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Experimental data from an excised larynx are analyzed in the light of nonlinear dynamics. The
excised larynx provides an experimental framework that enables artificial control and direct obser-
vation of the vocal fold vibrations. Of particular interest in this experiment is the coexistence of two
distinct vibration patterns, which closely resemble chest and falsetto registers of the human voice.
Abrupt transitions between the two registers are typically accompanied by irregular vibrations. Two
approaches are presented for the modeling of the excised larynx experiment; one is the nonlinear
predictive modeling of the experimental time series and the other is the biomechanical modeling
�three-mass model� that takes into account basic mechanisms of the vocal fold vibrations. The two
approaches show that the chest and falsetto vibrations correspond to two coexisting limit cycles,
which jump to each other with a change in the bifurcation parameter. Irregular vibrations observed
at the register jumps are due to chaos that exists near the two limit cycles. This provides an
alternative mechanism to generate chaotic vibrations in excised larynx experiment, which is differ-
ent from the conventionally known mechanisms such as strong asymmetry between the left and
right vocal folds or excessively high subglottal pressure. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2825295�

The vocal folds constitute a highly nonlinear self-
oscillating system involving aerodynamic, biomechanical,
physiological, and acoustic factors. The vocal registers,
which are characterized by distinguished vibratory pat-
terns of the vocal folds such as chest and falsetto, are
controlled by a muscle activity as a bifurcation param-
eter of the nonlinear system. For a better understanding
of the vocal registers, it is of significant importance to
investigate the bifurcation structure of the vocal folds
system. However, direct observation of such bifurcations
in living human larynges is not simple, since it requires a
high-speed camera inserted deeply into the throat in a
highly invasive manner. In contrast, excised larynx ex-
periments enable an artificial control of the vocal fold
tension as well as a direct and detailed measurement of
the vocal folds vibrations. Of particular interest in this
experimental framework is the simulation of abrupt tran-
sitions between the chest and falsetto registers. Up to
date, linear analysis such as the spectral analysis has been
applied mainly to the excised larynx data, while only a
limited analysis based on nonlinear dynamics has been
carried out. The present paper applies two modeling ap-
proaches to the excised larynx experiment. One is a non-

linear modeling of measured time series and the other is a
biomechanical modeling of the vocal folds vibrations. It is
shown that the chest and falsetto vibrations are well char-
acterized as limit cycle oscillations and their abrupt tran-
sitions are elucidated in terms of dynamical switching be-
tween the two coexisting limit cycles typically
accompanied by chaos. This introduces a new concept of
bifurcations to the register transitions in voice
production.

I. INTRODUCTION

Voice production constitutes an important research area
in science, engineering, medicine, and music. Complete
modeling of the human voice is yet unsatisfactory, since the
vocal fold oscillation is highly complex and nonlinear. Ac-
cording to the myoelastic-aerodynamic theory of voice pro-
duction, the vocal fold oscillation is due to combined effects
of subglottal pressure, airflow, elasticity of the vocal fold
tissue, and collision between the vocal folds.1 Fundamental
frequency and glottal pulse shape are controlled by muscle
action, which determines the effective length, mass, and ten-
sion of the vocal folds. The vocal registers, which define
voiced sound quality, based on the vibratory pattern of the
vocal folds such as chest and falsetto, are also due to thea�Electronic mail: i.tokuda@biologie.hu-berlin.de.
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strong control of the muscle activity. The glottal source sig-
nal is finally transformed into meaningful voiced speech
through the vocal tract, which functions as a filter.

Considering the highly nonlinear oscillations of the vo-
cal folds, the concept of nonlinear dynamics plays a key role
for a better understanding of the human voice. The attractor
types such as limit cycle, subharmonics, biphonation, and
chaos provide a clear classification of the voiced sounds.
Transitions between different types of the voice attractors
can be well elucidated in terms of bifurcations. These ideas
have been successfully applied to the studies of speech signal
analysis,2,3 vocal fold modeling,4 voice pathology,5,6 contem-
porary vocal music7 and animal vocalizations.8–12

