy

rw(f)

goobooo.

00,r(f)0 rp(f)0000000000000,0000000000000000
0,0000000000000000000000000.

0000,r(f)0 rmy(f)00000000000000000. 000,rw(f)000
YOOOOOOOOOOO0O0O000000,,(f)000YOODO0000. 000000
0ooooooo.

EXAMPLE 3.4 h(x):x2DDDDDDDDDDDDDDDDDDDDD. ogooo
f*R=Rz—h(z) 000 ,r,(f)=2000 rp(f)=1000.00,fT RNz —
f@)0000 ro(f) =rw(f) =2000. 00000 hiz)=220000000000,f
0 000000000 re(f) #rw(fH)0000,0 (29)000000000000

ro(f)=ro(fT)000.

3.2 UUOOooogn

ooo00o,00 f:X—-YUOOOOUoooooooboboooooooobobooo.

3.21 0O00O0OOO0OOO0OOOOO0OO

0000 xzeXOO0O0OOOOO0,200000000000000yeYOy=f(x)
goboboogooboooooooboooon.

11



DEFINITION3.5xEXDDDDDDDDDDDDDpX(x)—|X|DDDDDDD
OyeYUOOUOODOODOODOODODO.

> px(x) (3.15)
z€Q(y)

00DO0,f000000000 H(f)O
Zp )log p(y (3.16)

yey

goobooo.

0(316)0000,0000000000000000000000016. 00,00
0000Vye f(X)D000p(y) = 000,000000000 H(f) =log|X|00

0.000X0O000000oO0oooooooo H(fHooooooog.

EXAMPLE 3.5 § = {0,1,2,3,4,5,6,7,8,91 0000 f: 5 — S;2 +— x(mod 3)0 0
00 H(f)0OOOOO0O0.00000 f(x)000000 (3.5)000. 000

p(0) = %
p(l) = %
p(2) = %
ply) = 0 (ye{3,4,56,7,8,9}) (3.17)

O000. 000000000000 H(f)=1.0889000.

3.2.2 JUO0O0OOOOOOOOOOOOO

N, < [X|0DDO0O0px000000000,0(316)00000. 000,0000
N <|X|0000000000000000000 H,(f)0O0O000.

DEFINITION 3.6 |[Wx| <X O000,/000000000 H,(f)O

q(z)| <R 000

1 |
) = ) T _
P([z]) { 0 ()] > %000 (3.18)

Hy(f ’ Z P([ (3.19)

HGWX
ogood.

12



0 (31900000 (3.16)000,/00000000000,00000000000
000 Hy(f)=1000.

EXAMPLE 3.6 f: R — Rz —2*—20000 r,(f)0000000 (0 3100). O
0000 (3.8),(310)00 ¢(z)0 |¢(x)|]000000000. 000 |[z1]] = |R],|[22]] #
R|,|[zs]| = |R| 00 Wx ={[1],[z5]} 000. 00000000000 Hy(f)O

Ho(f) = S{P(m]) + P(s)
S+ )
2 3

% (3.20)

goo.

3.3 Luogn

0000,0000000000000000000000000000000000
00.00000,00000000000000000000000.00000000
0000000000000000000,0000000,0000000000000
000,00000000000,0000000000000000000000000
0000000.0000,000000000000000000000000000
oooooo.
000000000000000000000000000000. 0000,000
00000000000000000000000(11). 0000-,000000000
00,000000000000 A={e}",00000000. 0000000 200
0000000,0000000000000000000,000000000000
000000000000 (032). 000000000000000A0000000
,A0D0D0000. 000, X000000000,y00o0ooo0o [[2,A0000,f
0000000000000000000000000.
000000000000000,000000000000000000,0000
00000000000.00,000000000000000000000000°%.
00,0000000000000,00000000000000000000000.
000,000000000000000 [f(X)<8000,0000000 (0000
00000000000000000000[2)0000 [f(X)<RO000.
'Dooooooooo 4UO00000,000000000000000000DOO0OO0.

13



U032 000000000000b000040bbobod

goboo,bogdgobbogobbbooobbobooobbboooboboboan
goobo.gooboo,bboogoobo.

THEOREM 3.1 f: X »YOOOO R, <|X|00 |[f(X) < |X|000
LX< |Y|000 rp(f) =0
2. Hy(f) =0

ooooo.

PROOF 3.1 00 1. 00000000, ye f(X)000 [y C f(X)000 |}y <
F(X), 00
|[y]l < [£(X)] (3.21)

000, 00,f(X)| < |X|0|X|<|Y|00
|FXO] < Y] (3.22)

000. 0000 (5.21),(3.22)00 |[y]| £ |Y|000 [y] €Wy 0O0. 00 yeY—f(X)
000 Q(y)=000|Q(y)|=0000.0000V[jyeW,y 100D |Q(y)|=0000.
0000 (3.14)00 ry(f)=0000.

00200000000, z€ X0 |gz)<RO00000000. 000 {2z =
¢(z),z€ X}0O |f(X)|0000000000000

|[2]] < lg(z) x f(X)] (3.23)

14



000. 000 [f(X)] < |X|00 |gz)] <R OO R, < [X|00 2] <|X|. 000
[x] ¢ WxOOO. 00 Jg(z)] > R 00000000 P(z]) =0000. 0000
Viz] e Wx DDODOO P(fz])=0000.0000 (319)00 Hy(f)=0000. 4

00 3100,|/(X) <R 000 ry(f) =000 H,(f)=0000.00,00000
ro(f)00000 r,(f) =XO000D000000. 00 |A(X)=RO001 < ry(f) <
N1<rp(f) <NO<H,(f)<1000.000000000000000000000
0000000000000000.

