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１Ｇ０９ 

Assessment of Functionality Development Dynamics 
 

○Jae-Ho SHIN，Chihiro WATANABE（東京工業大学） 

 

1. Introduction 
Sustaining level of functionality development is 

decisive to firm’s competitiveness and the efforts 

for maintaining the level of functionality 

development is critical for firm’s strategy. 

Stimulated by these understandings, the analysis of 

the functionality development dynamism in a 

diffusion trajectory utilizing new approach 

supportive to optimization method is developed. 

The objective of this paper is to analyze the optimal 

level of functionality development in a diffusion 

trajectory. By means of the optimization theory, this 

research focuses on the issue of the optimal control 

problem for functionality development and 

production. On the basis of empirical analyses, this 

paper attempts to assess the optimal level of 

functionality development  

Diffusion of innovative goods is induced by their 

ability to dramatically improve the performance of 

production processes, goods and services by means 

of innovation. This ability can be defined as 

functionality development (FD) (Watanabe et al., 

2003). 

An empirical analysis focusing on the diffusion 

trajectory of Japan’s mobile phone is conducted. By 

means of the empirical analysis utilizing the 

bi-logistic growth model (Meyer, 1994), this paper 

attempts to demonstrate the optimal level of 

functionality development for 1st wave mobile 

phone and 2nd one, respectively. 

2. Analytical Framework 
This paper proposes a corresponding optimal 

control problem with the infinite horizon and solves 

it using the Pontryagin maximum principle 

(Pontryagin et al., 1962). In this problem, the 

control variables are investments intensity in the 

production factors, and the utility is the integral 

discounted consumption index. Applying the 

Pontryagin maximum principle, the optimal 

investment policy and the corresponding trajectories 

of the FD, which maximize the utility function, can 

be observed (Krasovskii, 2006). 

2.1 Model’s Main Variables 
In order to analyze the optimal level of FD, the 

following main variables can be demonstrated: 

0[ , )t t∈ +∞  – Time on the infinite horizon;   

( )y y t=  – Production; 

( )n n t=  – Technology driving force for capacity; 

( )( )
( )

n tf f t
y t

= =  – Functionality development; 

( ) 1( )
( ) ( )

y tz z t
n t f t

= = =  – Production to capacity;  

( )( )
( )

n ts s t
y t

= =
&

 – Investment intensity.  

 

2.2 Dynamics of Production 

First, an attempt to demonstrate a numerical 
analysis depicting the dynamics of 
production in a diffusion trajectory is 
conducted. 
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Figure 1. Trend in Dynamics of Production. 

where 
•

1Y : dynamics of production in 1st generation 
mobile phone and 

•

2Y : dynamics of production in 2nd 
generation mobile phone. 
 
2.3 Dynamics of Innovation Productivity 

Dynamics of production to capacity (the second 

phase variable) controlled by control parameter s(t) 

can be depicted as follows: 

2
2

/ )
)(
)((

)(
)(

)(
)(

)(
)()()()()

)(
)(()(

tN
tY

tY
tN

tN
tY

tN
tYtNtNtY

tN
tYtz ⋅−=

⋅−⋅
==

••••
•  

)()())(1()()
)(
)(()())(1()

)(
)(( 22 tztstztza

tN
tYtstz

tN
tYa ⋅−−⋅⋅=⋅−−⋅⋅=

 , 0
0 )( ztz = . 

where )(tss = : control variable. z (t): the second 

phase variable. 
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Figure 2. Trend in Dynamics of Innovation Productivity. 

2.4 System’s Dynamics  
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This dynamics of innovation productivity can be 
expressed as follows: 

))()()(1()( tz
a
tstztzaz ⋅−−⋅⋅=

•
 

Let s (t) = s0 > 0, 
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2.5 Stationary Point  
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3. Optimal Control Problem of FD 
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where x: the first phase variable; Y: the second phase 

variable; and s: investment control. 

 
3.1 Growth Dynamics for Production 
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3.2 Growth Dynamics for FD 
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3.3 System’s Dynamics for Optimal Control      
Problem 
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3.4 Utility Function (Integrated Logarithmic 
Consumption Index) 

Consumption = ))(1()( tstY −⋅ . 

∫
+∞

⋅− −+⋅=
0

)))(1ln()((ln))(),(),(( dttstYetstytxJ tρ - 

Logarithm of consumption index. 

where te ⋅−ρ : discount factor.  
 

Adjoint Variables 
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Prices of production and functionality development. 

 

3.5 Stationary Hamiltonian 

1
)()1ln(ln),,,,( 2121 +

⋅⋅⋅+⋅−⋅+−+=
x

xYaxassYsYxH ψψψψ

- Hamiltonian function. 

where 1ψ : shadow price for x; and 2ψ : shadow 

price for Y. ( 1ψ  and 2ψ : adjoint variables). 

 
3.5.1 Necessary Condition of Maximum for 

Hamiltonian Function 
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Necessary Condition of maximum. 

 

Maximized Hamiltonian 
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3.5.2 Adjoint Equations (Dynamics of Prices) 
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where 
•

1ψ : changing price for x; and 
•

2ψ : changing 

price for Y. 

 

Cost Variables 
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)()()( 222 tYttCC ⋅== ψ -cost variables. 

 

Dynamics of Cost Variables 
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3.5.4 Stationary Equations of the Hamiltonian      
System 

Stationary Points of the Hamiltonian System 
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Solution of Stationary Equations of the Hamiltonian 

System: the First Equation 
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Solution of Stationary Equations of the Hamiltonian 

System: the Second Equation 
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3.6 Stationary Level for FD 
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3.6.1 Suboptimal Level for FD 
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3.6.2 Optimal Level of Investments for 
Stationary Level of FD 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ ⋅+⋅+⋅

++−⋅
⋅+⋅

⋅=−⋅= 1)()1(4
)(2

)1(
2
1

2**

a
aaaa

a
aaFDas ρρ

ρρ

Optimal Feedback Rule 

))((
1)( **

1 xxC
xxss

−+
−==

ω
 – Suboptimal 

feedback rule. 

 
4. Empirical Analysis 

This empirical analysis, based on mathematical 

development and numerical analysis, calibrates the 

data using Japan’s mobile phone (Watanabe et al., 

2008) (1st and 2nd generation) as follows:  

  
Table 1 Stationary Level of FD 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Assessment of Optimal Level of FD. 

 
5. Conclusion 

In light of the significance of the sustainable FD 

for firms’ profitability in their new innovation in a 

competitive market, this analysis attempted to 

identify the optimal levels of FD in a diffusion 

trajectory based on the logistic growth model. 

By means of the optimal theory postulated by 

Pontryagin, mathematical equations identifying 

optimal FD level and corresponding optimal level 

of investment were developed. 

Taking Japan’s mobile phone (1st and 2nd 

generation) diffusion trajectories, their level of FD 

and investment were examined.  

Based on the results of analysis, it is shown that 

the FD level of 1st generation MP is little bit higher 

than optimal level. On the other hand, in case of 2nd 

generation MP, the FD level is lower than optimal 

level. 

These results suggest the significance of firms’ FD 

strategy for maintaining and enhancing their 

competitiveness and profitability. 

Further analyses should be focused on the 

empirical analysis of more comprehensive optimal 

strategies including optimal trajectories option for 

FD. 
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