Nonlinear dynamics can be discussed not only with the
real human voice but also with excised larynx experiments,
which enable artificial control, direct observation, and de-
tailed measurement of the vocal fold vibrations.13,14 This ex-
perimental framework has been known to be of significant
use for the study of laryngeal physiology and voice produc-
tion. Berry et al.15 controlled the asymmetry between the left
and right vocal folds to study synchronous as well as non-
synchronous vibrations in the excised larynx experiment.
Jiang and Zhang16,17 applied an excessively high subglottal
pressure to induce spatiotemporal chaos in the excised lar-
ynx. The main focus of the present paper is on another ex-
perimental framework that simulates transitions between
chest and falsetto registers in the excised larynx.18–20 This
system produces two distinct vibratory patterns, which have
good correspondence to the chest and falsetto registers of the
human voice. Coexistence of the two vibrations induces
abrupt transitions between them, sometimes accompanied by
irregular vibrations as observed in real voice. Nonlinear
analysis and modeling of such register transitions are of sig-
nificant importance for the voice research, since dynamical
mechanism of the register transitions have not yet been
deeply understood. Hence, the aim of the present paper is to
demonstrate that this excised larynx experiment can be well
elucidated in terms of nonlinear dynamics. The register tran-
sitions can be considered as bifurcations of limit cycles that
correspond to chest and falsetto vibrations and the irregular
vibrations observed near the transitions are characterized as
chaos. This presents a new mechanism to generate chaotic
vibrations in excised larynx experiment, which is different
from the conventionally known mechanisms such as strong
asymmetry between the left and right vocal folds6 or exces-
sively high subglottal pressure.21

Two approaches are presented for the modeling of the
excised larynx experiments. The first approach is based upon
nonlinear predictive modeling of the time series data. It is
shown that a relatively low-dimensional nonlinear model is
capable of reproducing the essential features of the complex
laryngeal vibrations including bifurcations of the chest and
falsetto registers and chaos near the register transition.

The second approach is based upon biomechanical mod-
eling of the excised larynx. We compare the biomechanical
model that focuses on very basic mechanisms of the vocal
fold vibration with the experiment. Such a simple model is
shown to capture the essential features of the experimental
bifurcations including the coexistence of the chest and fal-

setto registers as well as chaotic episodes near the register
transitions. These simulations indicate that highly complex
laryngeal vibrations can be traced back to instabilities of
low-dimensional nonlinear dynamics.

The present paper is organized as follows. Section II
introduces details of the experimental data recorded from the
excised larynx experiment. The experimental data are then
modeled by the nonlinear prediction technique in Sec. III.
Section IV compares nonlinear dynamical properties of the
biomechanical model with those of the experiment. The last
section is devoted to conclusions and discussion.

II. EXPERIMENTAL DATA

Following the basic experimental procedure of van den
Berg,13,14,22 the experimental setup was prepared as illus-
trated in Fig. 1 �see details in Refs. 18–20�. Human male
larynges were fixed horizontally to a plate, through which
the airflow, heated to 37 °C and humidified, was delivered to
the vocal folds. The air was passed through a tube, the di-
mensions of which correspond to the volume of the human
subglottal space. Since no vocal tract was included, the air
was expelled into a free atmosphere. The airflow rate was
kept constant �0.4 l /s�. Subglottal pressure in the tube was
measured by pressure transducers. Longitudinal tension of
the vocal folds, monitored by a force transducer, was
smoothly increased or decreased by maintaining a symmetric
configuration of the right and left vocal folds. Changes of the
fundamental phonation frequency and of the vibration re-
gimes were measured with a microphone. The vocal fold
oscillations were also observed optically by strobovid-
eoscopy and videokymography.23

Of particular interest in this experiment is the controlled
variation of the vocal fold tension, which induces abrupt

FIG. 1. Schematic illustration of the experimental setup. Human male la-
rynge is fixed horizontally to a plate, through which the airflow is delivered
from a tube to the vocal folds. Longitudinal tension of the vocal folds is
monitored by a force transducer fixed to thyroid cartilage by a string. The
tension is smoothly increased or decreased by rotating the thyroid cartilage
with respect to cricoid cartilage.
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jumps between different vibration patterns. Such sudden
jumps are associated with transitions from nearly harmonic
vibrations without glottal closure to more intense oscillations
with complete glottal closure. These vibration patterns
closely resemble the falsetto and chest registers in the human
voice.24,25 Thus, careful excised larynx experiments can elu-
cidate the dynamical basis of the voice registers.