000000000000000000000000000000000000,00
0000000000000000000.

U 31:00ggoboooooagn

00 |000
00000 ry(f) R | 1~R
00000 rw(f) 0 | 1~N
00000000 Hy(f)| 0 | 0~1

15
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Joooobobo

0000,020000000 (21)00000000000,03000000000
goooo.

4.1 0OOOOOO

f/0000000000000000000000000.
00000 (31)0 ¢(x)0000000,j¢(x)|0000000000000000. O
00,0 (21)0000000000 |¢#)|0000000 a,b€ Soer 000 f,o0g%(a) #
frogi(b)O,00 go faogi(a) =gofuogi(h)J0D0D0D0D0. 00 j¢x)| 0000000
fol@) = fu(y) D000 2,y € 5,000,z € ¢5(Sn) 000 y & g7(S,) 000000,
0000y00000008,,00000000,00000 ¢(g(z)0000 ¢(z)00
0000000000.0000000004.142000.
00000000,0000000.

THEOREM 4.1 ¢000000,0000000000000000.
1. Tmax(fn)zrmax(fn—i-l)l]l]l:"
2. ¢:000000,7(f) =(fur) D00

3. g; pooood ;Tw(fn) = rw(fn-i—l) ooa.

PROOF 4.1 000000 £,00000 (3.1)0 ¢(z)0 ¢o(z) 0000000000,
O00,a € Syt 000 |guy1(a)| = Hzlfnogi(a) = fulz),x € ¢i(S,+) 0000000

16



0. ¢000000,2,yeSO000g)=gky)000z=y000. 0000 (2.1)0
0,a,b € Sps1 000 fori(a) = frnn (000D frogi(a)= faog:(h)000. 0000

qn-i—l(a) = {a/’fn © g;(a) = fn Og;(a/):a/ S Sn-i—l} (41)

00000. 00270 100¢000000,00 F: gui(a) — g (gue(a)); z — g (z)
0000000.000 gua(a)d gigna(e)00000000000000

|gnr1(a)] = [gn(gns1(a))] (4.2)

OD00. 00 gura(a) ={d|fuog;(a) = fuogy(a),a € Spy1} 00 gr(gnia(a)) = {z|fno
gi(a) = fu(z),z € g°(S,11)}000. 00O

|gni1(a)] = [{z]fn 0 g5(a) = fu(2), © € g5(Sni1)}] (4.3)

goo.
O0000,000 1.00000000. ¢:(Sp+1) €S, 00

{z]fnognla) = fu(z), 2 € g, (Sni1)} € gn(gn(a)) (4.4)

000. 0000 (4.3),(4-4)00 |gusi(a)] < |ga(gi(e)|000. 000000 a € Spya
00000000, 00000 rmax(fa) > Tmax(far) D00 .

00200000000, ¢¢000000,¢:(Sen)=25,000. 000 {z|f,og:(a) =
fa(@),2 € g5 (Sni)} = an(gi(a) 000, OO0 210 100 ¢¢0000000,0000
r€8,0000000000x=g(a),a€ S10000,|gu(7)] = |gns1(a)000. O
0¢:0000000,S,] =S| 000.000,7(f) =7(fu)000.

0003 00000000000000000.

THEOREM 4.2 ¢: 000000 ,#(f,) < #(fap) DO 0.

PROOF 4.2 000000 f,00000 (5.1)0 ¢(2)0 ¢u(z) 0000000000.
Od 210100 gdbdbod,ouobooogooooooof,gdooaodn.
000 2,y € S, 0000000000 = = gi(a),y = g:(b),a,b € Sppy 00O

0 ful#) = faly) D00 frogi(a) = faogr(t) 00D
0000 (21)00,frog(a) = frog(h) 000 fuu(a) = fun()000. OO

O ful@) = fu(y) D00 fapi(a) = fonr () D0O0DO.

00000 z€S,,a€ Sptr,x=¢:(a) 000 |gn(2)] < |gn+1(a)|DODO.
0000000 (9.4)00 #(f) < 7(fep) DOOODO.

17
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U 41: 00000oboboogoooboooognooon

U 42: 00g0oboobooooooooogoon
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1 50

Jooooobn

0oo0o,o00 f,¢000(0,100000000000,0000000000000
00000000000 000O000O00O0.

5.1 0OQ0OOO

0000,0000000000000000000.
¢00000,000000000 ax(l—2)000000a(05—|z—05)02000
00000 (051). 00,/,0000 22 2+03 (mod 1), Zarctan(2z — 1) +0.50 3
00000 (05.2). 000 f,0000003000000000 (1)0000000,(2)
0000000,3)0000000000,00000000000000000000
0000000000000000.
{g:}2,0000000000000.0000000000000000000000
¢0000,000000000000000000 S,Ng:(Sesr)#0000000 ¢ 00
0.00000000¢0000000000000,00000000. 00 x€ S0
000«200000,¢0000000000000000000 {zo, g(z0), ¢2(x0),-- -} =
{¢'(x0)}2,0000. 00,90 [0,0.5]0 (05,1]0000000,0000000000
00000000 ¢"(x) € ¢'(S.41) 0000000 ¢:000. 00,0000 {g}®,0
000000000 2000043750 0750 200000,
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