Figures 2�a� and 2�b� display a spectrogram of the mi-

crophone signal �x�t��, which is normalized between �−1,1�
�sampling frequency: 8192 Hz� and the slowly varying elon-
gation force �y�t��. The tension is monotonically and slowly
increased for t=37 s and then monotonically decreased back
to the smallest value at t=67 s. The first 5 s of the spectro-
gram represent falsetto-like vibrations with a fundamental
frequency of about 600 Hz. At around t=5 s, a sudden tran-
sition to chest-like vibration occurs. This chest regime lasts
until it is interrupted by a short aphonic episode at t=35.
Backward transition to falsetto is observed around t=38 s.
This falsetto jumps back again to chest-like vibrations
around t=51 s. At about t=59 s, irregular vibrations appear
until it switches to falsetto-like vibration. The described
falsetto-chest transitions are found at different values of the
increased or decreased elongation force, implying that the
transitions exhibit hysteresis caused by the coexistence of the
falsetto and chest vibrations.14,20

Figure 2�c� shows plots of a sequence of local maxima
of the microphone signal. To draw this graph, noisy compo-
nents of the microphone signal are reduced by applying a
moving average filter as x��t�= �1 /4��i=0

3 x�t+ i�. The local
maxima x��t� that satisfy the conditions of x��t−1��x��t�
and x��t��x��t+1� are then extracted and are denoted in the
order n of their appearance as �xl�n� : n=1,2 , . . . �. Consid-
ering the local maximum as the Poincaré section, this graph
corresponds to the bifurcation diagram of periodic points.
Although the branches are rather bold due to noise inherent
in the experiment, clear bifurcations are recognized. The fal-
setto and chest regimes give rise to limit cycles with one or
multiple maxima, respectively, whereas the irregular regime
shows no clear periodicity.

Now we study the vibratory patterns in more detail. Fig-
ure 3 shows the microphone signal in two-dimensional delay
coordinate representation �x�t� ,x�t−��� ��=3 /8192 s�.26,27

The graphs �a�, �b�, and �c� correspond to falsetto, chest, and
noisy oscillations observed at t� �49,50�, �54,55�,
�62.5,63.5�, respectively. Both falsetto and chest regimes
show clear limit cycle structures. Compared with the falsetto
oscillation which has an almost sinusoidal structure, the
chest oscillation shows more complex dynamics related to its
richer harmonic structure. The noisy oscillations, on the
other hand, show more complex dynamics, which can be
confirmed in the return plots of the local maxima
�xl�n−1� ,xl�n��. Whereas the return plots are densely con-
centrated around few areas in the falsetto and chest, the re-
turn points are widely scattered for the noisy dynamics �see
Figs. 3�d�–3�f��.

III. NONLINEAR MODELING

As we have seen with the delay-coordinate representa-
tion, the chest and falsetto vibrations observed from the ex-
cised larynx experiment give rise to relatively simple limit
cycle attractors. The chest-falsetto transition can then be in-
terpreted as bifurcations of the limit cycles accompanied by
irregular dynamics. Although the voice production involves
complex interactions among aerodynamic, biomechanical,
and acoustic factors, our observation shows that relatively

FIG. 2. �Color online� �a� Spectrogram of the microphone signal recorded
from the excised human larynx. �b� Force signal that controls the vocal fold
elongation. �c� Plot of a sequence of local maxima �xl�n�� extracted from the
microphone signal of �a�.
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low-dimensional nonlinear dynamics underlies the excised
larynx experiment. The aim of this section is to examine this
low-dimensionality based upon the deterministic nonlinear
modeling of the time series data. Our attempt is to show that
there exists a simple deterministic nonlinear system, that can
model the experimental data with high accuracy. Our model-
ing approach is explained as follows. First, we embed the
time series �x�t�� into delay coordinates X�t�= �x�t� ,x�t
−�� , . . . ,x�t− �d−1���� �d: embedding dimension, � : time
lag�. According to the embedding theorem,26,27 there exists
an associated dynamics

dX

dt
= F�X�t�� . �1�

Using the Euler’s formula, the above equations are dis-
cretized as X�t+�t�=X�t�+�tF�X�t�� ��t: sampling inter-
val�. The main point of the modeling is to construct a non-

linear function F̃ that approximates the original F. If the
experimental system is well embedded into the delay coordi-

nate space and the model F̃ gives a good approximation for
F, dynamics of the excised larynx experiment should be well

FIG. 3. �a�–�c� Delay-coordinate representation �x�t� ,x�t−��� ��=3 /8192 s� of the microphone signal in the intervals t� �49,50�, �54,55�, �62.5,63.5�,
respectively. �d�–�f� Return plots �xl�n−1� ,xl�n�� of the local maxima extracted from the corresponding intervals.
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simulated by free-running the model X�t+�t�=X�t�
+�tF̃�X�t��.

The nonlinear modeling techniques can be categorized
mainly into local modeling and global modeling. The local
modeling is to divide the state space into small regions and
to construct a linear or nonlinear function in each region.28

The global modeling, on the other hand, yields a single non-
linear function that approximates the global dynamics with-
out dividing the space.29,30 Although the local approach is
capable of precisely modeling the local dynamics, it is not
suitable for modeling the bifurcations that require continuous
change of the global dynamical structure of the nonlinear
model.30–33 Since our aim is to retrieve bifurcations that un-
derly the chest-falsetto transitions, the global modeling is
essential for our study. As one of the most popular global
techniques, we exploit the radial basis functions �RBFs�.30,33

In the RBF technique, each component of the nonlinear dy-

namics F̃= �F̃1 , F̃2 , . . . , F̃d� is modeled as

F̃i�X� = �
k=1

K

�i,k���k,�X − ck�� , �2�

which is a linear summation of the nonlinear basis functions
�, whose output is localized around the centroid ck. The
symbol � · � denotes the Euclidean norm. Once the number K
of the basis functions and the parameter values ��k�k=1

K and
the centroids �ck�k=1

K of all the basis functions are determined,
the linear coefficients �i,k are obtained by the least-squares
algorithm.

The procedure of modeling the time series �x�t�� consists
of the following steps:

�P1� The embedding dimension d and the time lag � are
determined. The embedding dimension was found by the
false-nearest-neighborhood algorithm,34 which indicates the
minimum embedding dimension required to reconstruct non-
linear dynamics. For the falsetto, chest, and chaotic vibra-
tions �shown in Fig. 3�, we obtained the minimum embed-
ding dimension of d=3, 5, and 5, respectively �detailed
results not shown�. Among the three values, the maximum of
d=5 was chosen as the embedding dimension commonly
used for all three vibrations. The time lag was set to be �
=3 /8192 s, which corresponds to the first zero-crossing
point of the autocorrelation function35 computed from the
falsetto regime.

�P2� The centroids were set as

�ck = X̂k + � : k = 1,2, . . . ,K� , �3�

using the points X̂ randomly selected from the data as

�X̂k�� �X�t��. The noise part �= ��1 ,�2 , . . . ,�d� is composed
of a set of independent Gaussian noises ��N�0,�2�, whose
standard deviation � is set to be 30% of that of the data
�x�t��. The centroids chosen in this way are called
chaperons33 and have been successfully applied to the non-
linear modeling of experimental string data. The number K
of the basis functions should be large enough for a precise
modeling, but it should not be too large to avoid the overfit-
ting. In the present modeling, this number was empirically
set as K=500, which was sufficient for reproducing the ex-

perimental data. Similar results can be obtained by varying K
from K=300 to 1000.

�P3� As a basis function, the Gaussian RBF, i.e.,
���k ,r�=exp�−r2 /�k

2�, was used. The variance parameter
was set nonuniformly to each basis function as �k

2

=mini�k �ci−ck�
2, so that each basis function covers enough

range of the localized state space around the centroid and
that the basis functions have not much overlap with each
other. The present nonuniform setting of the variance param-
eters has not been widely used for the RBF technique. How-
ever, this setting seems to be quite effective for the modeling
of both chest and falsetto registers in the excised larynx
experiment.

�P4� The linear coefficients ��i,k� can be obtained by the
least-squares error algorithm; that is, to minimize the cost
function

E��� = �
t
	X�t + �t� − X�t�

�t
− F̃�X�t��	2

. �4�

�P5� From a given initial condition X�s� chosen from one
of the experimental data, the dynamics of the excised larynx
can be simulated by free-running the model equations X�t
+�t�=X�t�+�tF̃�X�t��.

Figure 4 shows trajectories and return plots generated
from the nonlinear model, where the graphs �a�, �b�, and �c�
correspond to the modeling of the falsetto, chest, and irregu-
lar vibrations, respectively. It can been seen that the dynami-
cal structure of the original vibratory pattern shown in Fig. 3
is well reproduced by the model. The falsetto is modeled as
a limit cycle with a simple harmonic structure indicating a
single point in the return plot �d�, whereas the chest is also
modeled as a limit cycle but with a much more complicated
structure indicating five points in the return plot �e�. The
irregular vibration is described by much more complicated
dynamics indicating scattered points in the return plot �f�.
According to the Lyapunov spectrum analysis36 applied to
the nonlinear model, the maximum Lyapunov exponent was
estimated to be positive �	1=398.0 s−1�, implying that the
irregular dynamics is chaotic.

Now we address the challenging case of modeling the
bifurcations of the excised larynx experiment including the
chest-falsetto transitions. The entire time series data �x�t�� of
the excised larynx experiment are divided into small parts

n= �x�t� : t� �L�n−1� ,Ln�� �L: division length�, within
which the data are considered to be stationary. For each part


n, the nonlinear model F̃n was constructed according to
�P1�–�P5�. The bifurcation diagram can then be drawn by

successively simulating the nonlinear models F̃n, where the

dynamics between the two successive models �F̃n , F̃n+1� is

realized by the linear interpolation F̃=�F̃n+ �1−��F̃n+1 �0
���1�.

Figure 5�b� shows the bifurcation diagram reconstructed
by the nonlinear model. The original time series with a total
length of 67.1 s was divided into 220 segments with a length
L=2500 /8192 s. Accordingly, the corresponding nonlinear

models �F̃n : n=1,2 , . . . ,220� were constructed. By simulat-
ing the nonlinear model and extracting the local maxima of
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the first component of the trajectory X�t�, the bifurcation dia-
gram was drawn, showing a strong similarity to the original
diagram of Fig. 2. The corresponding spectrogram of Fig.
5�a� indicates that a single branch at t� �0,5.4� and t
� �35.5,51.3� corresponds to falsetto vibrations with high
frequency. Multiple branches seen at t� �5.4,35.5� and t
� �51.3,59� correspond to chest vibrations with lower fun-
damental frequency. Transitions between the chest and fal-
setto are accompanied by scattered points around t
6, t

51, and t� �59,64.5�, which show broadband spectrum
structure. The maximum Lyapunov exponent computed from
the nonlinear model by the standard technique36 indicates

that the dynamics in these regimes are chaotic in the sense of
positive Lyapunov exponent �see Fig. 5�c��. The positive
Lyapunov exponent is indicated also in other small regions
such as t
18 or 41.

In summary, the essential features of the nonlinear dy-
namics observed from the excised larynx experiment have
been reproduced by relatively simple nonlinear models. In-
terpretation of the chest and falsetto vibrations as limit cycles
has been justified by generating the attractors from the non-
linear models. The chest-falsetto transition accompanied by
chaos was confirmed by studying the bifurcations of the non-
linear models, that produce chaotic episodes close to the

FIG. 4. �a�–�c� Dynamical trajectory in delay coordinate space generated from the nonlinear model constructed from the microphone signal between interval
t� �49,50�, �54,55�, �62.5,63.5�, respectively. �d�–�f� Return plots of the local maxima obtained from the same nonlinear model as �a�, �b�, �c�, respectively.
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transition point. Reproduction of the qualitatively very simi-
lar dynamics implies that the excised larynx experiment is
well elucidated in terms of deterministic low-dimensional
nonlinear dynamics.

We have looked at the register transition in several ex-
perimental data using other human excised larynges. Al-
though the observed nonlinear phenomena can be variable, it
was one of the typical observations that the chest-falsetto

transition is accompanied by chaotic regime. For instance,
Fig. 6 shows an example from another subject. In this ex-
periment, the elongation force was initially set to 2 N, mono-
tonically decreased to 0.8 N until t
10 s, and then mono-
tonically increased back to 2 N �see graph �b��. The graphs
�a�, �c�, and �d� show a spectrogram of the microphone signal
from the experiment, bifurcation diagram that plots local
maxima of the same microphone signal, and bifurcation dia-
gram reconstructed by the nonlinear model. The modeling
procedure described above was applied with d=5, �
=3 /8192 s, K=400, and L=1000 /8192 s. Again, the single
branch with frequency 600 Hz corresponds to falsetto,
whereas the multiple branches with 150 Hz correspond to
chest. The chest-falsetto transition is accompanied by a cha-
otic episode at t� �13.5,17.5�. The bifurcation structure has
been very well reproduced by the nonlinear model. This im-
plies that our observation seems rather common in excised
larynx experiments.

IV. BIOMECHANICAL MODELING

In the previous section, nonlinear modeling was applied
to excised larynx data. This has been a top-down approach,
which does not take into account the physics underlying the
experiment. The aim of this section is to provide further
insight into the experiment by introducing a biomechanical
model that considers basic oscillatory mechanisms of the vo-
cal folds. In the study of voice production, numerous models
have been developed for the vocal fold oscillations ranging
from simplified low-dimensional models37–40 to complex
high-dimensional models.41 There exist, however, only a few
models that simulate the transitions between chest and fal-
setto registers. To simulate such register transitions, we have
recently introduced a three-mass model that elucidates the
excised larynx experiments.42 The significant feature of this
model is the coexistence of the chest and falsetto registers
within the same dynamical configuration. Comparison of its
spectral characteristics with those of the experiments justi-
fied the model. Here we compare nonlinear dynamical char-
acteristics such as Lyapunov exponent, phase trajectories,
and return plots of the three-mass model with those of the
experiment.

The three-mass model42 was constructed by adding one
more mass on top of the two-mass model37 �see Fig. 7�.
Addition of the third mass divides the upper part of the vocal
folds into two portions, which can vibrate out of phase.
These phase differences can simulate the mucosal waves,
which are observed in the videokymograms of both chest and
falsetto registers.15,19,43 In particular, during the falsetto reg-
ister, the waves are visible only on the thin upper medial
portion of the vocal folds and on the upper vocal fold sur-
face. In the present three-mass model, such an oscillatory
mode can be realized by the anti-phase oscillations between
the upper and the middle masses.42 Compared with the two-
mass model, which was not designed to model such small
oscillations of the upper vocal fold, the three-mass model has
the advantage of modeling the falsetto register based on the
upper vocal fold oscillations, which can easily coexist with
the chest register. Our main modeling assumptions are �1�

FIG. 5. �Color online� �a� Spectrogram of the dynamical signal generated
from the nonlinear model. �b� Bifurcation diagram drawing a sequence of
local maxima of the signal generated from the nonlinear model. �c� Maxi-
mum Lyapunov exponent computed from the nonlinear model.
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the three masses are coupled by linear springs, �2� the air
flow inside the glottis is described by the Bernoulli’s prin-
ciple below the narrowest part of the glottis,6 �3� there is no
influence of the vocal tract and the subglottal resonances �as
in the experiment�, and �4� the left and the right vocal folds
are symmetric to each other. The model equations then read

m1ẍ1 + r1ẋ1 + k1x1 + �− a1�c1�a1

2l
� + k1,2�x1 − x2� = ld1P1,

�5�

m2ẍ2 + r2ẋ2 + k2x2 + �− a2�c2�a2

2l
� + k1,2�x2 − x1�

+ k2,3�x2 − x3� = ld2P2, �6�

m3ẍ3 + r3ẋ3 + k3x3 + �− a3�c3�a3

2l
� + k2,3�x3 − x2� = 0. �7�

The dynamical variables xi represent displacements of the
masses mi �lower mass: i=1, middle mass: i=2, upper mass:
i=3�, where the corresponding glottal areas are given by ai

=a0i+2lxi �a0i: prephonatory area, l: length of the glottis�.
The constant parameters ri, ki, ci, and di represent damping,
stiffness, collision, and thickness of the masses mi,

FIG. 6. �Color online� �a� Spectrogram of the microphone signal recorded from the excised larynx experiment of another subject. �b� Force signal that controls
the vocal fold elongation. �c� Plot of a sequence of local maxima extracted from the microphone signal of �a�. �d� Plot of a sequence of local maxima extracted
from the dynamical signal generated from the nonlinear model.

FIG. 7. Schematic illustration of the three-mass model. The left and right
vocal folds have a symmetric configuration. Each vocal fold is composed of
three masses �m1: lower mass, m2: middle mass, m3: upper mass� coupled by
linear springs. The air flow coming from the lungs is described by the
Bernoulli’s principle below the narrowest part of the glottis.
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respectively, whereas ki,j represents coupling strength be-
tween two masses mi and mj. The collision function is
approximated as �x�=0 �x�0�; �x�=tanh�1000x�
�0�x�.6 The pressures Pi, which act on the masses mi, are
given by P1= Ps�1−�amin��amin/a1�2��a1�, P2= Ps�1
−�amin��amin /a2�2��a1��a2��a1−a3��a2−a3�, where
amin=min�a1 ,a2 ,a3�. The glottal volume flow velocity is

computed as U=�2Ps/��amin�amin� ��: air density�.6 The

tension parameter Q̃ is defined to determine the size and the
stiffness of the second mass as follows:

k2 = 0.08Q̃ �g/ms2� , �8�

m2 = 0.025/Q̃ �g� . �9�

In the sense that the natural frequency of the second mass is

roughly given by f2= �1000 /2��k2 /m2=284.7Q̃ Hz, the
tension parameter linearly controls the frequency of the sec-
ond mass. To simulate the excised larynx experiment, this

tension parameter Q̃ is changed as the main bifurcation pa-
rameter. The other parameter values, which are summarized
in the Appendix, were adopted from the standard values es-
tablished in the two-mass models.6,37

Figure 8�b� displays bifurcation diagram of the three-
mass model. The bifurcation parameter was changed bidirec-

tionally in Q̃� �0.9,1.58�. When reversing the changing di-

rection at Q̃=1.58, the initial condition was set to be a stable
fixed point to emphasize the existence of an aphonic episode.
To see the corresponding frequency structure, the spectro-
gram was drawn in Fig. 8�a� by increasing the bifurcation

parameter Q̃� �0.9,1.58� from t=0 s to t=50 s, and then by
decreasing it from t=50 s to t=100 s. This resembles the
spectrogram of the real experimental data of Fig. 2�a� quite

well. In the increasing direction of Q̃, low-frequency oscilla-
tions dominate the bifurcation diagram, whereas in the de-

creasing direction of Q̃, higher-frequency oscillations last

until they switch to low-frequency oscillations at Q̃
1.03
�indicated by an arrow�. This hysteresis is clearly due to the
coexistence of the low-frequency and high-frequency oscil-
lations, which correspond, respectively, to chest and falsetto
vibrations according to the vibratory patterns observed by
the simulation. Complete glottal closure was observed for the
chest-like vibrations, whereas glottal area was not com-
pletely closed for the falsetto-like vibrations. Irregular dy-
namics are observed in two regimes: one is in the chest-like

vibration regime at Q̃� �1.05,1.13� and the other is during

the register transition from falsetto to chest around Q̃

1.03. In Fig. 8�c�, the maximum Lyapunov exponent was
computed by the standard algorithm.36 The two regimes are
indeed chaotic with a positive Lyapunov exponent, which
indicates its orbital instability.

Figure 9 shows three attractors in �U , U̇�-space gener-
ated from the three-mass model, where the graphs �a�, �b�,
and �c� correspond to Q̃=1, 1.1, 1.2, respectively. The pa-

rameter Q̃=1 gives rise to a chest-like limit cycle �139.5 Hz�
with five points in the return plot �d�, whereas Q̃=1.2 pro-

duces a falsetto-like limit cycle �315 Hz� with only two
points closely located to each other in the return plot �f�.
Between the chest-like and falsetto-like limit cycles, the pa-

rameter Q̃=1.1 generates chaotic oscillations with many

FIG. 8. �Color online� �a� Spectrogram of the dynamical signal �x1�t�� gen-
erated from the three-mass model. The tension parameter is increased from

Q̃=0.9 to Q̃=1.58 in t� �0,50� and then decreased back to Q̃=0.9 in t
� �50,100�. �b� Bifurcation diagram drawing the local maxima of variable
x1�t� from the three-mass model. The tension parameter is changed bidirec-

tionally in Q̃� �0.9,1.58�. �c� Maximum Lyapunov exponent computed for
the three-mass model. The solid and dot-dashed lines correspond to the

increasing and decreasing directions of Q̃, respectively.
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scattered points in the return plot �e�. Comparing with the
attractors reconstructed from the experimental data in Fig. 3,
the presented three cases reproduce the qualitative structure
of the excised larynx experiment.

The presented bifurcation analysis demonstrates that the
three-mass model shows good agreement with the excised
larynx experiment. It reproduces the coexistence of the chest
and falsetto oscillations and abrupt transitions between them.
During such transitions, the dynamics goes through chaotic
regimes between the chest and falsetto oscillations.

V. CONCLUSIONS AND DISCUSSION

Data from the excised larynx experiment have been ana-
lyzed by nonlinear data analysis. A main feature of this ex-

periment is the coexistence of the two distinct vibration pat-
terns that resemble the chest and falsetto registers of human
voice. Nonlinear modeling technique clarifies that these
chest-like and falsetto-like vibrations can be characterized as
limit cycles. Abrupt transitions between the two vibration
patterns correspond to jumps between the coexisting limit
cycles typically accompanied by chaotic dynamics, which
can be reconstructed in five-dimensional delay-coordinate
space. Biomechanical modeling shows further evidence that
the low-dimensional modeling is indeed valid for the excised
larynx experiment.

In the modeling studies of the vocal fold oscillations, the
main mechanisms known to generate deterministic chaos are
left-right asymmetry,6 anterior-posterior modes,44 exces-

FIG. 9. �a�–�c� Dynamical trajectory in �U , U̇�-space generated from the three-mass model with Q̃=1, 1.1, 1.2, respectively. �d�–�f� Return plots of the local

maxima obtained from variable U̇�t� of the three-mass model corresponding to �a�, �b�, �c�, respectively.
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sively high subglottal pressure,21 acoustical coupling with
supraglottal resonances,45 or additional vibrating tissues such
as vocal membranes.11 In particular, left-right asymmetry and
excessively high subglottal pressure have been confirmed to
generate chaos in excised larynx experiments.15,17 This study
presents a new mechanism of how chaos can be induced near
the chest-falsetto transition of vocal fold vibrations. Of par-
ticular interest in future studies is the analysis of bifurcations
for register transitions of human subjects quantified by high-
speed recordings46,47 or videokymography.23
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APPENDIX: MODEL PARAMETERS
AND SIMULATION DETAILS

Here, the parameter values used to simulate the three-
mass model in Sec. IV are listed: m1=0.125 g; m3=0.005 g;
d1=0.25 cm; d2=0.05 cm; d3=0.01 cm; r1=0.01 g /ms; r2

=0.005 g /ms; r3=0.005 g /ms; k1=0.08 g /ms2; k3

=0.01 g /ms2; k1,2=0.05 g /ms2; k2,3=0.01 g /ms2; c1=3k1;
c2=3k2; c3=3k3; a01=0.01 cm2; a02=0.01 cm2; a03

=0.01 cm2. l=1.4 cm; �=0.00113 g /cm3; Ps

=0.008 g /cm ms2.
These parameter values have been adopted mainly from

the standard parameters established in the two-mass
models.6,37 To observe a pronounced regime of coexistence
of chest and falsetto registers, prephonatory areas and some
damping constant are reduced from the standard values. The
mass size and the stiffness of the second mass are determined

by the tension parameter Q̃ according to Eqs. �8� and �9�.
The initial values for all simulations were set as x1=x2

=x3=0.1 and ẋ1= ẋ2= ẋ3=0. To integrate the three-mass
model equations �5�–�7�, the fourth-order Runge–Kutta
method was applied with an integration step of �t
=1 /1000 ms. A smaller integration step was tried to confirm
that essentially the same results can be obtained.

The spectrograms were computed using the x1 compo-
nent of the three-mass model with the following parameters.
Sampling rate: 4 kHz; window length: 2048 sample points;
overlap: 0; windowing: Hanning. Note that other compo-
nents such as x2,3, ẋ1,2,3, or glottal flow velocity U give simi-
lar spectrograms.
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